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PREFACE 

{HIS volume contains everything published by Ramanujan except a few 
ae of questions by other mathematicians printed in the Journal 
of the Indian Mathematical Society, and a certain amount of additional matter. 
Tits publication has been made possible by the liberality of the University of 
Madras, the Royal Society, and Trinity College, Cambridge, each of which 
bodies has guaranteed a proportion of the expense of printing. 

The editorial comments in Appendix I do not profess to be in any way 
systematic or exhaustive. We have merely put down such comments and 
references to the literature as occurred to us or were suggested to us by other 
mathematicians. In particular we are indebted to Prof. L. J. Mordell for 
a number of valuable suggestions. 

We have also printed in Appendix II those parts of Ramanujan’s letters 
from India which have not been printed before. It may seem that it would 
have been more natural to incorporate these in their proper places in the 
second Notice, but to do this would have expanded it unduly and destroyed 
its proportion, and the letters consist so largely of an enumeration of isolated 
theorems that they hardly suffer by division. ; 

There is still a large mass of unpublished material. None of the contents 
of Ramanujan’s notebooks has been printed, unless incorporated in later 
papers, except that one chapter, on generalised hypergeometric series, 
was analysed by Hardy* in the Proceedings of the Cambridge Philosophical 
Society. This chapter is sufficient to show that, while the notebooks are 
naturally unequal in quality, they contain much which should certainly 
be published. It would be a very formidable task to work through them 
systematically, select particular passages, and edit these with adequate 
comment, and it is impossible to print the notebooks as they stand without 
further monetary assistance. The singular quality of Ramanujan’s work, and 
the romance which surrounds his career, encourage us to hope that this 
volume may enjoy sufficient success to make possible the publication of | 
another. 


* G. H. Hardy, “A chapter from !Ramanujan’s notebook”, Proe, Camb. Phil. Soc, 
EXI (1923), pp. 492-503. 


SRINIVASA RAMANUJAN (1887-1920) 


By P. ¥. Sesuv Aryvar anp R. Ramaczanvra Rao 


Srinivasa RaMANUJAN ATYANGAR, the remarkable mathematical genius 
who is the subject of this biographical sketch, was a member of a Brahmin 
: family in somewhat poor circumstances in the Tanjore District of the Madras 
Presidency. There is nothing specially noteworthy ahout his ancestry to 
aceount for his great gifts. His father and paternal grandfather were gumasias 
(petty accountants) to cloth merchants in Kumbakonam, an important town 
in the Tanjore District. His mother, a woman of strong common-sense who 
still survives to mourn the loss of her distinguished son, was the daughter of 
a Brahmin petty official who held the position of amin (hailiff)in the Munsiff’s 
court at Erode in the neighbouring district of Coimbatore. For some time 
after her marriage she had no children, but her father prayed to the famous 
goddess Namagiri, in the neighbouring town of Namakkal, to bless his 
daughter with children. Shortly afterwards, her eldest child, the mathe- 
matician Ramanujan, was born on the ninth day of» Margasirsha in the 
Samvath Sarvajit, answering to the English date of 22nd December 1887. 

Ramanujan was born in Erode, in the house of his maternal grandfather, 
to which in accordance with custom his mother had gone for the hirth of her 
first child. In 1892, when in his fifth year, he was, as is usual with Brahmin 
boys, sent to a pial school, i.e. an indigenous elementary school conducted on 
very simple lines. Two years later he was admitted into the Town High 
School at Kumbakonam, in which he spent the rest of his school career. 

During the first ten years of his life the only imdication that he gave of 
special ability was that in 1897 he stood first amongst the successful candi- 
dates of the Tanjore District in the Primary Examination. This success 
secured for him the concession of heing permitted to pay half-fees in his 
school. 

Even in these early days he was remarkably quiet and meditative. It is 
remembered that he used to ask questions about the distances of the stars. 
As he held a high place in his class his class fellows used often to go to his 
house, hut as he knew that his parents did not care for him to go out he used” 
only to talk to them from a window which overlooked the street. 

While he was in the second form he had, it appears, a great curiosity to 
know the “highest truth” in Mathematics, and asked some of his friends in the 
higher classes ahout it. It seems that some mentioned the Theorem of Pytha- 
goras as the highest truth, and that some others gave the highest place to 
“Stocks and Shares”. While in the third form, when his teacher was ex- 
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plaining to the class that any quantity divided by itself was equal to unity, 
he is said to have stood up and asked if zero divided by zero also was equal 
to unity. Iwas at about this time that he mastered the properties of the 
three progressions. While in the fourth form, he took to the study of Trigo- 
nometry. He is said to have borrowed a copy of the second part of Loney’s 
Trigonometry from a student of the B.A. elass, who was his neighbour. This 
student was struck with wonder to learn that this young lad of the fourth 
form had not only finished reading the book but could do every problem in 
- it without any aid whatever; and not infrequently this B.A. student used to 
go to Ramanujan for the solution of difficult problems. While in the fifth 
form, he obtained unaided Euler’s Theorems for the sine and the cosine and, 
when he found out later that the theorems had been already proved, he képt 
the paper containing the results secreted in the roofing of his house. 

Ii was in 1908, while he was in the sixth form, on a momentous day for 
Ramanujan, that a friend of his secured for him the loan of a copy of Carr's 
Synopsis of Pure Mathematics from the library of the loeal Government 
College. Through the new world thus opened to him, Ramanujan went 
ranging with delight. It was this book that awakened his genius. He set 
himself to establish the formule given therein. As he was without the aid of 


2 


other books, each solution was a piece of research so far as he was concerned. ° 


He first devised some methods for constructing magie squares. Then, he 
branched oly to Geometry, where he took up the squaring of the circle and 
succeeded so far as to get a result for the length of the equatorial circum- 
ference of the earth which differed from the true length only by a few feet. 
Finding the scope of geometry limited, he turned his attention to Algebra 
and obtained several new series. Ramanujan used to say that the goddess of 
Namakkal inspired him with the formule in dreams. It is a remarkable fact 
that frequenily, on rising from bed, he would note down results and rapidly 
verify them, though he was not always able to supply a rigorous proof. These 
results were embodied in a notebook which he afterwards used to show “to 
mathematicians interested in his work. 

In December 1903 he passed the Matrieulation Examination of the Uni- 
versity of Madras, and in the January of the succeeding year he joined the 


Junior First in Arts class of the Government College, Kumbakonam, and won 


the Subrahmanyam scholarship, which is‘generally awarded for proficiency in 
English and Mathematics. By this time, he was so much ‘absorbed in the 
study of Mathematics that in all lecture hours—whether devoted to English, 
History or Physiology—he used to engage himself in some mathematical 
investigation, unmindful of what was happening in the class. This excessive 
devotion to Mathematics and his consequent neglect of the other subjects 
resulted in his failure to seeure promotion to the senior class and in the 
consequent discontinuance of the scholarship. Partly owing to disappoint-. 
ment and partly owing to the influence of a friend, he ran away northwards 
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into the Telugu country, but returned to Kumbakonam after some wandering 
and rejoined the college. As owing to his absence he failed to make sufficient 
‘ attendances to obtain his term certificate in 1905, he entered Pachaiyappa’s 
College, Madras, in 1906, but falling ill retuned to Kumbakonam. He 
appeared as a private student for the F.A. Examination of December 1907 
and failed. Afterwards he had no very definite occupation till 1909, but con- 
tinued working at Mathematics in his own way and jotting down his results 
in another notcbook. 

In the summer of 1909 he married and wanted to settle down in life. 
Belonging to a poor and humble family, with an unfortunate college career, 
and without influence, he was hard put to it to secure some means of liveli- 
hood. In the hope of finding some employment he went, in 1910, to Tirukoilur, 
a small sub-division town in the South Arcot District, to see Mr V. Ramaswami 
Aiyar, M.A., the founder of the Indian Mathematical Society, who was then 
Deputy Collector of that place, and asked him for a clerical post in a municipal 
or glug office of his division. This gentleman, being himself a mathematician 
of no mean order, and finding that the results contained in Ramanujan’s note- 
book were remarkable, thought rightly that this unusual genius would be 
wasted if consigned to the dull routine of a telug office, and helped Ramanujan 
on to Madras with a letter of introduction to Mr P. V> Seshu Aiyar, now 
Principal of Government College, Kumbakonam. Mr Seshu Aiyar had already 
known Ramanujan while the latter was at Kumbakonam, as he was the 
mathematical lecturer there while Ramanujan was in the F.A. class. Through 
him Ramanujan secured for a few months an acting post in the Madras 
Accountant-General’s office and, when this arrangement ceased, he lived for 
a few months earning what little he could by giving private tuition. Not 
satisfied with such make-shift arrangements, Mr Seshu Aiyar sent him with 
a note of recommendation to Diwan Bahadur R. Ramachandra Rao, who was 
then Collector at Nellore, a small town 80 miles north of Madras, and who 
had‘already been introduced to Ramanujan and seen his notebook. His first 
intérview with Ramanujan in December 1910 is better described in his own 
words: F 

“Several years ago, a nephew of mine perfectly innocent of mathematical knowledge 
said to me, ‘ Uncle, I have a visitor who talks of mathematics; I do not understand him; 
can you see if there is anything in his talk?’ And in the plenitude of my mathematical 
wisdom, I condescended to permit Ramanujan to walk into my presence. A short uncouth 
figure, stout, unshaved, not overclean, with one conspicuous feature—shining eyes—walked 
in with a frayed notehook under his arm. He was miserably poor. He had run away from 
Kumbakonam to get leisure in Madras to pursue his studies. He never craved for any 
distinction. He wanted leisure; in other words, that simple food should he provided for him 
without exertion on his part and that he should be allowed to dream on. 

‘He opened his book and began to explain some of his discoveries. I saw quite at 
once that there Was something out of the way; but my knowledge did not permit me to 
judge whether he talked sense or nonsense. Suspending judgment, I asked him to come 
over again, and he did. And then he had gauged my ignorance and shewed me some of 
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his simpler results. These transcended existing hooks and I had no doubt that he was a 
remarkable man. Then, step by step, he led me to elliptic integrals and hypergeometric 
geries'and at last his theory of divergent series not yet announced to the world converted 
me. I asked him what he wanted. He said he wanted a pittance to live on so that he 
might pursue his researches.” , 


Mr Ramachandra Rao sent him back to Madras, saying that it was cruel 
to make an intellectual giant like Ramanujan rot in a mofussil station like 
Nellore, and recommended that he should stay at Madras, undertaking to pay 
his expenses for a time. After a while, other attempts to obtain for him a 
scholarship having failed and Ramanujan being unwilling to be a burden on 
anybody for any length of time, he took up a small appointment on Rs 30 per 
mensem in the Madras Port Trust office, on the 9th February 1912. = 

He did not slacken his work at Mathematics in the meantime. His earliest 
contribution to the Journal of the Indian Mathematical Society was in the 
form of questions communicated by Mr Seshu Aiyar and published in 
the February number of Volume i111 (1911). His first long article was on 
“Some Properties of Bernoulli's Numbers” and was published in the De- 
cember number of the same volume. In 1912he contributed two more notes 
to the fourth volume of the same Journal, and also several questions for 
solution. x 

By this time, Mr Ramachandra Rao had induced Mr Griffith of the Madras 
Engineering College to take an interest in Ramanujan, and Mr Griffith spoke 
to Sir Francis Spring, the Chairman of the Madras Port Trust, in which 
Ramanujan was then employed; and from that time onwards it became easy 
to secure recognition of his work. Fortunately also the then manager of the 
Port Trust office was Mr S. Narayana Aiyar, M.A., a very keen and devoted 
student of Mathematics. He gave every encouragement to Ramanujan and 
very frequently worked with him during this period. 

On the suggestion of Mr Seshu Aiyar and others, Ramanujan hegan a 
correspondence with Mr G. H. Hardy, then Fellow of Trinity College, oe 
bridge, on the 16th January 1913. In that letter he wrote: 


“I had no University education but I have undergone the ordinary school course. 
After leaving school I have been employing the spare time at my disposal to work at 
Mathematics...I have made a special investigation of divergent series,... Very tecently ~ 
I came across a tract published by you, styled Orders of Infinity, in page 36 of which I 
find a statement that no definite expression has been as yet fonnd for the numher of prime 
numbers less than any given number. I have found an expression which very nearly 
approximates to the real result, the error being negligible. I would request you to go 
through the enclosed papers, Being poor, if you are convinced that there is anything of 
value, I would like to have my theorems published, I have not given ¢ the actual investiga- 
tions nor the expressions that I get; but I have indicated the lines on 1 wHiob T proceed. 
Being inexperienced, I would very highly valuc any advice you give me.. 


The papers enclosed contained the enunciations of a hundred or more mathe- 
matical theorems. 
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In his second letter of date 27th February 1913, he wrote: 

[have found a friend in you who views my labours sympathetically. This is already 
some encouragement to me to procecd....To preserve ny brains, I want food and this is 
now my first consideration. Any sympathetic letter from you will be helpful to me here 
to get a scholarship cither from the University or from the Government...” 

Bnt in the meantime Mr Hardy had written to the Secretary for Indian 
Students in London, saying that Ramanujan might prove to be a mathc- 
matician of the very highest class, and asking him to enquire whether some 
means could not be found for getting him a Cambridge education. This 
question was transmitted to the Secretary of the Students’ Advisory Com- 
mittec in Madras, who, in his turn, asked Ramanujan if he would go to 
Hhgland. But since his caste prejudices were very strong, he definitely 
declined to go. Upon the receipt of this unfavourable reply, the Secretary 
wrote, early in March 1913, to the Registrar of the University of Madras, 
explaining the circumstances of the case. . 

By this time Ramanujan’s case had been brought to the notice of the 
University of Madras in another way. Early in February, Dr G. T. Walker, 
F.RS., Director-General of Observatories, Simla, and formerly Fellow of 
Trinity College, Cambridge, happened to visit Madras on one of his official 
tours; and Sir Francis Spring touk this opportunity to bring some of Rama- 
nujan’s work to Dr Walker’s notice. As a result, Dr Walker addressed, on the 
26th February 1918, the following letter to the Registrar of the University 
of Madras: 

«I have the honour to draw your attention to the case of S. Ramanujan, a clerk in 
the A@connts Department of the Madras Port Trust. I have not seen him, but was 
yesterday shewn some of his work in the presence of Sir Francis Spring. He is, I am 
told, 22 years of age and the character of the work that I saw impressed me as comparable 
in originality with that of a mathematical fellow in a Cambridge college....It was por- 
fectly clear to me that the University would he justified in enabling S. Ramanujan for 
a few years at least to spend the whole of his time on Mathematics, without any anxiety 
as"to his livelihood...” 

As a result of this momentous Ictter and on the recommendation of the 
Board of Studies in Mathematics, the University granted to Ramanujan, with 
the previous approval of Government, a special scholarship of Rs75 per 
mensem tenable for two, years. The Syndicate took a special interest in 
getting this scholarship sanctioned, as may be seen from the following extract 
from the letter of the Registrar to the Government in this connection: 

“The regulations of the University do not at present provide fot such a special scholar- 
ship. But the Syndicate assumes that Section XV of the Act of Incorporation and Section 3 
of the Indian Universities Act, 1904, allow of the grant of such a scholarship, subject to 
the express consent of the Governor of Fort St George in Council.” 

He was accordingly relicved from his clerical post in the Madras Port Trust 
office on the Ist of May 1913, and from that time he became and remained 
for the rest of his life a professional mathematician. 


xvl Srinivasa Ramanujan 


In accordance with the conditions of award of the scholarship, he sub- 
mitted to the Board of Studies in Mathematics three quarterly reports on 
his researches on the 5th August 1913, 7th November 1913 and 9th March 
1914 respectively. 

But Mr Hardy was very much disappointed at Ramanujan’s refusal to go 
to Cambridge. He had been at frequent intervals writing persuasive letters 
pointing out the advantages of a short stay in Cambridge, and when, early 
in 1914, the University of Madras invited Mr E. H. Neville, M.A, Fellow 
of Trinity College, Cambridge, to deliver a course of lectures at Madras, 
Mr Hardy used this opportunity and entrusted to Mr Neville the mission of 
persuading Ramanujan to give up his caste prejudices and come to Cambridge. 
In the meantime, many Indian friends also had been influencing him and, by 
the time Mr Neville approached him, Ramanujan himself had almost made 
up his mind; but his chief difficulty was to obtain his mother’s consent. This 
consent was at last got very easily in an unexpected manner. For one morn- 
‘ing his mother announced that she had had a dream on the previous night, 

in which she saw her son seated in a big hall amidst a group of Europeans, 
and that the goddess Namagiri had commanded her not to stand.in the way 
of her son fulfilling his life’s purpose. This was a very agreeable surprise to 
all concerned. iy 

As soon as Ramanujan’s consent was obtained, Mr Neville sent a memo- 


> 


randum to the authorities of the University of Madras on 28th January 1914. ° 


The memorandum ran as follows: 


“The discovery of the genius of 8S. Ramanujan of Madras promises to be the most 


interesting event of our time in the mathematical world....The importance of Reuring : 


to Ramanujan a training in the refmements of modern methods and a coutact with men 
who know what ranges of ideas have been explored and what have not cannot be over- 
estimated... 


“TI see no reason to doubt that Ramanujan himself will respond fully to the stimulus 
which contact with western mathematicians of the highest class will afford him, In that 
case his name will become oue of the greatest in the history of mathematics and the 
University and the City of Madras will be proud to have assisted in his passage from 
obscurity to fame.” 

The next day, Mr R. Littlehailes, M.A., who was then Professor of Mathe- 
maties in the Presidency College, Madras, and now is the Director of Public 
Instruction, Madras, wrote another long letter to the Registrar of the Univer- 
sity and made definite proposals regarding the scholarship to be pranted. 

The authorities of the University readily seized the opportunity and within 
a week decided, with the approval of the Government of Madras, to grant 
Ramanujan a scholarship of £250 a year, tenable in England for a period of 
two years, with free passage and a reasonable sum for outfit. This scholarship 
was subsequently extended up to 1st April 1919. Having arranged that the 
University should forward Rs60 per mensem out of his scholarship to his 
mother at Kumbakonam, Ramanujan sailed for England on the 17th March 
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1914. He reached Cambridge in April and was admitted into Trinity College, 
which supplemented his scholarship by the award of an exhibition of £60. 

He was now for the first time in his life in a really comfortable position 
and could devote himself to his researches without anxiety. Mr Hardy and 
Mr Littlewood helped him in publishing his papers in the English periodicals 
and under their guidance he developed rapidly. 

On the 11th November 1915, Mr Hardy wrote to the Registrar of the 
Madras University : 

“Ramanujan has been much handicapped by the war. Mr Littlewood, who would 
naturally have shared his teaching with me, has been away, and one teacher is not enough. 
for so fertile a pupil...... He is heyond question the best Indian mathematician of modern 
times. ..He will always be rather eccentric in his choice of subjects and methods of dealing 
with them...... But of his extraordinary gifts there can he no question; in some ways he is 
the most remarkable mathematician I have ever known.” 

Mr Hardy’s official report of date 16th June 1916 to the University of 
Madras was also in terms of very high praise*. Ramanujan had already pub- 
Vished about a dozen papers in European journals. Everything went on well 
till the spring of 1917. 

About May 1917, Mr Hardy wrote that it was suspected that Ramanujan 
had contracted an incurable disease. Since sea voyages were then risky on 
account of submarines and since the war had depleted.India of good medical 
men, it was decided that he should stay in England for some time more. 
Hence he went into a nursing home at Cambridge in the early summer, and 
he was never out of bed for any length of time again, He was in sanatoria 
at Wells, at Matlock and in London, and it was not until the autumn of 1918 
that he shewed any decided symptom of improvement. 

On the 28th February 1918, he was electcd a Fellow of the Royal Society. 
He was the first Indian on whom this high honour was conferred, and his 
election at the early age of thirty, and on the first occasion that his name was 

roposed, is a remarkable tribute to his distinguished genius. Stimulated 
perhaps by this election, he resumed active work, in spite of his ill-health, 
and some of his most beautiful theorems were discovered about this time. On 
the 13th October of the same year, he was elected a Fellow of Trinity College, 
Cambridge—a prize fellowship worth about £250 a year for six years, with 
no duties or conditions. In announcing this election, Mr Hardy wrote to the 
Registrar of the University of Madras, “He will return to India with a 
scientific standing and reputation such as no Indian has enjoyed hefore, and 
Tam confident that India will regard him as the treasure he is”, and urged 
the authorities of the University to make permanent provision for him in a 
way which could leave him free for research. This time also the University 
of Madras rose to the occasion and, in recognition of Ramanujan’s services to 
the science of Mathematics, it granted him an allowance of £250 a year for 


* Of. Journal of the Indian Mathematical Society, 9 (1917), pp. 30-45. 


* 


xviii Srinivasa Ramanujan 


five years from Ist April 1919, the date of the expiry of his scholarship, 
together with the actual expenses incurred by him in returning from England 
to India and on such passages from India to Europe and back as the Syndicate 
might approve of during the five years. At the suggestion of Mr Littlehailes 
the University of Madras also contemplated creating a University Professor- 
ship of Mathematics and offering it to him. 

By this time his health shewed some signs of improvement. Although he 
shewed a tubercular tendency, the doctors said that he had never been gravely 
affected. Since the climate of England was suspected of retarding his 
recovery, it was decided to send him back to India. Accordingly, he left 
England on 27th February 1919, landed in Bombay on 27th March and 
arrived at Madras on the 2nd April. - 

When he returned he was in a precarious state of health. His friends 
grew very anxious. The best medical attendance was arranged for. He 
stayed three months in Madras and then spent two months in Kodumudi, a 
village on the banks of the Cauvery, not far from the place of his birth. He 
was a difficult patient, always inclined to revolt against medical treatment, 
and after a time he declined to be treated further. On the 3rd September 
he went to Kumbakonam, and since it was reported by many medical friends 
that he was getting worse, he was with great difficulty induced to come to 
Madras for treatment in January 1920 and was put under the best available 
medical care. Several philanthropic gentlemen assisted him during this 
period, notably Mr S. Srinivasa Aiyangar, who found all his expenses, and 
Rao Bahadur T. Numberumal Chetty, who gave his house free. The members 
of the Syndicate of the University of Madras also made a contribution 
towards his expenses in their individual capacity. But all this was of no 
avail. He died on the 26th April 1920, at Chetput, a suburb of Madras. He 
had no children but was survived by his parents and his wife. 

We must refer to Mr Hardy’s notice for an account of his mathematical 
work, but we add a few words about his appearance and personality. Before 
his illness he was inclined to stoutness; he was of moderate height (5 feet 
5 inches); and had a big head with a large forehead and long wavy dark 
hair. His most remarkable feature was his sharp and bright dark eyes. A 
fairly faithful representation of him adorns the walls of the Madras University 
Library. On his return from England, he was very thin and emaciated and 
had grown very pale. He looked as if racked with pain. But his intellect was 
undimmed, and till about four days before he died he was engaged in work. 
All his work on “mock theta functions”, of which only rough indications 
survive, was done on his death bed. 

Ramanujan had definite religious views. He had a special veneration 
for the Namakkal goddess. Fond of the Puranas, he used to.attend popular 
lectures on the Great Epics of Ramayana and dhabharata, and to enter into 
discussions with learned pundits. He believed in the existence of a Supreme 
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Being and in the attainment of Godhood by men by proper methods of 
service and realisation of oneness with the Deity. He had scttled convictions 
about the problem of life and after, and even the certaim approach of death 
did not unsettle his faculties or spirits. 

In manners he was very simple and he had absolutely no conceit. Ina 
letter of date 26th November 1918, ie. after Ramanujan had been honoured 
by being elected a Fellow of the Royal Society and a Fellow of Trinity, 
Mr Hardy wrote: “His natural simplicity has never been affected in the 
least by his success; indeed all that is wanted is to get him to realise that 
he really is a success.” He was much distressed, when he had so little money 
for his own expenses, about his inability to help his poor parents; and when 
h@ received his scholarship, his first act was to devote a part of it to them. 
Ramanujan’s simplicity and largeness of heart are further revealed in the 
following letter that he sent to the Registrar of the University of Madras: 


2 Cotngrrs Road, Purngy, S.W. 15. 

e th January 1919, 
To The Registrar, 

Oniversity of Madras. 

Sir, 

I beg to acknowledge the receipt of your letter of 9th Decegaber 1918, and gratefully 
accept the very generous help whieh the University offers me. 

I feel, however, that, after my return to India, which I expect to hajypen as soon as 
arrangements can be made, the total amount of money to which I shall be entitled will be 
much more than I shall require. I should hope that, after my expenses in England have 
been paid, £50 a year will be paid to my parents and that the surplus, after my neeessary 
expenses are met, should be used for some educational purpose, such in particular as the 
reduction of school-fees for poor hoys and orphans and provision of books in schools, No 
doubt it will be possible to make an arrangement about this after my return, 

I feel very sorry that, as I have not been well, I have not heen able to do so much 
mathematics during the last two years as hefore. I hope that I shall soon be able to do 
mere and will certainly do my hest to deserve the help that has been given me. 


T heg to remain, Sir, 
Your most obedient servant, 
‘ 8. Ramanvsan, 


> 


SRINIVASA RAMANUJAN (1887-1920) 
By G. H. Harpy* 
I 


Srinivasa RaMAaNuJAN, who died at Kumhakonam on April 26th, 1920, 
had heen a member of the Society since 1917. He was not a man who 
talked much about himself, and until recently I knew very little of his early 
life. Two notices, by P. V. Seshu Aiyar and R. Ramachandra Rao, two of the 
most devoted of Ramanujan’s Indian friends, have heen published recently in 
the Journal of the Indian Mathematical Society; and Sir Francis Spring has 
very kindly placed at my disposal an article which appeared:in the Madras 
Times of April 5th,1919. From these sources of information I can now supply 
a good many details with which I was previously unacquainted. Ramanujan 
(Srinivasa Iyengar Ramanuja Iyengar, to give him for once his proper name) 
was horn on Decemher 22nd, 1887, at Erode in southern India. His father . 
Was an accountant (gumasta) to a cloth merchant at Kumhakonam, while his 
maternal grandfather had served as amin in the Munsiff’s (or local judge’s) 
Court at Erode. He first went to school at five, and was transferred before he 
was seven to the Town High School at Kumbakonam, where he held a “ free 
scholarship”, and where his extraordinary powers appea~ to have hecn recog. 
nised immediately. “He used”, so writes an old schvolfellow to Mr Seshu 
Aiyar, “to borrow Cam’s Synopsis of Pure Mathematics from the College 
library, and delight in verifying some of the formule given there....He used to 
entertain his friends with his theorems and formule, even in those early days.... 
He had an extraordinary memory and could casily repeat the comnlete lists 
of Sanscrit roots (atmanepada and parasmepada); he could give the values 
of /2, 7, e,.... to any number of decimal places....In manners, he was 
simplicity itself. ...” 

He passed his matriculation examination to the Government College at 
Kimbakonam in 1904; and secured the “Junior Suhrahmanyam Scholar- 
ship”. Owing to weakness in English, he failed in his next examination and 
lost his scholarship; and left Kumhakonam, first for Vizagapatam and then 
for Madras. Here he presented himself for the “First Examination in Arts’ 
in Decemher 1906, hut failed and never tried again. For the next few years 
he continued his independent work in mathematics, “jotting down his 
results in two good-sized notebooks”: I have onc of these notebooks in my 
possession still, In 1909 he married, and it hecame necessary for him to find 
some permanent employment, I quote Mr Seshu Aiyar: 

To this end, he went to Tirukoilur, a small sub-division town in South Arcot District, 
to see Mr V. Ramaswami Aiyar, the founder of the Indian Mathematical Society, but 


* Obituary notice in the Proceedings of the London Mathematical Society (2), x1x (1921), 
pp. xl—iviti. The same notice was printed, with slight changes, in the Proceedings of the 
Royal Society (A), xorx (1921), pp. xiii—xxix. 
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Mr Aiyar, seeing his wonderful gifts, persuaded him to go to Madras. It was then after 
some four years’ interval that Ramanujan met me at Madras, with his two good-sized 
notebooks referred to above. I sent Ramanujan with a note of recommendation to that 
true lover of Mathematics, Diwan Bahadur R. Ramachandra Rao, who was then District 
Collector at Nellore, a small town some eighty miles north of Madras. Mr Rao sent him 
back to me, saying it was cruel to make an intellectual giant like Ramanujan rot at a 
mofussil. station like Nellore, and recommended his stay at Madras, generously under- 
taking to pay Ramanujan’s expenses for a time. This was in December 1910. After 
a while, other attempts to obtain for him a scholarship having failed, and Ramanujan 
himself being unwilling to be a burden on anybody for any length of time, he decided to 
take up a small appointment under the Madras Port Trust in 1912. 

But be never slackened bis work at Mathematics. His earliest contribution to the 
Journal of the Indian Mathematical Society was in the form of questions communicated by 
me in Vol. 1m (1911). Has first long article on “Some Properties of Bernoulli's Numbas” 
was published in the December number of the same volume, Ramanujan’s methods 
were so terse and novel and his presentation was so lacking in clearness and precision, 
that the ordinary reader, unaccustomed to such intellectual gymnastics, could hardly 

, follow him. This particular article was returned more than once hy the Editor before it 
took a form suitable for publication. Tt was during this period that be came to me one 
day with some theorems on Prime Numbers, and when I referred him to Hardy’s Tréct 
on Orders of Infinity, he observed that Hardy had said on p, 36 of his Tract “the exact 
order of p(x) [defined by the equation : 

et 4 


p (a) =m (@)~ loge? 


where a (x) denotes the ‘pumber of primes less than z], has not yet been determined ”, and 
that be himself had discovered a result which gave the order of p(x). On this I suggested 
that be might communicate bis result to Mr Hardy, together with some more of his 


results. 

This passage brings me to the beginning of my own acquaintance with 
Ramanujan. But before I say anything about the-letters which I received 
from him, and which resulted ultimately in his journey to England, I must add 
a little more about his Indian career. Dr G. T. Walker, F.R.S., Head of the 
Meteorological Department, and formerly Fellow and Mathematical Lecturer 
of Trinity College, Cambridge, visited Madras for some official purpose some 
time in 1912; and Sir Francis Spring, K.C.LE., the Chairman of the Madras 
Port Authority, called his attention to Ramanujan’s work. Dr Walker was 
far too good a mathematician not to recognise its quality, little as it had in 
common with his own. He brought Ramannujan’s case to the notice of the 
Government and the University of Madras, A rescarch studentship, “Rs. 76 
per mensem for a period of two years”, was awarded him; and he became, 
and remained for the rest of his life, a professional mathematician. 


II 
Ramanujan wrote to me first on January 16th, 1918, and at fairly regular 
intervals until he sailed for England in 1914. I do not believe that his letters 
were entirely his own. His knowledge of English, at that stage of his life, 
could scarcely have been sufficient, and there is an occasional phrase which is 
hardly characteristic. Indeed I seem to remember his telling we~that his 
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friends had given him some assistance. However, it was the mathematics 
that mattered, and that was very emphatically his. 


Mapras, 16th January 1918. 

Dear Sir, 

T heg to iutroduce myself to you as a clerk in the Aceounts Department of the 
Port Trust Offiee at Madras on a salary of only £20 per annum. I am now about 23 
years of age. I have had no University ‘education hut I have undergone the ordinary 
school course. After leaving sehool I have heeu employing the spare time at my disposal 
to work at Mathematics. I have not trodden through the conventional regular course 
, Which is followed in a University course, but I am striking out a new path for myself. 
T have made a special investigation of divergent series in general aud the results I get are 
termed by the local nathematiciaus as “startling”. 

Just as iu elementary nathematics you give a meaning to @* when a is negative and 
fractional to eonform to the law which holds when 2 is a positive iuteger, similarly the 
whole of my investigations proceed on giving a meaning to Eulerian Second Integral for 
all values of 2. My friends who have gone through the regular course of University educa- 


tion tell me that [ _ al e* dz=T (x) is true only when 2 is positive. They say that this 
intggral relation is not true when x is negative. Supposing this is true only for positive 
values of 2 and also supposing the definition xT (1)=F (+1) to be universally true, I 
have given meanings to these integrals and under the conditions I state the integral is 
true for all values of 2 negative and fractioual. My whole investigations are based upon 
this and I have beeu developing this to a remarkable exteut so much so that the local 
mathematicians are not able to understand me in my hicher flights. 
Very recently I came across a tract published hy you styled Orders of Infinity in page 
36 of whieh I find a statement that no definite expression has been as yet found for the 
number of prime numbers less than any given number. I have found au expression whieh 
very nearly approximates to the real result, the error being uegligible. I would request 
you to go through the enelosed papers. Being poor, if you are convinced that there is 
anything of value I would like to have my theorems published. I have not given the 
actual investigations nor the expressions that I get but I have indicated the lines on 
which I proceed. Being inexperieneed I would very highly value any advice yon give me. 
Requesting to be exeused for the trouble I give you. 
T remain, Dear Sir, Yours truly, 
S. Ramanusan. 
. PS. My address is 8, Ramanujan, Clerk Accounts Department, Port Trust, Madras, 
India. 
I quote now from the “ papers enclosed”, and from later letters *: 


In page 86 it is stated that “the uumber of prime numbers less than 

ae | pad 
~ fe loge p 
where the precise order of p (7) has not beeu determined...” 

I have observed that p (¢""*) is of such a nature that its value is very small when x 
lies hetween O and 3 (its valuo is less thana few hundreds when #=3) and rapidly 
increases when 2 is greater than 3.... 

The differenee hetween the number of prime 1mmbers of the form 42-1 and whieh 
are less than x and those uf the form “4n+1 less than # is infinite wheu # heeomes 
infinite... 


* [See Appendix II for parts of the letters not printed here.] 
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The following are a few examples from my theorems: 


, log (2n) log (8n) 


(1) The numbers of the form 9°34 Jess than n=} log log where p and gy may 


have any positive integral value including 0. 
(2) Let us take all numbers eon taining an odd number of dissimilar’prime divisors, viz. 
2, 3, 5, 7, 11, 18, 17, 19, 23, 29, 30, 31, 87, 41, 42, 43, 47, .... 


(a) The number of such numbers less than nat. 


teed eb aye 1. elena 9 
(b) gtptptat- tag tapt Haye 
vty theo 15 
(¢) gitgitgtate 34 
(3) Let us take the number of divisors of natural numbers, viz, r 


1, 2, 2, 3, 2, 4, 2, 4 3, 4, 2... (1 having 1 divisor, 2 having 2,3 having 2, 4 having 
8, 5 having 2, ...). 
The sum of such numbers to x terms 
= 2 (y—1-+ log n) +4 of the number of divisors of 2 

where y= °5772156649..., the Eulerian Constant. fi 

(4) 1,2, 4, 5, 8 9, 10, 18, 16, 17, 18, ... are numbers which are either themselves squares 
or which can be expressed as the sum of two squares. 

The number of such numbers greater than A and less than B 

i rie ee oP 46 (z)* where H=-764... 
av log x 

and 6 (x) is very small when compared with the previous integral. & and 6 (x) have been 
exactly found though complicated... 


Ramanujan’s theory of primes was vitiated by his ignorance of the theory 
of funetions of a complex variable. It was (so to say) what the theory might 
be if tbe Zeta-funetion had no eomplex zeros. His metbods of proof depended 
upon a wholesale use of divergent series. He disregarded entirely all the 
difficulties which are involved in the interehange of double limit operations; 
he did not distinguish, for example, between the sum of a series Za,, and, the 
value of the Abelian limit eden 


lim 2a,2”, 


orl 

or that of any other limit whieh might be used for similar purposes by a modern 
analyst. There are regions of mathematics in which the preeepts of modern 
rigour may be disregarded with comparative safety, but the Analytic Theory 
of Numbers is not one of them, and Ramanujan’s Indian work on primes, and 
on all the allied problems of the theory, was definitely wrong, That bis proofs 
should have been invalid was only to be expeeted. But the mistakes went 
deeper than that, and many of the actual results were false. He had obtained 
the dominant terms of the classieal formule, although by invalid methods ; 
but none of them is such a elose approximation as he supposed. 


* This should presumably be 6 (3). 
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This may be said to have been Ramanujan’s one great failure. And yet 
I am not sure that, in some ways, his failure was not more wonderful than 
- any of his triumphs. Consider, for example, problem (4). The dominant term, 
viz. XB (log B)-}, in Ramanujan’s notation, was first obtained by Landau in 
1908. Ramanujan had none of Landau’s weapons at his command; he had 
never seen a French or German book; his knowledge even of English was in- 
sufficient to enable him to qualify for a degree. It is sufficiently marvellous 
that he should have even dreamt of problems such as these, problems which 
it has taken the finest mathematicians in Europe a hundred years to solve, 
and of which the solution is incomplete to the present day. 


<21V. Theorems on integrals, The following are a few examples : 


ay pee) 1+(553) don¥™ P@td) PO+) Mb-a+9) 
‘ 1+(8) (Sy 3 T@) ré+h)rbé-ae+) 
(3) It , rf ee da=g (a), 
then [i renege to(S)/ 


. 


(x) is a complicated function. The following are certain special values : 
1 w 1 Ca a 
gO: O(E)=—i os gemeg: 
Qr\ 8-8/5 wT ars 54/10 e. 
o(F)= ie #(§)- Fee a a a 


‘Lar 1 3 1 
#(F)= 3-08 (ip~ ae) 
(4) ax v 
ry | has A+ra) (Lprig). “2 rp Per eroe.) 
where 1, 3, 6, 10... are sums of natural numbers. 


2: th -an * 
(3) sin Qnar de=™—2f% cose o08 30 ee 
, ase me + COS 72) 4 T Ber 
. cosh 5 3 cosh =z 


V. Theorems on summation of series*; eg, 


Hae lie Piet wer tml ral 
©) p- gta ptm: pte gat 8 (0g 2)°— Flog 8+ (5 tytpt -): 


1.5\f.,.. /1.5.9\4 2/2 
(2) 149.()*+17. GF ) +25 - (G58) + RE 


* There is always more in one of Ramanujan’s formule than meets the eye, as anyone 
who sets to work to verify those which look the easiest will soon discover. In some the 
interest lies very deep, in others comparatively near the surface; but there is not one 

» which is not curious and entertaining. 
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(8) 1-5 GS4+2 (Ga)--=5 

© Je tent w 

6) = gee ST 

(6) -- ttn i: 


15 cosh = 3 35 cosh = 58 cosh * 


VI. Theorems on transformation of series and integrals, e.g. 


1 ‘lL: 1 1 1 4 \= 1 alee 1 - = 
0) = 6-78 ees Wega7? J TS” 88 7 58 


23! 26! x89! 
(3) 1-aranst Gra Glept ae 


= {iain pt wf f\-aintepe as ° 


(6) If aB=n?, then 


1 (,- ae a wea Ba* 
pve eaal-g hee (Rha 
-4n? -4nt = — 
(2a (*- Sy +o - )eate (e—™r sin nf —e~ "i gin aN 8a t+...) 
v 


(8) If 2 is any positive integer excluding 0, 
pi gan 2 {Ban jenl Qin-1 i } 


(e@—enaypet (Pree or [Bn Sait a 
where By=}, By=gy,..- 


VII. Theorems on approximate integration and summation of series, 


of 
@ 14242434... +5 


where 6=5 + fone ees where & lies between Ss and x 


1 
3° 135 @+h) 45 


; ws fa /a8\8 Jb eit 
®) 1+(f) Fi Gi) +(3 ’ F452 Bala gO 


where 6 vanishes when c=0. 


LE 8 a # Q/-L 1 4 1 2 re 
A a eh eS 
@) anit eritm@ait@enat wale tat gt 7 az Tad0 + 181430 
+ S5e7ann =i + rap TIO +... when # is small. 


(Note: x hs be given values from 0 to 2 


3, 4 
) ioe * roa + io033 * Toon T inant u =a dome hol ap mearly. 
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ee 3 2 3 4 

Va +art+at+I+.." 
1 

1 = Qa Qat — Qe + Yele—,,, 


a {cost (4 Ja) 


/ 
(8) [lores = 


(7) The coefficient of 2” in 


=the nearest integer to Sn} *, 


an 


IX. Theorems on continued fractions, a few examples are : 


r(2¢*) 2 

ee ay OE a a 
B+ De Da + Bo Be EP 
i 4 


wv gh gO gl gy20 


Oe US eT. hod op TES 
: Sig a gt 28 
aut @ we at 
ne UE Tank ele 
Pay) be 3 a 
then pe L—2u+ 4? -3u3+ 


cote 1+ 8+ 4a? + Dud + ut” 


(pol Bee Rema e  S af See ED) ae 
T+ 1D +] 4 1D +4.. 2 2 ; 


b gh erat eee afew =) Cpa 
Ck arene | ripen ay 
1 ern g-2myn  g~3tAn 


Cee 1+ 1 + 1 +... 
quantity... 


can he exactly found if 2 be any positive rational 


27 February 1913. 


.._I have found a friend in you who views my labours sympathetically. This is 
alveady some encouragement to me to procecd....I find in many a place in your letter 
rigorous proofs are required and you ask me to communicate the methods of proof... 
T told him t that the sum of an infinite numher of terms of the series 14+42+3+4+...=—- py 
under my theory. If I tell you this you will at once point out to me the lunatic asylum 
as my goal....What I tell you is this. Verify the results I give and if they agree with 
your results...you should at least grant that there may be some truths in my fundamental 
basis... > 

To preserve my brains I want food and this is now my first consideration. Any 
sympathetic letter from you will be helpful to me here to get a scholarship either from the 
University or from Government.... 


; Yoda 
. The number of bers les t= | oe 
1 e number of prime numbers less than ¢ ie ar @rD’ 
1 1 
where Sani=pritprnte: 


2, The number of prime numbers less than 2 
a2 fe 2) 4 flogn\? _ 6 flog n\* 
te fee +35, ( Qa ) tan Ee) tinfs 
where Bp=4, Bysgy, ..., the Bernoullian numbers... 


* This is quite untrue. But the formula is extremely interesting for a variety of reasons. 
+ Referring to a previous correspondence. 
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The order of @(w) which you asked in your letter is x (és -) ; 


¢ a 8 gt of 
(1) Tf Retard s er onem 


2a 28 : 
then jee ere Fe™) (ae e785 Fr (e**)} epee 


with the conditions a8=1n?..., 


1 e724 eis Pig J5 = vbt1 


=ens 


eB T Nad eee 5 
T+ 1 + + 1+ a/st (2 


The above theorem is a particular case of a theorem on the continued fraction 


é I+Tt 1 +1 +141 +...’ 
which is a particular case of the continued fraction 
i SE ae 
L+itbe+ 14 be? +14+b0% +...’ 
which is a particular case of a general theorem on continued fractions, 
% gen uns 2 ye 92 g2 g2 92 
@) @ af, au See 
os SemtestM8 8. oe 18 18 28 2s 3 38 
@) 4[) cae “Tt eee tebe 1 ae te. 


91-5 Qs0. G8). EE range 


& B+eh s+ yl2 264738 


(6) If Te ee re Ie a? 
: 1 ltsteteotary... 
then G) & ( + 3) a ee ee 


Leotsh+oot+o+... 
3 pane ie een cee ee Re 
ne (143)= St Of alB 5 80 4 =) 


(7) Ta is any odd integer, 
1 1 1 


ee — + se a 
a uae on Be 
cosh in +cos in 3 (cosh = +cos =) 5 (cosh 5 57 tcos a 


8x4 eo4l) 841) riy4t) 


MO) TE BB git eters 2 8641) “e(eri) to? 
then F(a, B, y, 8, =e . F(a, B, e-y, a+ 8-841, ©) 


1(8) Ee) P(a+P-d)T (S+e-a—B~y) 
T(a)T (8) T (e—-y) I (+e -a—f) 
x¥ (5-4, 3-8, 8+e-a—B—y, 8—a—f+1, 8+e-a—8). 


oa 


SHINE © enewane 
tee 
re 
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a (2a)? (3a)? 


(13) teenies Sh ae: 


n 
m2 [ giitaty dz . 
0 (V0 + a) +1} +2 (1+ a4 -U 


(+BP+4+4 @B+BP+k (G+RP +h 
2a + 2a + 2a te? 


(4) If F(a, @)=a+ 


theu F(a, 8)=F (8, a). 
(5) Te Pa B)= n+ = + Cor + Cer 
” then F(a, B)+F'(B, 2) =2F (}(a+8), (08) 


An F= 14(5 Ver (4 2) ee. . and F(1—8)=/(210) FW), 
then ‘ 
b= (2-1)! (2 — 0/8)? (9/7 0/8) (8 — 8 4/7)? (10 — 8)! (4/15)! (15 = a1)? (B= 35). 


dn de dp 
oe) u Aes o V{l- ra -a) at a /{ V{l-asin?p} 
and "Fte) =3F (8)=5F (y)= 1576), 
then (4) [(a8)8 +41 ~ 2) 1 - 8)}7] ((6y)* 441-8) -)}AJ= 1. 


(w) Goat {ay a- -B)-y) ayy 
+{160By8 (1-«) (1) (1-y) (1—8)}"*=1. 


(21) If F(a)=3F (8) =13F (y)=39F (8) 
or : F(a)=5F (8) =11F (y)=55F (8) 
or F(a)=7F (p)= 9F (y)=63F (8), 


(=a) Q—ayyt—(eayt_ 140 -) hs a) 
(1-8) -y)}t-(@yyt 1410-8) —y)}#+ Gy 


(23) (1 + @~ THI3S3) (] 4g — 3 H1388) (] 4 g~ Gr 1/1353) 


= f2e— Ta 1363 ‘di { af () i oa) 
s/f) (CERN)  / RA EM) 


x (10-+3,/11) x (26-4 154/38) x [Ca ). 


17 April 1913. 
. «lL am a little paiued to see what you have written*...[ am not in the least 
apprehensive of my metbod being utilized by others. On the contrary my method has 
been in my possession for the last eight years and I have not found anyone to appreciate 
the method. As I wrote in my last letter I have found a sympathetic friend in you and 


_ * Ramanujan might very reasonably have been reluctant to give away his secrets to an 
English mathematician, and I had tried to reassure him on this point as well as I could. 
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I am willing to place unreservedly in your hands what little I have. It was on account of 
the novelty of the method I have used that I am a little diffident even now to communicate 
roy own way of arriving at the expressions I have already given... 

.1 am glad to inform you that the local University has been pleased to grant me a 
scholarship of £60 per annum for two years and this was at the instance of Dr Walker, 
F.B.S., Head of the Meteorological Department in India, to whom my thanks are due... 
I request you to convey my thanks also to Mr Littlewood, Dr Barnes, Mr Berry and others 
who take an interest in me.... 


i 


It is unnecessary to repeat the story of how Ramanujan was brought to - 
England. There were scrious difficulties ; and the credit for overcoming them 
is due primarily to Prof. E. H. Neville, in whose company Ramanujan 
arrived in April 1914, He had a scholarship from Madras of £250, of which 
£50 was allotted to the support of his fumily in India, and an exhibition of 
£60 from Trinity. For a man of his almost ludicrously simple tastes, this was 
am ample income; and he was able to save a good deal of money which was 


: badly wanted later. He had no dutics and could do as he pleased; he wished 


indeed to qualify for a Cambridge degree as a research sindent, hut this was 
a formality. He was now, for the first time in his life, in a really comfortable 
position, and could devote himself to his researches without anxiety. 

There was one great puzzle. What was to he done in the way of teaching 
him modern mathematics ? The limitations of his knowledge were as startling 
as its profundity. Here was a man who could work out modular equations, 
and theorems of complex multiplication, to orders unheard of, whose mastery 
of continucd fractions was, on the formal side at any rate, beyond that of any 
mathematician in the world, who had found for himself the functional equa- 
tion of the Zeta-function, and the dominant terms of many of the most 


_ famous problems in the analytic theory of numhers; arid he had never heard 


of a doubly periodic function or of Cauchy's theorem, and had indeed but the 
vaguest idea of what a function of a complex variahle was, His ideas as to 
what constituted a mathematical proof were of the most shadowy description. 
All his results, new or old, right or wrong, had heen arrived at by a process 
of mingled argument, intuition, and induction, of which he was entirely__ 
unable to give any coherent accouut. ‘ 
It was impossihle to ask such a man to suhmit to systematic instruction, 
to try to learn mathematics from the heginning once more, I was afraid too 
that, if I insisted unduly on matters which Ramanujan found irksome, I might 
destroy his confidence or break the spell of his inspiration, Ou the other 
hand there were things of which it was impossihle that he should remain in 
ignorance. Some of his results were wrong, and in particular those which 
concerned the distribution of primes, to which he attached the greatest im- 
portance. It was impossible to allow him to go through life supposing that 
all the zeros of the Zeta-function were real. So 1 had to try to teach him, 
and in a measure I succeeded, though ohviously I learnt from him much more 
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than he learnt from me. In a few years’ time he had a very tolerable know- 
ledge of the theory of functions and the analytic theory of numbers. He was 
~ never a mathematician of the modern school, and it was hardly desirable that 
he should become one; but he knew when he had proved a theorem and when 
he had not. And his flow of original ideas shewed no symptom of abatement. 
I should add a word bere about Ramanujan’s interests outside mathe- 
maties. Like his mathematics, they shewed the strangest contrasts. He had 
very little interest, I should say, in literature as such, or in art, though he 
-could tell good literature from bad. On the other hand, he was a keen philo- 
sopher, of what appeared, to followers of the modern Cambridge sehool, a 
rather ncbulous kind, and an ardent politician, of a pacifist and ultra-radical 
type. He adhered, with a severity most unusual in Indians resident in 
England, to the religious observances of his easte ; but his religion was a 
matter of observanee and not of intellectual convietion, and I remember well 
his telling me (much to my surprise) that all religions seemed to him a 
or jess equally true. Alike in literature, philosophy, and mathematics, he had’ 
a passion for what was unexpeeted, strange, and odd; he had quite a small 
library of books by eirele-squarers and other crauks. 
Tt was in the spring of 1917 that Ramanujan first appeared to be unwell. 
He went into a Nursing Home at Cambridge in the early summer, and was 
never out of bed for any length of time again. He was in sanatoria at Wells, 
at Matloek, and in London, and it was not until the autumn of 1918 that he 
shewed any decided symptom of improvement. He had then resumed aetive 
work, stimulated perhaps by his election to the Royal Soeiety, and some of 
his most beautiful theorems were discovered about this time. His election to 
a Trinity Fellowship was a further encouragement ; and eaeh of those famous 
soeieties may well congratulate themselves that they recognised his claims 
before it was too late. Early in 1919 he had recovered, it seemed, sufficiently 
for the voyage home to India, and the best medieal opinion held out hopes of 
a permanent restoration. I was rather alarmed by not hearing from him for 
a considerable timc; but a letter reached me in February 1920, from which 
it appearcd that he was still aetive iu research. 
University or Mapras, 
12th January 1920. 
Tam ienes sorry for not writing you a single letter up to now....[ discovered 
very interesting functions recently which J call “ Mock” $-functions. Unlike the “alse” 
$-functions (studied partially by Prof. Rogers in his interesting paper) they enter into 
mathematics as beautifully as the ordinary $-functions. I am sending you with this letter 
some examples... 
Mock $-functions 


g 
oo Pg aioe 


gt 
Vamra+a ae *a=90 sate a 


XXXI1 


Srinivasa Ramanujan 


Mock 5-functions (of 5th oyder) 


g gq SR sees, os Fe 
I@=14+745+ Tena Tega 


Mock 9-funetions (of 7th order) 


9 


i ftrape GS te! SS oy | 
@ 47+ a-pd-9) * T-0-H0-a 


He said little about his health, and what he said was not particularly 
discouraging; and I was quite unprepared for the news of his death. 


IV 


Ramanujan published the following papers in Europe : 


(1) 
(2) 
(3) 


(4) 
(3) 
(6) 
(7) 


(8 


S 


(8) 
(10) 
(11) 

#(12) 
(13) 


#14 


(15) 
*(16) 
(17) 
(18) 


(19) 
(20) 


(21) 


“Some definite integrals ”, Messenger of Mathematics, Vol. 44 (1914), pp. 10—18. 

“Some definite integrals connected with Gauss’s sums”, bid., pp. '75—85. 

“Modular equations and approximations to 7”, Quarterly Journal of Mathematics, 
Vol. 45 (1914), pp. 350—372. 

“New expressions for Riemann’s functions &(s) and =(t)”, dbid., Vol. 46 (1915), 
pp. 253—260. 

“On certain infinite series”, Messenger of Mathematics, Vol. 45 (1916), pp. 11—15. 

“Siunnation of a certain series”, 2bid., pp. 157—160. 

“Highly composite numbers”, Proc. London Math. Soc., Ser. 2, Vol. 14 (1915), 
pp. 347—409, , 

“Some formule in the analytic theory of numbers”, Afessenger of Mathematics, 
Vol. 45 (1916), pp. 81—84. 

“On certain arithmetical functions”, Trans. Cambridge Phil. Soc., Vol. 22 (1918), 
No. 9, pp. 159—184. 

“A series for Eulei’s constant y”, Messenger of Mathematics, Vol. 46 (1917), 
pp. 73—80. , 

“On the expression of a number in the form az? + by®+c22+d#”, Proc. Cambridge 
Phil. Soe., Vol, 19 (1917), pp. 11—21. 

“Une formule asymptotique pour le nombre des partitions de 2”, Comptes Rendus, 
2 Jan. 1917. 

“ Asymptotic formule for the distribution of integers of various types”, Proc. 
London Math. Soc., Ser. 2, Vol. 16 (1917), pp. 112—182. 

“The normal number of prime factors of a number 2”, Quarterly Journal of 
Mathematics, Vol. 48 (1917), pp. 76—92. a 

“ Asymptgtic formule in Combinatory Analysis”, Proc. London Math. Soc:, Ser. 2, 
Vol. 17 (1918), pp. 75—116. 

“On the coefficients in the expansions of certain modular functions”, Proc. Roy. 
Soc. (A), Vol. 95 (1918), pp. 144—155. 
“On certain trigonometrical sums and their applicatious in the theory of 
numbers”, Trans, Cambridge Phil. Soc, Vol. 22, No. 13 (1918), pp. 259-276, 
“Some properties of p (n), the number of partitions of x”, Proc. Cambridge Phil, 
Soe., Vol. 19 (1919), pp. 207—210. 

“Proof of certain identities in Combinatory Analysis”, ibéd., pp. 214—216. 

“A class of definite integrals”, Quarterly Journal of Mathematics, Vol. 48 (1920), 
pp. 294—310. 


“Congruence properties of partitions”, Math. Zeitschrift, Vol. 9 (1921), pp. 
147—153. 
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Of these, those marked with an asterisk were written in collaboration with 
ie, and (21) is a posthumous extract from a much larger unpublished manu- 
script in my possession.* He also published a number of short notes in the 
Recurds of Proceedings at our meetings, and in the Journal of the Indian 
Mathematical Society. The complete list of these is as follows : 


Records of Proceedings at Meetings. 
#(22) “ Proof that almost all numbers 2 are composed of about log log x prime factors”, 
14 Dec. 1916. 
#23) “ Asymptotic formule in Combinatory Analysis”, 1 March 1917. 
(24) “Some definite integrals”, 17 Jan. 1918. 
(25) “Congruence properties of partitions”, 13 March 1919. 
(26) “ Algebraic relations between certain infinite products”, 13 March 1919. 


Journal of the Indian Mathematical Society. 
(A) Articles and Notes. 
(27) “Some properties of Bernoulli’s numbers”, Vol. 3 (1911), pp. 219-234. 
(28) On Q. 330 of Prof. Sunjana”, Vol. 4 (1912), pp. 59—61. 
_ (29) “A set of equations”, Vol. 4 (1912), pp. 94—96. 
(30) “Irregular numbers”, Vol. 5 (1913), pp. 105—106. 
(31) “Squaring the circle”, ae 5 (1913), p. 132. 
(32) “On the integral f= tan * dt”, Vol. 7 (1918), pp. 93~96. 
(83) “On the divisors of a ae) Vol. 7 (1918), pp. 181--133. 
(34) “The sum of the square roots of the first » natural numbers”, Vol. 7 (1915), 
pp. 173-176, 


(35) “On the product [ + 


x 2 5 
aan | , Vol. 7 (1915), pp. 209—211. 
(36) “Some definite integrals”, Vol. 11 (1919), pp. 81-87. 


(37) “A proof of Bertrand’s postulate”, Vol. 11 (1919), pp. 181—182. 
(38) (Communicated by 8. Narayana Aiyar), Vol. 3 (1911), p. 60. 


(B) Questions proposed and solved. 
Nos. 260, 261, 283, 284, 289, 294, 295, 308, 353, 358, 359, 386, 427, 441, 464, 489, 507, 
524, 525, 541, 546, 671, 605, 606, 629, 642, 666, 682, 700, 723, 724, 739, 740, 753, 768, 769, 
783, 785, 1070. 


(C) Questions proposed hut not solved. 


Nos. 327, 352, 387, 441, 463, 469, 526, 584, 661, 662, 681, 699, 722, 738, 754, 755, 770, 
784, 1049, und 1076. 


Finally, I may mention the following writings by other authors, con- 
cerned with Ramanujan’s work.t 


“Proof of a formula of Mr Ramanujan”, by G. H. Hardy (Messenger of Mathematics, 
Vol. 44, 1915, pp. 1821). 


* All of Ramanujan’s manuscripts passed through my hands, and I edited them very 
carefully for publication. The earlier ones I rewrote completely. I had no sbare of any 
kind in the results, except of course when I was actually a collaborator, or when explicit 
acknowledgment is made. Ramanujan was almost alisurdly scrupulous in his desire to 
acknowledge the slightest help. 

+ [Further referenees will be found in Appendix J.] 


. 
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“Mr S. Ramanujan’s mathematical work in England”, by G. H. Hardy (Report to the 


University of Madras, 1916, privately printed). 
“On Mr Ramanujan’s empirical expansions of modular functions”, by L. J. Mordel 


(Proe. Cambridge Phil. Soe., Vol. 19, 1917, pp. 117124). 
“Life sketch of Ramanujan” (editorial in the Journal of the Indian Math. Soc, 


Vol. 11, 1919, p. 122). 

“ Note on the parity of the number which enumerates the partitions of a number”, by 
P. A. MacMahon (Proce. Cumbridge Phil. Soc., Vol. 20, 1921, pp. 281—283). 

“Proof of certain identities and congruences enunciated by S. Ramanujan”, by 
H. B.C. Darling (Proce. London Math. Soc., Ser. 2, Vol. 19, 1921, pp. 350-372). 

“On a type of modular relation”, by L. J. Rogers (ibid, pp. 387397). 


It is plainly impossible for me, within the limits of a notice such as this, 
to attempt a reasoned estimate of Ramannjan’s work. Some of it is very 
intimately connected with my own, and my verdict could not be impartial ; 
there is much tuo that I am hardly competent to judge; and there is a mass 
of unpublished material, in part new and in part anticipated, in part proved 
“and in part only conjectured, that still awaits analysis. But it may be useful 
if I state, shortly and dogmatically, what seems to mc Ramanujan's finest, 
most independent, and most characteristic work. 

His most remarkable papers appear to me to be (3), (7), (9), (17), (18), 
(19), and (21). The first of these is mainly Indian work, done before he came 
to England; and much of it had been anticipated. But there is much that is 
new, and in particular a very striking series of algebraic approximations 
tom. I may mention only the formule 

63.17 +155 1 1103 


wm: 


257 L16V8 ° BrVZ 99’ 


correct to 9 and 8 places of decimals respectively. 

The long memoir (7) represents work, perhaps, in a backwater of mathe- 
matics, and is somewhat overloaded with detail; but the elementary 
analysis of “highly composite” numbers—numbers which have more divisors 
than any preceding number—is most remarkable, and shews very clearly 
Ramanujan’s extraordinary mastery over the algebra of inequalities, Papers 
(9) and (17) should be read together, and in connection with Mr Mordell’s 
paper mentioned above; for Mr Mordell aftcrwards proved a great deal that 
Ramanujan conjectured. They contain, in particular, very original and im- 
portant contributions to the theory of the representation of numhers by sums 
of squares. But Lam inclined to think that it was in the theory of partitions, 
and the allied parts of the theories of elliptic functions and continued fractions, 
that Ramanujan shews at his very best. It is in papers (18), (19), and (21), 
and in the papers of Prof. Rogers and Mr Darling that J have quoted, that 
this side of his work (so far as it has been published) is to be found. It would 
be difficult. to find more beautiful formule than the “ Rogers-Ramanujan ” 
identities, proved in (19); but here Ramanujan must take second place to 
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Prof. Rogers ; and, if I had to select one formula from all Ramanujan’s work, 
I would agree with Major MacMahon in selecting a formula from (18), viz. 


{(L — a) (1 — 29) (1 — 28)... }5 


POY POO e BODE sc Oa sated’ 


where p(n) is the number of partitions of n. 

I have often been asked whether Ramanujan had any special secret; 

whether his methods differed in kind from those of other mathematicians; 

* whether there was anything really abnormal in his mode of thought. I cannot 
answer these questions with any confidence or conviction; but I do not 
believe it. My belief is that all mathematicians think, at bottom, in the same 
kind of way, and that Ramanujan was no exception. He had, of course, an 
extraordinary memory. He could remember the idiosyncrasics of numbers in 
an almost uncanny way. It was Mr Littlewood (I believe) who remarked that 
“every positive integer was onc of his personal friends.” I remember once 
going to see him when he was lying ill at Putnéy. I had ridden in taxi-cab 
No. 1729, and remarked that the number (7.13.19) seemed to me rather a 
dull one, and that I hoped it was not an unfavourable omen: “No,” he replied, 
“it is a very interesting number; it is the smallest number expressible as a 
sum of two cubes in two different ways.” I asked him, n&turally, whether he 
knew the answer to the corresponding problem for fourth powers; and he 
replied, after a moment's thought, that he could see no obvious example, 
and thought that the first such number must be very large.* His memory, 
and his powers of calculation, were very unusual, but they could not reason- 
ably be called “abnormal”. If he had to multiply two large numbers, he 
multiplied them in the ordinary way; he would do it with unusual rapidity 
and accuracy, but not more rapidly or more accurately than any mathematician 
who is naturally quick and has the habit of computation. There is a table of 
partitions at the end of our paper (15). This was, for the most part, calculated 
independently by Ramanujan and Major MacMahon; and Major MacMahon 
was, in general, slightly the quicker and more accurate of the two. 

It was his insight into algebraical formule, transformations of infinite 
series, and so forth, that was most amazing. On this side most certainly I have 
never met his equal, and I can compare him only with Euler or Jacobi. He 
worked, far more than the majority of modern mathematicians, by induction 
from numerical examples; all of his congruence properties of partitions, for 
example, were discovered in this way. But with his memory, his patience, 
and his power of calculation, he combined a power of generalisation, a feeling 
for form, and a capacity for rapid modification of his hypotheses, that were 
often really startling, and made him, in his own peculiar field, without a rival 
in his day. 


* Buler gave 158+ 59'=134!+1334 as an example. For other solutions see L, E. 
Dickson, History of the Theory of Numbers, Vol. 2, pp. 644—647. 
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It is often said that it is much more diffieult now for a mathematician to 
be original than it was in the great days when the foundations of modern 
analysis were laid; and no doubt in a measure it is true, Opinions may 
differ as to the importanee of Ramanujan’s work, the kind of standard by 
which it should be judged, and the influence which it is likely to have on the 
mathematics of the future. It has not the simplicity and the inevitableness 
of the very greatest work; i1t would be greater if it were less strange. One 
gift it has which no one can deny, profound and invincible originality, He 
would probably have been a greater mathematician if he had been caught 
and tamed a, little in his youth; he would have diseovered more that was 
new, and that, no doubt, of greater importance. On the other hand he would 
have been less of a Ramanujan, and more of a European professor, and the 
loss might have been greater than the gain. 


1 


a SOME PROPERTIES OF BERNOULLIS NUMBERS 


(Journal of the Indian Mathematical Society, u1, 1911, 219—234) 


1. Let the well-known expansion of wcota (wide Edwards’ Differential 
Calculus, §149) be written in the form 


B B. B 
woot a= 1— 57 (2a)'— Fi (2a)'— gt (2ayl—..., ste Moeaes 9) 
from which we infer that 2, may be supposed to be —1. 
pe ae 
: cosa at 41 eit 
Now cobg=—— = 
sin a wo a 


20 (2a)? (20) 


_ sin2de i! 3! 6! 
~ T—cos2e (Qa)? (Qax)* (2x) 
“Siew sae vou 
, Gay , 20) _Qay 
ieee = ot fae ey 
"sings ~ , Qay  (2a)* (Qay : 
oer ta Th, 


Multiplying both sides in each of the above three relations by the 
denominator of the right-hand side and equating the coefficients of 2” on 
both sides, we can write the results thus: 


B,_. ea! — fra» 
0 Be fat 9, Bars +! a Bit 5 (HHP =0, aaees (2) 


where n is any odd integer; 
CByo— 6s Bug + Cy Buy — ss +(— Dt" By + 5 (—1)9 = 0, ......(8) 


where n is any even integer; 
0, Bana = 05 Bana tO Brg os +(— LEO Bet 5 (— TPO =, .... (4) 


where n is any odd integer greater than unity. 
From any one of (2), (8), (4) we can calculate the B’s. But as n becomes 
greater and greater the calculation will get tedious. So we shall try to find 


simpler methods. 
RCP. * L 
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d cot a 
2. We know (# cot #)? = — a? Qa sear ). 


Usiig (1) and equating the coefficients of 2” on both sides, and simplify- ; 
ing, we have . 
£(n +1) By =, By Byot 6, By Bus + Co By Brig +++; 
the last term being Cyn. Bina Bynys OF 4$¢yn (By,)* according as $n is odd or 
VED, cabs picnalaaeetenan bins catee cues by a Suey Mina hte o naug been ease ncaw da dae As VTA DLE (5) 


A similar result can be obtained by equating the coefficients of ” in the 
identity 
dtan 


yee 3 
da 1+tan?2, 


3. Again 
— 4a (cot 4+ coth $x)=—4a(cotde+icot fix) , 


=2 {5,4 Bot aot. it 
by using (1). The expression may also be written 
Ae (cos $a sin dim + isin 4a cos dim) 
sin da sin fox 
aot (1+?) sin $a (1+ 7) —(1—7) sin $a (1-7) 
cos $a (1 — 2) —cos $a (1 +7) 


“ a a 
il7 agit agi 
eur as Coo % 


oi Git Rio 


by expanding the numerator and the denominator, and simplifying by 
De Moivre’s theorem, 


& a 
a ie a 
a 1!) 245) 
Hence 2(B,+B24B84...)--e Bo aah (6) 
TRE 
Similarly 
— $0 (cot $e — coth 4a) = 2 (B, F Fit Beg, t Bust. ») 


=, A=) sinjo(l +2) —4(1 +1) sin $a (1 —2) 
cos $2 (1 +2) — cos ga(1 —7) 


a a 4 ge a 
2.3) 8.71 Re iii’ 

=¢ Be sah none iones (7) 
x a x 
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Proceeding as in §1 we have, ifm is an even a greater than 2, 


‘ 0, Pact Ce aS + C1 a met gperg (— 1) or T sre 5 (— 1-2 =0, (8) 
according as n or n—2 isa multiple of 4. 
Analogous results can be obtained fiom tan 4a + tanh da. 
In (2), (8) and (4) there are $n terms, tthile in (5) and (8) there are {nr 
or ¢(n—2) terms. Thus B, can be found from only half of the previous B's. 
4, A still simpler method can be deduced from the following identities. 
If 1, @, w® be the three cube roots of unity, then 
4sin 2 sin wo sin to2= ~ (sin 2a +sin 2 + sin 220), 


as may easily be verified. 
By logarithmic ditferentiation, we have 
ss cos 2a + w cos 2am + w? cos 2aco* 
« cob a+ cot tw + w cob sw? = 2 —~— 7 : - 
sin 2v + sin 2aw + sin 220" 


Writing $2 for a, 
gp COST @ COB. “+ a" cos 20" 


Sao (cope to bot gne +a cone) — a nae Ree 
and, proceeding as in §3, we get ; 
wc wae a 
a es Bi sitia 
8 (B+ Beg + Bett )e-e oe gi 8) 
‘ 31 or 151 
Again 
COS 2w* — COs BW 2 (cos am — cos ao") 


cot dae — cot daw? : : t 
a a ~2sin desinjawsingeo* sing +sin xe + sin zo? 


Multiplying both sides by ~ $a(#?—) and adding to the corresponding 


sides of the previous result, we have 
C08 2 + @* cos tw + @ COs Zw? 


— 4a (cot $a + w* cot daw + w cot daw?) = — , : = 
= 810 2+ Sin vw + sin aw* 
Hence, as before, 
as gi? gis 
et Sete ahh er 
4); JO! 16! °° 
9 (Bagi+ Big + Baggy) = 8 eg 0) 
31 -Ol Isl 


Similarly : 
COS & + COS 4 + Cos 2w* — 3 


— “(cot $a + cot $a + cot $aw*) = «2 — : : 
(cord 2 am) sina+sinve+singe* ’ 


and therefore 
a a ws 


wa gM ais 61 igitisi 
6 (Bit + Burgi + Burgi + \-2 =. (11) 
317 91 Tei7 
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Multiplying up and equating coefficients in (9), (10) and (11) as usual, 
we have, 
C3 Bra— Cp Bn—o t Crs Brnas 00 =O) eect eee (12) 
the last term being $n(—1}}"-®, 4n(—1} ™, or Jn(—-1#@*. 


Again, dividing both sides in (10) by # and differentiating, we have 
at ge oy 
je ai io1* 16) 


“dale 2 a 


¢ 1 a ae 
3 (2. git TBag + 18Ba oy + 


31° 91° IB! 
yd Oi a a gh gs 
Oj pe al ay ion ae) 
=l- es ee 
at O1t isl SI or Ta 


Hence by (9) and (10), 


3 (Bs, + 1B G+ Buia + | 


840 (Bt Beat Bais, « 1) (Bat Big + Bede). 


myeeing the coefficients of 2” we have, if »>2 and n—-2 is a 
multiple of 6, 
$ (n + 2) By = 05. By—¢ Bs + Gg Ban Big + Cs Bue Bis Heivsiniie Siescien's (18) 
From (12) the B’s can be calculated very quickly and (13) may prove 
useful in checking the calculations The number of terms is one-third of 
that in (4); thus B,, is found from By, By and By. 


5. We shall see later on how the B’s can be obtained from their pro- 
perties only. But to know these properties, it will be convenient to calculate 


a few B’s by substituting 3, 5, 7, 9, ..., for n in succession in (12), Thus 
Ron B.=3; Bea Baz B-4B=— a; 
By — 3 Bem 7953 ae Bu" Bot = i553 
Bo Bt 4Bem aa; By — 2218, +7" B= 8, 


2 
= cL ey eee 1. 


‘ 7 231’ 
3553 7106 il 1 
Ba- | But 5 Bu~ "5 Bs=— 555; 
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and so on. Hence we have finally the following valucs: 


Be = 5! Bi 50! Bima! Bi=35i Bo gi Ba= 3750! 

7 3617 43867 174611 854513 
Brg: Pa G10) ta: TORS eae 
7, = 230864001, p _ 8558103.» _ 28749461029. 

j DT30M 6 870 : 

8615841276005, 7709321041217 2577687858367 | 
pir aa RO ee 
jp, — 2081527 1553053477873, _ 2929993013841559 
Ou 1919190 co" 6 ; 

p, — 261082718496449122051 
40 = ~~ 73530..~—~OC~S dp ceey ea P- 


6. It will be observed* that, if n is even but not equal to zero, 
(i) B, is a fraction and the numerator of B,,/n in its lowest terms is 
& prime NUMbEL, ......c esse secs ceeeeeeeeeeeen este eeeeeeee nese (14) 
(ii) the denominator of B, contains each of the factors 2 and 3 once 
and only once, .......eeeeeeeeeeees Ragdastanontesesteersces saes es (15) 
(iii) 2"(2"—1) B,/n is an integer and consequently 2 (2"—1) 8B, is an 
Odd INbC GEL. .ecseesesenscceeeeeeteeeceneee anes eeseseeneaeenaenees (16) 


From (16) it can easily be shewn that the denominator of 2(2"—1)B,/n 
in its lowest terms is the greatest power of 2 which divides n; and 
consequently, if n is not a mm els of 4, then 4(2"—1)B,/n is an odd 
INTC QOL, .ceccceseseeeeceeeseceenseeeeseeecnaaeeaseenenereeseuenenees sbacortesrsseerss (17) 


It follows from (14) that the numerator of B, in its lowest terms is 
divisible by the greatest measure of x prime to the denominator, and the 
quotient is a prime NUMbEr. oo... eee cseee tec ee eee seen eer eceeee eer en anaes (18) 


Examples: (a) 2 and 8 are the only prime factors of 12, 24 and 36, and 
they are found in the denominators of B,., B,, and By, and their numerators 
are prime numbers. 


(b) 11 is not found in the denominator of B.., and hence its numerator is 
divisible by 11; similarly, the numerators of By, By, By are divisible by 18, 
17, 19, respectively and the quotients in al] cases are prime numbers. 

(c) 5 is found in the denominator of By and not in that of By, and con- 
sequently the numerator of By is divisible by 5 while that of B. is a prime 
number. Thus we may say that if a prime number appearing in n is not 
found in the denominator it will appear in the numerator, and wee versa. 


* See § 12 below. 
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7. Next, let us consider the denominators. 

All the denominators are divisible by 6; those of B,, By, By, ... by 5; those 
of By, By, By... by 7; those of By, Bs; By, --. by 11; but those of B,, Big, 
By, ... are not divisible by 9; and those of By, Biz,... are not divisible by 15. 
Hence we may infer that: 

the denominator of B,, is the continued product of prime numbers which 
are the next numbers (in the natural order) to the factors of » (including 

‘unity and the number itself), ...........ceeeeeeeeeceeeeeneeseeneeuenenseena eens (19) 

Asan example take the denominator of B,,. Write all the factors of 24, 
viz. 1, 2, 3, 4, 6, 8, 12, 24. The next numbers to these are 2, 3, 4, 5, 7, 9, 
18, 25. Strike out the composite numbers and we have the prime numbers 
2, 8, 5, 7, 138. And the denominator of B,, is the product of 2, 3, 5, 
7, 18, ie. 2780. 

It is unnecessary to write the odd factors of n except unity, as the next 
numbers to these are even and hence composite. 

The following are some further examples: 


Even factors of m and unity Denowinator of B,, 
z fs ee 
Be . 1,2 2.38=6 
B ... 1,2,6 sie . 2.8.7=42 
By. 1, 2,4, 6, 12 ‘ 2.3.5.7, 13=2780 
Bo ... 1, 2, 4, 10, 20 2.3.5.11=330 
By ... 1, 2, 6, 10, 80 . 2.3.7.11. 81 = 14822 
By .. 1,2, 6,14,42 0, 2,3.7.48=1806 
Bg - 1, 2, 4, 8, 14, 28, 56 vee | 2.3.5, 29=870 
By... 1, 2, 4, 6, 8, 12, 18, 24, 36, 72 ... | 2.3.5.7.18.19.87.73=140100870 
Bo... 1, 2, 6, 10, 18, 80, 90 2.3.7.11.19,31=272118 
By «.. 1, 2, 10, 22, 110 2.3.11. 23=1518 
A 


8 Again taking the fractional part of any B and splitting it into partial 
fractions, we see that: 


the fractional part of B,=(~1) {the sum of the reciprocals of the 


prime factors of the denominator of By} —(— 1)! cee eeeeeeecseesstneees (20) 
Thus the fractional part of By, =}$+4+4+ t4+qr—-1l= Ah; 

that of Bo=1-}-4—gs= 45; 

that of Bu=h+ttt+a—l =A; 

and so on. 


9. It can be inferred from (20) that: 

if G be the c.c.M. and LZ the t.c.m. of the denominators of Bm and By, 
then L/@ is the denominator of B,—(-1)'"-" B,, and hence, if the 
denominators of B,, and B, are equal, then By —(—1)i” B, is an 
IMLS BOI cy Pears cetera tora e htc aiSaatearrrinn chee eee heme (21) 
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Example: Bo— By and By— By are integers, while the denominator 
of By + By is 5. 

. Ié will be observed that: 

(1) if x is a multiple of 4, then the numerator of B,—y, In its lowest 


ape ‘ B, 
terms is divisible by 20; but if x is not a multiple of 4 then that of a Z 
in its lowest terms is divisible by 55 ........cseessneereee see censeeeeeaneneens (22) 
(2) if nm is any integer, then 


Bois Dents Bens Qsnr+4d Punts 
kad 2} - 2 1 
es aa Die eat ds 


are Integers of the form B09 +1. ccecescessecesseeeereneereueseseeeeseuseees (28) 


9 (2inra Pe 1) 


10. If a B is known to lie between certain limits, then it is possible to 
find its exact value from the above properties. 

Suppose we know that By lies between 6084 and 6244; its exact value 
ean be found as follows. 

The fractional pat of Ba = 55 by (20), also By is divisible by 11 by (18). 
And by (22) Bo. — 4 panne be divisible by 5. To satisfy shee conditions Bs, 
must be either 61874 or 6192545. 

But according to (8) the numerator of B, should be a prime number 
after it is divided by 11; and consequently By must be equal to 619224 or 
854513, since the numerator of 6137,44 is divisible not only by 11 but also 


is > 


by 7 and 17. 
11. It is known (Edwards’ Differential Calculus, Ch. v, Ex. 29) that 


2.nt/h 1 1 
»~G@oplint gat gat: “)s 
oath 1 1 1 
or Gaps Be (1-g) (1-3) (-8)-. sat tages (24) 
where 2, 3, 5, ... are prime numbers. 
Bf 
Qn 9 err — I] 
aaa © 
For | eae d= | an) (et 4 eit tar 
0 


9 em] 
Oe eer 


= (any + on 4 oR Ra +. on 


Also dae hide cats (25) 


by (24). In a similar manner 


re an ” Ba 
1; (e= = emp da = an’ 
eae eee wBy 
and i a" log (1 — e™ aa ay senda (26) 
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Take logarithms of both sides in (24) and write for log,n! the well- 
known expansion of log. '(n+ 1), as in Carr’s Synopsis, viz. 


B, B B, 
(1+ 4) log n —a+$ log Qn +5 3a + Gao 
Bry 217 
-(- YY Gea 1) Spar? savnarasoeaesai(Qe) 
where 0< 8 <1, and where 
Bop By Bape 4 
(Sp — 1) 2pn?= ~ (Gp — 1) Jpn? ~ (Jp +1) Ap + 2) new 


1 f*2 1 en2me 
ans | Slog (1) do + [ Saloga -6 \da-... 


To 


ne 1 (Sa eee ha) log (1 — e-"*) da 


o \neent “year 


ze 1 /* we gna 
=—5 |, Pew log (1 ~ e777") da 
_ — Glog (1 — e""*) 

gh aaa 


We can find the integral part of B,, and since the fractional part can be 
found, as shewn in § 8, the exact value of B, is known. Unless the caleula- 
tion is made to depend upon the values of loge, log,10, 7, ..., which are 
known to a great number of decimal places, we should have to find the 
logarithms of certain numbers whose values are not found in the tables to 
as many places of decimals as we require. Such difficulties are removed by 
the method given in §13. 


12. Results (14) to (17), (20) and (21) can be obtained as follows. We 
have 


Le ae oe, eee: a 

iat (a+ If" ot de G@aay tt apt 
“ee 1 1 1 
a 6@-a* B (aay 7 (a? —«) titg@eaayt 


1 7 55 529 
Secs ae me ee eee eee (28) 


where 5, 7, 11, 18, are prime numbers above 3. If we can prove that the 
left-hand side of (28) can be expanded in ascending powers of lje with 
integral coefficients, then (20) and (21) are at once deduced as follows. 
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From (27) we have 
@logT(n+1) 1 


1 1 


dn? “(n+1yp 


(n+ 2/7 a (n+ apt 


ele glee ®: Be _ Be, <(- _p Bo Sitbhendenitne’ (29) 
n Aeon nh WF e° niet? 
where 
Bry c Bay y Boys dt 
VePt peti yw+s3 
© 2? geet 
. sar | 9 MPH (ee — gre dae — 4ear an nD (ge — pat oma 
i “7 gp gets ) dw 
= = seminar eran ORE Lis eC 
0 Ges nips sinh? wa 
OG 2p dz bed ara? 
=7T = soot =f GF Tee dua. 
i 9 MPA (n? + a2) sinb?wa Jo (1+ a) sinh? ram 


Substituting the result of (29) in (28) we see that 


B, BB, 1 1 Beet 
@ pte iene tiene) *T@aa) es) * 


where 5, 7, 11,... are prime numbers, can be expanded in ascending powers 
of 1/2 with integral coefficients. 


Therefore B,—4, —B,-4§4+4, B-44+4, —Be-$+4, Bu-d4+ tp on 


which are the coefficients of 1/2, 1/x*, 1/a’, ..., are integers 
» Writing 4+ 4-1 for — £ we get the results of (20) and (21). 


Again changing » to }n in (29), and subtracting half of the result from 
(29), we have 


tot tL HDB Or) B 
(n+p (a+ 2) ae On? we Tage = 
-DB Bo 6 
_@=) 4... +(—1)? (2%-1 Bice Sie (30) 


nv 


where 0< 6 <1, and also, by (29), 


(2° — 1) ) Be 6? wa? cosh mney 
en o (1 + 2°) sinh? ne 


Thus we see that, if we can prove that twice the left-hand side of (30) 
can be expanded in ascending powers of 1/n with integral coefficients, then 
the second part of (16) is at once proved. 
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Again from (27) we have 


dlogI'(n+1) _ abe 
an =ltgtgtete. tory 
B,  B, 3B, , Bs Buy 0 
=logn+s-—sataan eet eae tO ape (31) 
where 0 <@<1; and also, by (25), 
BryO (Raph g 
seen, ata) er 
from which it can easily be shewn that 
1 1 alee eet | mh bie 
aad n+4'nt6 nt8 n+10 
1 B B By 
mg 2(B 1) Sh BBD F-Pt 
+ (- Lp P(g 1) Bef afi ei ielupeennends Conti (22) 


Opa 
where 0 < <1; and also, by (81), 
Pee Byd _{* geet 
SESE Sa =| | eae) 


From the above theorem we see that, if we can prove that 


oS ae, 
Cen n+4"n4+6 07? 
can be expanded in ascending powers of 1/n with integral coefficients, then 


the first part of (16) at once follows. 


13. The first few digits, and the number of digits in the integral part as 
well as in the numerator of B,, can be found from the approximate formula: 


logis Bn = (n+ $) logy, m — 1'2324743503n + 0°700120, 
the true value being greater by about 0°0362/n when n is great. ...... (38) 
This formula is proved as follows: taking logarithms of both sides in (24), 
loge Bn = (n+ log. n— (1+ log, 2a) + $ log, 87 
nearly. Multiplying both sides by logye or 4342944819, and reducing, we 


can get the result. 


14. Changing n to n~2 in (24) and taking the ratio of the two results, 
we have 


n(n—1) 2] e—1 52-1 
B,= ta Bya(1-5=4) (1- eq) (1-eaq) (34) 


where 2, 3, 5, ... are prime numbers. 
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-i : 
Hence we see that e “approaches - es 2 very rapidly as n becomes 


" greater and Zreater. ...cccecccceeecce reece nett rece ene eee CEE EERE EET (35) 


From the value of a, viz. 3'14159, 26585, 89793, 23846, 26433, 88279, 
50288, 41971, 69399, ..., the integral part of any B can be found from the 
previous B; and from the integral part the exact value can at once be 
written by help of (20) as follows: 


ee ee ee LS er nes er 


Approximate ratio of : ' . 
any B to previous B lies between * Hence the exact value is 
° 
1 
B,; wae 7 Oand 1 we | l-$-4 aoe 
3.4 ia 2) ‘ly 
By Sage Bo ae Oand1 we | bAd+E-1 = 36 
_5.6 Lica = 23 
+ B =p we Oand1 vw. | 1-$-3-4 i 
7.8 1 
B, =F 3 ade Oand1 ate $+$4+3-1 = 35 
9.10 5 
Bu=-pa Bs ca Oand1 1-$-3-3% + = 6 | 
11.12 691 
By=—Goy Bo | Oandl | B454+E4+4+ 29-1 = grag 
13,14 vi 
Bu=—py Be...) Oand2 ...| 2-3-4 = % 
15.16 
By=Za Ba | Tand8 .. | 6+44+34+34+2, 
17.1 
Byg= LF By wo | S4and 65 4. | 66-$-$-F-g 
19.20 
Bo=—pr- Bis «.. | 529 and 580... | 5284+3-+45445+%r 


15. From the preceding theorems we know some of the properties of B, 
for all positive even values of x. As an example let us take By, = N/D. 


The fractional part of By, is 32775447 by (20). The numerator of B,,, is 
divisible by 37 and the quotient is a prime number by (18) Again 
logis Buy = 630°2433, nearly, by (83). Therefore the integral part’ of By, 
contains 631 digits, the first 4 digits being 1751. Again 


login V = logy, Buy + logy, D = 630'2438 + log, 90709710 = 638-2010 


f=} 


nearly. Therefore NV contains 639 digits, the first four digits being 1588. 


* These integral limits are got from a rough calculation of any B from the preceding 
B by the formula given in the first column. 
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Again the numerator of B,,—y is divisible by 20; that is to say, if 
[Biu} is the integral part of By, [Bua] + 3875845 — os = (Busl + Suve ey has a 
numerator divisible by 20. Therefore the integral part of B,, ends with 4 
and also the figure next to the last is even. 


Hence NV ends with 57 and also the third figure from the last is even. 


16. Instead of starting with cota as in § 2 and 3, we may start with 
tan a or cosec # and get other similar results. 
Thus: 
(i) $Bn (2" — 1)=8. a8 (2-5 — 1l)- eB R12 (2-8 1) +e 
+4n(—1}F 9 or Fn(— 1 or An (— TEM, (36) 
fet 1 1 1 B 
een (m1) ¢s ( = 55) Bas ~ 0 (1 = =m) Bhs t Cis (3 — Fania) Pn—as — 


= 3.55 (3! tama) op (1 )RO op (LED op (—1)R SE, (87) 


17. The formule obtained in §1, 3, 4 may be called the one interval, 
two interval and three interval formula respectively. The p interval formule 
can be got by taking the pth roots of unity or of 7 according as p is odd or 
even. 


For example, let us take the fifth roots of unity (1, a, a, a5, a), and find 
the 5 interval formula. 


Let $(e) = sing +sin va +sin we? + sin v5 + sin vat 
5 (2-245 - i, 
51 15! ° 25! 
Then it can easily be shown that 
16 sin & sin wa sin wo? sin we? sin awa! 
= $ (2a) — b (2x (a + a)} — p (20 (a? + o)} 
= $ Qn) +6 {x (1+ V5)} + p fe (1 — /5)}. 


Taking logarithms and differentiating both sides, we have 


5 (B+ Bu i + Boge + Bao +. “) 
at 
git + %) - Z(t Ou) to 
tk Ar" ee cmenmeeeeet TTT (38) 
Rid +o) - Fe(1 + ay) + 


2 go) +80 that dnd = Cnt + (— 1)” mn. 


where a, = Heys C5 ey 
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Similarly, 
@) 3(B Fit Bags Bot ss) 


@ (Lt) — fe (A + ain) +o 


3 mu 
Bilt a) ~ Tey (1 + 45) + 


Gi) 6(BF+ BG + Bagg+ ay) 
ae 
. errr ttetcte (40) 
. a +s) — 755 1 + is) + -- 


a8 
Gii) 10 (Bez Gent em ) 


i (a9 ~ 3) — 2 1 (ty — 3)+ 0 (tin 3) - 


=a 


, (41) 
51 = (1 +a) — Bi = (+ ts) + ae (Lt ax) =o 


Et Bee, al 


we 
iin D— gyi aD + gy Ga D- ° 
=o (42) 
By Cl + %) — ae (1 + a) +55 (1 + Aas) ~ «-- 


(iv) 5 (Bs, + Bate, 


Again from 
16 cos 2 cos wa cos wa? cos 2a’ cos wat 
=1+ 4 [20] + y [Bo (a+ ot)] + [20 (at + 0°], 
where yr (2) = cos & + cos 2a + cos a? + Cos wo + cos wat - 
e gic we a 


=3(1-a9,+ gg1- agit) 
and similar relations, we can get many other identities. 


18. The four interval formule can be got from the following identities : 


ee ee eee ee 


so that Gmina = mon — inn’ 2"; and bmin = Amba + Omni, 2; then: 


(i) 4{B, + Baz, s+ Bug + Baga +} . 
at gu oy 
eae TTT t gi ao 
cle 2 anemone poe EE (43) 


The PT hea 


14 
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Buigyt Bagi .| 
wo ge el 
Ms — Fa et gym 


Gi) 4 {Bs + 


5! 
ae a Pa) oe 
41% {91% + 550 
(iii) a2 {Be Ot Base Ae Buon +. _ 
a oe 
bn 7 isi + 55) bu— 
= at gt a 
Aiea oe 


. a 14 28, 


Pa a a 
Se Thais VakG The 
a at ce ze 

gi TQ % + 3G 1% 
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ON QUESTION 330 OF PROFESSOR SANJANA 


(Journal of the Indian Mathematical Society, tv, 1912, 59-—61) 


1. Prof, Saujana remarks that it is not easy to evaluate the series 
1.11 ,1.31 ,1.3.51 


tet gget ga get a.a.g et ding, 


ifn>.3. In attempting to sum the series for ald values of n, I have arrived 
at the following results : 


: 1 Tek 1.3 1 
Tek fP)= Typ ta s4p tz. 4b4pt 
: Li, ead 
- =| a(L45 et saat ) de 
Ey ees L{ ghe—v (1 — x)-} 
i Woes o ape eae 
p+l 1 pti 
JE Oates 
=} 5 => 
p+2 2 ‘p+ 2 
Be) elon.) 
pole Lee) 
But r( 3 By ese 
x) 
(vide Williamson, Integral Calculus, p. 164). 
Therefore f= sph aE 
ix 2 )f 
Therefore log {/(p)} = log ($7) — p log 2 
p 1 p 1 
+8 (1-5) -€ (1-5) %4.., we (1) 
where Sn= Ti t a+ ptt. . ad inf (ade Carr’s Synopsis, 2295). 


Again, by expanding f(p) in ascending powers of p, we have 
111.31 1161.81 
f@=(4+5 5+ ea ety .)- p(i+5 eee 


23° 2.4 5 
: CT 31 
+p Q+5ateat )- 


=F {6 0) — po (1) +79 @)- 9 8) +... 
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1 a bom 3.8 1 
where pats gant 97g peut ee = 5 9 (n). 


Hence (1) may be written 
log dar + log {6(0) —p. $ (1) + p*. 6 (2) —.-.} 


= log (27) - plog 2+5 (1-5) -F(1- - 5) S+ 


(3 
= log (47) — pa +e oo ost re 


mt ere 
where on =1- +n gat 


Differentiating with respect to p, and equating the coefficients ofp", we 


have 
no (n) = orp (n= 1) + ox (W— 2) + on (n — 8) +... to m terms. 


Thus we see that 


7 P(0)= 1+ os ae 
5 o(2)=1+ agli, = 7 +7 (log 2y, 
5 (3)= 1+ pata = 7 log 2+ 7 (log 2 +2 0, 


wr T 7 
=B log 2+ Talos 2+ 3 So 
and so on, 


2. More generally, consider the series 
1 aii a(a-1) 1 


BTi+ip* 21 +a 
Writing Testy $(n —1) for this, and taking the identity 
AL ee 1 4 a(a—1) 1 
b+p 1!b+1+p 21 b+ 24p” 
s Tb+p)C (a+) 
ahtP(1 —2)* da= py Ue 
=|) GE eg epee 
we find 
nb (n) = o,f (n —1) + ooh (n — 2) + 036 (n — 8) + ... to m terms, 
1 1 1 1 
h = = eee 
a =m GEbtip’ Grip Gabe art 
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Examples: Put a=—4,b=4. Then we see that 


1455 +a ag tee 18 t ayeey” 

G) 14 Rte RT ENO IBY aye) 

oH) 1455+ Sastereeto Or tet bt, 

Go) 14 SPER teat Tage prt a SHS, 
where, 8,’ aGretE tee 


3 
NOTE ON A SET OF SIMULTANEOUS EQUATIONS* 


(Journal of the Indian Mathematical Society, W, 1912, 9496) 


1. Consider the equations 
My H By t Ug... + Oy = th, 
BY + Layo + UsYgt --- + VnYn = as 
ay? + £2Yo° + Uys eee ct Mr Yn" = A; 
LYP + Lays + Wye? +... + Lay nt = Chay 


@, yn + Bayer + ays" + ae + Ln Yr = Gon, " 
where a, @» %, 06. @, aNd Wy, Yor Ys. ++» Yn are 2n unknown quantities. 


Now, let us take the expression 


Pe ea: he eg aye &% Cn 
Seay eum ese Ne aes eS Rate tiaeale te qd) 


and expand it in*ascending powers of 6. Then we see that the expression is 


equal to 
hy Ho + gO? Hoo gg PPT ice ccc ee eeeeneeeeee (2) 


But (1), when simplified, will have for its numerator an expression of the 
(n—1)th degree in 6, and for its denominator an expression of the nth degree 
in @. 

Thus we may suppose that 

$(6)= Ait A,é+ AsP +... +A," 
14+ B,6+B,67+ Ba + ...+ B,8" 
Oy + nO + OO? + 20. + hag PPI +005 


and so (14 BO + ...)(t+ 20+...) =A, + AgO +... 
Equating the coefficients of like powers of @, we have 
A=, 


Ag= Ag+ HB, 
3 = y+ OB, + Bo, 
Ag = Oy + Cr By + OroBa + 0. + G Bra, 
OH Gay t On Bit... +48, 
O = ape t Ong By +... + Bu, 
0 = ngs + OngoBi +... + 0,Bn, 


0 = day + bona By +... + On By. 


* For a solution, by determinants, of a similar set of equations, sec Burnside and 
Panton, Theory of Equations, Vol. 1, p. 106, Ex. 3. [Editor, J. Indian Math. Soe.] 


2 Men na me Mer ee Wed ce 
VOU ASHARN (Ft Baca Lise: 
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From these B,, B,, ....B, can easily be found, and since A,, 42,...4a 
depend upon these values they can also be found. 
Now, splitting (8) into partial fractions in the form 
Dy e 3 nn 
inet inne iwete Gea 
and comparing with (1), we see that 
Ma, Wns 
®2= Pe, Yo= os 
Ty= Ps, Ys= Gs 


2., As an example we may solve the equations : 
eatytetutve= 2 
pat qytrz+su+ i= SA 
potgytret+ tut fo= 16, 
paetrPytretsut+ty= 3, 
paetqy+rztsutte= 103, 
paetgytriztsuttos 235, 
pet gytrztsutty= O74, 
petgytret+sut+ty= 1669, , 
pet @ytrz+sutbu= 4526, 
pia + gy +92 + su + Pu = 11595, 
where @, y, 2,4, U, p, 4,7; 8, € are the unknowns. Proceeding as before, we have 
ae U4 pe 
1-@p ' 1-0¢' 1-@r 1-68 ' 1-6 
=24+30+164+ 316941080 +2356 + 6746+ 16696" +452608+ 115950°+.... 
By the method of indeterminate coefficients, this can be shewn to be 
equal to 


2+ +3 + 205 + oF 
1-6-5 + + 3h — O° 
Splitting this into partial fractions, we get the values of the unknowns, 
as follows: 


TS Se p= col. ; 
i ore am ao 
weet, jo BEY 
v= Ie t= VP 1} 
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IRREGULAR NUMBERS 


(Journal of the Indian Mathematical Society, v, 1918, 105—106) 


1. Let ds, @3, ds, %, ... denote numbers less than unity, where the sub- 
scripts 2, 3, 5, 7, ... are the series of prime numbers. Then 
1 1 1 


iegtea loan ee 


A Og» Og + hy + Gy. Bg. By + Og. byt cess ceeeee (1) 
the terms being so arranged that the products obtained by multiplying the 
subscripts are the series of natural numbers 2, 3, 4, 5, 6, 7,8, 9, .... 


The above result is easily got if we remember that the natural numbers 
are formed by multiplying primes ‘and their powers. 
2. Similarly, we have 
1 foals 
l+a, l+a,l+a,’ 


oe = 1 By — hy + My. Oy — Os 
+ hy. bg Uy — Ug Uy Ug + Og. gtivees ceeeee (2) 


where the sign is negative whenever a term contains an odd number of prime 
subscripts. 


3. Put a,=1/2", a,= 1/8", a,= 1/5, ... in (1), and we get 
1 1 1 1 1 
(0-5) (1-R) (1-5) Q-p)--E heals (3) 
where S,, denotes 1/1* + 1/2°4+1/38"+1/4"+.... 
Changing n into 2a in (8) and dividing by the original, we obtain 


1 1 1 1 S, 
(+5) (+m) (14 5) (l+ pe) = Rt See (4) 
1 1 1 15 
Examples: (i) (2 + 5) (3 + =) (i + =) ey etree (5) 4 
es I 1 1s 105 
(i) (+3) (2+5) (+5) -=t8, etic (6) 
since S.= 2°/6, S,= 04/90, S,= 19/9450. 
4. Subtract (2) from (1) and put a=2-"...; then 
Ue Flt ie Clb cqalh swe teed Si? — Sen 
gt tmtat gt atpat = “3S, =, 


where the numbers 2, 3, 5, 7, 8, ... contain an odd number of prime divisors. 
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lane eee a 
Examples: (i) Pa x +3 gE Bag gee > tag teenie iets (7) 
a aed pees ae ort 
(ii) x tei te Pat gee Samy (8) 


5, Again (2, 3, 5, 7, ... being the prime numbers) 


(1 + ag) (1+ as) (1 + 5) CL + tz)... = Lag + Og t Ms 
bigs Ug + Op + ns Ug + Gn + dag $e eey +9) 


where the product of the subscripts in any term is a natural number con- 
taining dissimilar prime divisors ; and 

+ (1— a) (1 — at) (1 5) (1 ap)... = 1 ty — Oy — Og + in Ay — Gy, (10) 
where the signs are negative whenever the number of factors is odd. 


6. Replacing as before dz, Gs, ds, -.. by the values given in § 3 and 
using (4), we deduce that 
1 1 1 8, an) 


1+ a Paget gat ga Pike gee cree Beeesen tens 


where 2, 3, 5, 6, 7, ... are the numbers containing dissimilar prime divisors. 
ca 


7. Also taking half the difference between (3) and (4), 
Lhe Ped 1 1 1 1 1 1 


git gat get gat Tye t pga t Pye t [pet OBR * B90 
1 1 Si? — Son 
tagat gat = Gggee (12) 


where 2, 3, 5, ... are numbers containing an odd number of dissimilar prime 
divisors. 


1 9 
Examples: (i) x +4 en se (18) 
ee 11 15 
Gi) Stat ete: ina PPCM RDS (14) 
8. Subtracting (11) from 8,, we have 
ele leg hl Sn, (Sn — 1) 
get gait gat ygat = fa ae (15) 
where 4, 8, 9, ... are composite numbers having at least two equal prime 


divisors. 


5 
/ SQUARING THE CIRCLE 


(Journal of the Indian Mathematical Society, v, 1913, 132) 

Let PQR be a circle with centre O, of which a diameter is PR. Bisect 
PO at H and let 7 be the point of trisection of OR nearer 2. Draw TQ 
perpendicular to PR and place the chord RS = TQ. 

Join PS,and draw OM and TN parallel to RS. Place a chord PX = PM, 
and draw the tangent PL= MN. Join RL, RK and KL, Cut off RC= RH. 
Draw CD parallel to KL, meeting RL at D. 

Then the square on RD will be equal to the circle PQR approximately. 


For RS? = 0°, 
where d is the diameter of the circle. 
Therefore PS? = 34d. 
But PL and PK are equal to MN and PI respectively. 
Therefore PH =34@, and PI? = pid". 
Hence — RE = PR= PK = 143d, 
and RE = PR + PL? = 335d. 
Se 


L 

. C 

K 

RK RC 8 /118 
B palace 
mS BL ~ RD~2A/ 358° 

and RC = id. 

Therefore RD= 4 355 


773 =" V™ very nearly, 


Note.—If the area of the circle be 140,000 square miles, then RD is 
greater than the true length by about an inch. 


6 
MODULAR EQUATIONS AND APPROXIMATIONS TO a 


(Quarterly Journal of Mathematics, XLV, 1914, 350-—372) 


1. Ifwe suppose that 
(L ert") (1 $e) (Lp ein), DHEA GL a, (ql) 


and . (L— ert 8") (1 — entre) (Learn) at enmity, i, (2) 


then G, and g, can always be expressed as roots of algebraical equations 
when » is any rational number. For we know that 


(LEQ LEP) L4G) 0 = BGT (KRY TE cee (3) 
and (L—q)(1— @) A 9) 0 BAGO ee (4) 
Now the relation between the moduli / and J, which makes 
2 cae = sal 
KO LB’ ° 


where n=r/s,r and s being positive integers, is expressed by the modular 
equation of the reth degree. If we suppose that k=l’, k' =1,so that K=TL’, 


K’=L, then 
q= eaThiL — eran, 


and the corresponding value of & may be found by the solution of an alge- 


braical equation. 
From (1), (2), (3), and (4) it may easily be deduced that 


Gin = 27 Vai wise sii eaesn ees ehdematee ene (8) 
Gn = Gaynr Uf Gn = Gajins coceceeceecescceeceeanesees (6) 
Gn Gn) (Gio — Gd) = Fi aie ae enaenes (7) 


I shall consider only integral values of n. It follows from (7) that we 
need consider only one of G, or gy, for any given value of 2; and from (5) 
that we may suppose » not divisible by 4. It is most convenient to con- 
sider g, when m is even, and G, when x is odd. 

2. Suppose then that n is odd. The values of G, and ga, are got from 
the same modular equation. For example, let us take the modular equation 
of the 5th degree, viz. 


(Gy = G) me (ure ~ = =); Deo) Meee (8) 


where gtu=(1+g(1l+q(1+¢)... 
and gty= (1+ 9) 04+¢) (149%)... 
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By changing q to —q the above equation may also be written as 


(:)-G)- =2 (w+ tea) saidaesieysest aces (9) 


where 2 g?u=(1—g) (1-9) 1 - 
and gtgty =(1—@)(1— 9g) (1-9)... 
If we put g =e"? in (8), so that «= Gy and v = G,, and henee w=, we see 
that 
wo—yta=l. 
i _ /ltvayt 
Hence v=, G,= (=) 4 


Similarly, by putting q= e-*N3, so that w= % and v=, and hence 
u=1/v, we see that 


he 


Similarly it can be shewn that 


» 6 = (EY gua (u2+v9) 


oon + CO, 
rn OP /, 


8. In order to obtain approximations for r we take logarithms of (1) 
and (2). Thus 


and so on. 


24 
w= 7, og (2G) 
24 , 
m= 7 log (24 g.) | 


approximately, the error being nearly = e-*"" in both cases. These equations 
may also be written as ; 
"rip Pst PR lace TSC EEE (11) 
In those cases in which @," and g,* are simple quadratic surds we may use 
the forms 

(G+ Gy", (Gn + GnPY, 
instead of G, and gn, for we have 

Gn? er dei An — Beda, 
approximately, and so 
In +9n 2 felt vn + Agen, 
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approximately, so that 
2 
r= a log {8 (Gn? + Gn yt, wh aighelstds Saaroere es (12) 


: 104 wake : 
the error being about uo e-*””, which is of the same order as the error in 


the formule (10). The formula (12) often leads to simpler results. Thus 
the second of formulae (10) gives 
er Mia/2s = 94 She 


or ets = 10 248 V3. 
But if we use the formula (12), or 
k et vniss — ot ( Ge? + In vy 


we get a simpler form, viz. 
ety 9 v7. 


4. The values of gen and G, are obtained from the same equation. The 
approximation by means of g., is preferable to that by G,, for the following 
reasons. 

(a) It is more accurate. Thus the error when we use G,, contains 
a factor e~*”, whereas that when we use 94.) contains a fagtor e~™"™, 


(b) For many values of n, gm is simpler in form than G,; thus 


Ir90 = Je +5) Ae) : 
while 


oun (4) VIVES) EA) 


(c) For many values of 7, gon involves quadratic surds only, even when 
Ga is a root of an equation of higher order. Thus Gy, Gy, Gy are roots of 
cubic equations, Gy, G;, are those of quintic equations, and G, is that of a 
septic equation, while gi, se, Gos, Joss Jue, ANA Yrs are all expressible by 
quadratic surds. 


5. Since @, and g, can be expressed as roots of algebraical equations 
with rational coefficients, the same is true of G,* or g,™. So let us suppose 
that 

1 = aga — bgy 8 +o, 
or On = & —OGn B+... 
But we know that 
Gde- gx 1 — Bhe-e "4 BTGet Hm — 
64,2 =e" — 244 276e-7" — ..., 
64a — 64bgg +... = 7"? ~ 244 BIBe-*™ — ..., 
64a — 4096be-7 "7 +... Se eTN® — 24 4 DTG EFF — 
that is or" = (64a +24) — (4096) + 276)e 4 eee (13) 
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Similarly, if L=aG, 4 — bGy YW +..., 

then er" = (64a — 24) — (4096 + 276) oP  ceeeeee (14) 
From (18) and (14) we can find whether e""" is very nearly an integer 

for given values of n, and ascertain also the number of 9’s or 0’s in the 

decimal part. But if G, and g, be simple quadratic surds we may work 

independently as follows. We have, for example, 


Gn = (1 + 2). 

Hence CAges™® = er"? — 244+ 276e-7" — ..., 

64gg7 4 = 4096e-" “2 +... 
so that 

64 (gu? gn) = OFM — 94 + ABTIEW~T HE .. = GA {(L + 4/2)" + CL — 2), 

Hence e722 — 95089519982... 
Again Gy = (6+ 487), 

644, = e797 +944 2767 "7+ 

646g = 409Ge-""" — 
so that 
64 (Goa? + Gop) = 68" 4 24 4+ 48720774" — ... = 64 [(6 + 4/87)8 + (6 — 1/37) }. 
Hence & eo "37 — 199148647-999978.... 
Similarly, from In3 = me ( ) ‘ 
we obtain 


64 (gost! + Gas™) = OF" — D4 4 4BTDE~m HL 
oe f B+ f29\" (5 — f29\" 
64 ( 2 a 3 y. 
Hence en “88 = 24591257751-99999982.... 


6. Ihave calculated the values of G, and g, for a large number of values 
of n. Many of these results are equivalent to results given by Weber; for 
example, : 
3+ 1/18 Gg 1+ 5 

3 ? 96S, y 
gus =(2+V5)(B+/10), Gyt= 6+ V7, 


Tt (44 7 5 
Gag = Tate) 7 Ine = otye 


Gy = 


> 


agg ae OY LE) 
o2 2 ? 


oe (C2) = CH), 


as (+) e + ey 
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Gy oy (Lee ae esl 


roa” = (2 + /5) (3 + 9/10), 

Gus = $(38 4+ VIL) (V5 +7) (VT + 11) 8 + 5), 
and so on. I have also many results not given by Weber. I give a com- 
plete table of new results. In Weber's notation, Ga =27*/f{/(—»)} and 
gn = 2-8 (V— a}. 


TasLe I. 
be +2 ab [VL +2) +V(9+ 5 4/2)}, 


Ge? EAC H/C: Jee} 
gb = (V2 +yay(ry2+3vue{/( Je ES) ey (ce 


Go? = (3/3 + 1/28) Gay py ee ce 


F 


a) 
raed 


vce 
Gat = {R(VT + VIL) (84 37 mit { / (Ss evi) w/e Se )t 
6.3 = 2V8+2)F 41 
*  (@V3 = 2) = 1" 


oo mieevousvvon{ JC) + /E2}. 


gu + x =bl(V(7 4/2) +M(7 + 5 /2)}, 
Goo + ‘i =F{[V2+ f1444/14)}, 

4 2343/57 1543/57 
sud mvis2-+vey(osesvisy{ / (R21) » / EBM), 


ee (teas + ane) (2/3 + /18)8 {3% + (44/3), 


Gin + : = Ce) {(3 +5 1) +(3- x3) | 


2 io (11-3. VID) v1 +3.,/3-4)8 | ; 
+ (B11 — 8/3 — 48} - 2] 


Gas = re (ee) (6 +/7) iy ( ) a e (ry. 


28 
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gist = qv, Gaps) (78 2+ 23.4/28)* 

” {/ PAE) + JAY) 
eee) eee ace Jae 
Cra? J ees | we zeae fey } 
a “eV ean 
be CA) + JOO 

. {/e eee ie we = “aryl 
out = /{awasyn (Zon) 
yee + / et 
Sasa +3 =~ = $ {VO + 1/2) + V(17 +13 /2)I, 
Gm ie -(2) {0+s3) +0-sta) 
73 [vine (B=etsy 
«(evs B28) (os BSH 
Jue = (1 + 2) (4/2 +38)! a (C23) y of C42), 
ee (: +v5) € V5 z ye) {/¢ a) i oa ‘)} 
Gg? = (5/3 + 71) @ = ay 
mf 214123 4 /fgti2v3 
ayes jeans 
( 124 ba 16457 
* iw ( 4 )+/ EE). 


145 
Cam = ( i) (2+ 9/8) [/(4 + 9/15) + 154, 
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ve (VC) (ER) 
«(CECE 
oat = {e+ v5) (P)H SH) + J) 
Cue L/2 +17 seats + vn y ge pie Nan 
Cnt = (8 +307) (vss orvT) ; 
<i CO29)+ EA 
Guo = (4°) V1 + /2) A a aut) + JAS) ; 


Grog = (* ay t, where 
pene a (Bey ea }: 
= vefp-o ez) 4) a 


Gay = (6 + VBT)E CT 3-42 V87)E (742/38) + VB +24/3)}, 
Cs = 2" 4, where | 
}-1=0 


28 — 8 {(44 138) + (11 + 24/33)} 
—t{l+ 411 +2 /33)} -1= 


1 (NBtNT p(2tvT+v(T +47) VE+vD+6yTF 
Gi an: )ervaye} 2 Hasna 


= (8-445) ae NE) m fees. 
Gal = oven yay (2 aL uz Cree 
7 ES): /FP)} 
<\yeeB)/EE 
$2) 0 + 9/101) ; 
a(n fea, 
pa na/ CHB orroenssoy {CHE /E, 
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cara {ELBA + /CPe LY 
, {VAS +16 zoe) a8 jee vt, 
don = (W144 st,/fa + 4/2) C4°) (es a) 
x) (BRA) + / A) 
A [/e" a +/(2 ae, 
Gas (2°) (16 +255), /| (4415) CS} 
: ieee +/(2418)) 
«ta ) + / AE). 
Cor? = ee fe + 4/3) (6 +/37) (A*); (246 4/7 4+- 107 /37y¢ 
xf / (SE + +/(P) 
1 /U) + /C 
Choe = (5°) (6 + 1/35) {Rawls sv) : 
a 157 He 3.77) V(10 v7) 


sf Jf Pears V7) ¥(10 i ; 


Cnat= ./ {8+ 11) 6 +8 0/3)( 
6817 + 321 /451\3 
(ee 


17 +333 25 + 8/38 
ve : 8 s oe + ae | 
8 
© Grea" (2 + 1/5) “/ \e +7) () é v5 x ape)" 
<a) (es ane 127 +7 /329 
we mn = : v( 751 ae = 
_ W/ (ae )+ a (+4 e 


ll a 
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7. Hence we deduce the following approximate formule. 


TaBieE IT. 
eit NB. 2 V7, em Hare —. 2 by /2, gt #90 = OO 43 +16 v6, 
eM = 12 (44/17), eb = 144 (147 + 1044/2), 
5+ ) + 0/29 
V2? 
gir 0 == 60 4/35 +96./14, el = 300 4/3 + 208 /6, 
l+Vv@G+2 v5) 


ekr it = 84 +33 6, en Nssfe — 


ere = 7 et M02 — 800 /3 + 196/51, 
et 18 = 12 (823 +40 65), eT 0 = (2 2 + /10)(3 + 710), 
(24+ V5) (8 + 718) 
w= igo oe [a 

24 10 +11 /2 10+ 7/2 
w= ig he {/( 4 )+/( qd )} 

12 
T= 7380 log {(2 4/2 + 4/10) (3+ V10)}, 
7 log [} (8 + 4/5) (2 + 72) {(5 + 24/10) + (61 + 20 ./10)}], 


- a3 
w= isp og | (“A 82)' (6 y29 + 11.96) 


a «LCS + Y- 


The last five formule are correct to 15, 16, 18, 22, and 31 places of decimals 
respectively. 


8. Thus we have seen how to approximate to w by means of logarithms 
of surds. I shall now shew how to obtain approximations in terms of surds 
only. If 


Vemen 
n ¥ = LT’ 
ndle dl 

we have Eee ke We 


But, by means of the modular equation connecting & and J, we can 
express dk/di as an algebraic function of &, a function moreover in which all 
coefficients which occur are algebraic numbers. Again, 

gee KK, gr ae hil, 


#Q—g)-g(—@).. _ (ek 
an rs ote a -(7) if ()- eit) 
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Differentiating this equation logarithmically, and using the formula 


dg_ wg 
dk Wkk? KR?’ 
we see that 


nfi- 24 (H+ AT +...)} 


1 =e gn 1 a qi” 
f totes ath 
- {1- 24 (f etiegt A(b), ...(16) 
where  (&) denotes an algebraic function of the special class described 
above. I shall use the letter A generally to denote a function of this type. 


Now, if we put A=U’ and h’ = in (16), we have 


1 2 
n {1-24 (gerteeat-)} 


- {1-24 (moat emeit t= (2) 40. (17) 


The algebraic function A (4) of course assumes a purely numerical form 
when we substitute the value of & deduced from the modular equation. But 
by substituting 4?’ and k’ =1 in (15) we have 


ne ena Nniis qa — eo un) a- eit vn) (1 vam eat in) 
= @77/ ann) (1 ae yee (1 sien en irinn) (1 = entttwn), 


Differentiating the above equation logarithmically we have 


1 2 
n {1 — 24 (sem + emt .)} 


1 2 6/2 
+ {1-24 (saat wtamcyt pa, Seasind (18) 


Now, adding (17) and (18), we have 
3 1 2 HY 
1 q-( eet met l= (=) 4 ......(19) 


But it is known that 


1-28(-2 + Pe t..) = (1 — 28°), 


1 8 Ky? 
so that 1—2%4 (empitmazqt-)=(4) AB. cecvceese (20) 
Hence, dividing (19) by (20), we have 
Ee aecl Sets 4: 2 
1 win 24 (scan + a | +. “) 
nt NOT 


T 3 = 
1-24 (wea 3 
Sma teat =) 
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where A can always be expressed in radicals if 2 is any rational number. 
Hence we have 


~ =F) jn’ 
nearly, the error being about S7e-*"" (a s/n ~ 8). 


9. We may get a still closer approximation from the following results. 
It is known that 


r= 3 oP 4 
; and also that 


TER pb yae ia 
Vaso ee ot — 2h) (1+ HER"), 


rei l- ¢ 
Hence, from (19), we see that 
eer ee nat ae 
2 ar 24 ie —— 2 + 240'S RSI if 
=R i. 504 s S amy a} Wa (23) 


where #’ can always be expressed in radicals for any rational value of n. 
Hence 
Se 3 
7" — Bh) yn’ Heme eee reneene 
nearly, the error being about 24a (100 s/n — 31) e"", 
It will be seen that the error in (24) is much less than thatZin (22), if » 
is at all large. 


Re rereareee (24) 


10. In order to find R and R’ the series in (16) must be calculated 
in finite terms. I shall give the final results for a few values of x. 


TaBLe IIL. 
q= entk ‘1K, gy ee er hiL, 
=n(1-24 3-2. \_ (1-243 i) 
fen (1 24 35 an) (Q-4352 =) 
4Kh 


f= w+, 

ae AKL 

f= yy + vip, 

(5) =F a4 m4 RY / Ha : 
p(y= PE aun), 


R.C.P, 


we 
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71) = S2F 20 +i +t) + vel) + vQT)- VET), 
psy = SBA + dts WIS fl + 4 TY 


f(11) = ABE yaa (1 + P+ WAT) + 168 (+ WY — RE U) 
aT 


— 102 (1 — kl — kl’) (4kk' Wy — 192 (adel? 1), 
faH= = (1+ hb + RV) + J CRD) + VUE) — RR WY}, 
nee 4kL oye ILS B Ls pf 
f(23)= as (11. + kb + WU) — 16 (4bb WY8 [1 + /(bl) + VET)| 
— 20 (4kR 11’)4, 
2 
fOL= ae [BCL + L4H) + 4 [V(kd) + (Ril) + (ek) 
— 4 (kit )* (1 + (bby + UY 
[2 (Rl) + VCH") — VCR 1} 
+ (Alek W)-8 1 — f(b) — VRE PY. 
Thus the sufa of the series (19) can be found iu finite terms, when 
n= 2, 3, 4,5, ..., from the equations in Table III. We can use the same 


table to find the sum of (19) when n=9, 25,49, ...; but then we have also 
to use the equation 


4kKL 


3 
ar 


(35) = 


3 1 2 3 
— =] —24(/—— -, + —— + + -—— $i 
ve i 4 tmoitecit i 


which is got by putting =k’ =1//2 and n=] in (18). 


Similarly we can find the sum of (19) when n= 21, 38, 57, 93, ..., by 
combining the values of (8) and (7), f(8) and /(11), and so on, obtained 
from Table ITI. 


11. The errors in (22) and (24) being about 
Bere" (arf —3),  24ear (Om s/n — 31) e 27", 


we cannot expect a high degree of approximation for small values of n. 
Thus, if we put » = 7, 9, 16, and 25 in (24), we get 


19 
ig V7 = 3 14180..., 


7 
: (1+ * = 3-14162..., 


) =3'14159274..., 


) = $'14159265380..., 


totter a a 
1m eee 


ra 
ea ich 


eo 
sod 
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while w= 314159265358... 
But if we put 2 = 25 in (22), we get only 


z+ (3) = 314164... 


12. Another curious approximation to a is 
Lot 
(9°+ 55) =S141s9265262.... 
This value was obtained empirically, and it has no connection with the 
preceding theory. 
The actual value of w, which I have usetl for purposes of calculation, is. 


355 /, -0008 nhs 
1B ( a 3583) = 8:1415926585897943..., 


which is greater than 7 by about 107% This is obtained by simply taking 
the reciprocal of 1 — (113/355). 

In this connection it may be interesting to note the following simple 
geumetrical constructions for 7. The first merely gives the ordinary value 
355/113. The second gives the value (9°+ 192/22)* mentioned above. 

(1) Let AB (Fig. 1) be a diameter of a circle whose centre is 0. 

Bisect AO at M and trisect OB at 7. 

Draw 7'P perpendicular to AB and meeting the circumference at P. 

Draw a chord BQ equal to PT and join AQ. 

Draw OS and TR parallel to BQ and meeting AQ at S and R respectively. 


Pp 
HQ 


A B 


N 


D 


oe 


Fig. 1. 
Draw a chord AD equal to 49 and a tangent AC = RS. 


Join BC, BD, and CD, cut off BE=BM, and draw £X, parallel to CD, 
meeting BC at X. 


Then the square on BX is very nearly equal to the area of the circle, the 
error being less than a tenth of an inch when the diameter is 40 miles long. 


3—2 
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(2) Let AB (Fig. 2) be a diameter of a circle whose centre is 0. 


Biscct the are ACB at C and trisect AO at T. 

Join BC and cut off from it CAf and ALN equal 
to AT. 

Join AM and AN and cut off from the latter 
AP equal to AM. 

Through P draw PQ parallel to MN and meet- 
ing Adf at Q. 

Join OQ and through fT draw TR, parallel to 
OQ, and meeting AQ at R. 

Draw AS perpendicular to AO and equal to 


aN 


oe 


s 


Fig. 2. 


AR, and join 0S. 

Then the mean proportional between OS and OB will be very nearly 
equal to a sixth of the circumference, the error being less than a twelfth of an 
inch when the diameter is 8000 miles long. 


13. I shall conclude this paper by giving a few serics for 1/2. 
Tt is known that, when & < 1/,/2, 


(4) = +(5 i (Qkk')! (53 4) (2kH)* + 
Hence we have 


g A-gya-ghd-9y.. 


-(; ww)! eaG Ye (Sek)? + ee 3) (2k) + | ee (26) 


Differentiating both sides in (26) logarithmically with respect to k, we can 
easily shew that 


9 
1-24 (; ee sree a+) 
ene _ 9 
= (1 — 2%) fea ) (kk +1(55 3) (kk + zt (87) 
But it follows from (19) that, when g =e-**", n being a rational number, the 
left-hand side of (27) can be expressed in the form 
2K? 
ton 


T 7 


where A and B are algebraic numbers expressible by surds. Combining 


(25) and (27) in such a way as to eliminate the term (2K Jar), we are left 
with a series for 1/m. Thus, for example, 


ta14i(f)+e fl. iy mat oy 


¥#\2.4 2.4.6 
16. 47 R 
=5+54(5) +an (sa) 


(¢ = errs Qkh’ = d, 
181 1.3.5) 
6a (3,4) + Gas (a) ig 


(q=e*", Ohh’ = i 
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z 47/5 4+29 /1\* 1/5 -138 
mos ie GY (Se 


__ 39 V5+59 (1.3)? (V5 — 1) 
oe (53) ( z ) * 


°? 
eer ye _1l ff5-1 : 
[x= ORM =? () Stes (30) 


here 575-1, 47./5+29, 89./5 +59, ... are in arithmetical progression. 


oi 


14, The ordinary modular equations express the relations which hold 
between & and J when nK’/K =L’/E, or g” = Q, where 
gaerKiK, Quen rZIL, 


Ka1+(5) b+ G3 fi) Ba 


There are corresponding theories in which q is replaced by one or other 
of the functions 
gre enTRi VIE, ggg RLTG Ng, = g~2eKy hy 


where 
1.3,,, 1.3.5.7 


ors + ae + eerie fe 


K=14+73 2 ey at Ea ge Bens 
re a Wee ay (ae a 1 Gud el es 13, iv 


Kal+ tte @+~ eee H+ 
From these theories we can oe further series for 1/z, such as 

ie? +175 55 (a7) 

oe teeaa(@) te adh (31) 
Be 74497555 (i) 

+1058 ae (75) $e osey vee (B2) 
eva 1*125 38 (135) 

supp LT 3U (jog) + oes (83) 

Bit emt t(Ay 
+2748 aad ae (=) te (84) 


3 Modular Equations and Approximations to 7 


$3 2811.3 491.31.3.5.7_ (35) 
eT = 54 e 2, 4 az. Fo a far3) 
4 8 8111.8, 59 :1.81.3.5.7_ (36) 
wV¥B 48.49 8 "32d ae ge : 
4 23 28811.8  5481.31.3.5.7_ (37) 
no 19 Ae ae so a ee eee 


4 41 685 11.9, 1829 1.81.8.5.7_ 
B-72-5.7R2 eR FTA 4 we ( 


wld 
4 1123 _ 2258311.3 , 440431.31.3.5. oe (39) 
a 6882 ~ 88% 2 2 * BBd° 24 ae. Be Tees 
24/3 Valence Ger ynlee yaaa 
“erelt gg e+ 924 ree Oe aby, dieuiddigis bo Hensel (40) 
1 1 1111.8 , 211.31.8.5.7 
Im v2 ot 3 42 +E 4 “BB Sey bene cere eeeeeee (41) 
1 8 4311.8. 881.81.8.5.7 
Eee A ge a 2 
Br 49S PTT PB (92) 


2 619 29911.3  5791.31.9.5.7 ; 
wil 95 9993 & 199 EA BBE Fe nae) 


_1 1108 , 2749311.9 , 588831.91.9.5.7 | 
Qa 2 9 99° 2 4° 99% 2.4 42 82 0 
In all these series the first factors in each term form an arithmetical 
progression ; e.g. 2,17, 82, 47,..., in (81), and 4, 37, 70, 103, ..., in (82). 
The first two series belong to the theory of gq, the next two to that of q,, 
and the rest to that of q. 


The last series (44) is extremely rapidly convergent. Thus, taking only 
the first term, we see that 


WOS eke 
gor = 11258953678..., 
1 

Iq = 11258958001... 


15. In concluding this paper T have to remark that the series 
2g 3q! 
1~24( 4, 
ar Se ae dias 
which has been discussed in { 8—13, is very closely connected with the 


perimeter of ausellipse whose eccentricity isk. For, if a and } be the semi- 
major and the semi-minor axes, it is known that 


1.3 VB } 


p=2ma fl 51 3 ep wae 
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where p is the perimeter and & the eccentricity. It can easily he seen 
from (45) that 
dK 


p= 4ak' \k ig 


a aot a (46) 


But, taking the equation 
g™ (1-9) (1-9) (9. = (2hk'y* (Kin), 
and differentiating both sides logarithmically with respect to &, and com- 


bining the result with (46) in such a way as to eliminate dK/dk, we can 
shew that 


pee ake (1 +h) +(ay {1-24 (+ erate (411) 


But we have shewn already that the right-hand side of (47) can be expressed 
in terms of K if g=e-"*", where n is any rational number. It can also 
be shewn that K can be expressed in terms of I'-functions if g be of the 
forms e~™, e-7™"2 and e""™*, where is rational. Thus, for example, we 


have 
\ 


k=sing, q=e™ 
a ee 
k= tang, gre, 
rE) BSB 7 
k= sin io gees : 
roe JG) (eo ARB 
2 tant, g=ze™, 


ee ae 


16. The following approximations for p were obtained empirically : 


* and so on. 


p=7[3(a+b) — /{(a+ 8b) BatD} te], (49) 
where eis about ak"/1048576 ; 
mi(a-+b) + aMule +e, (50) 
BS Tae d+ att dab $y TSP 


where ¢ is about 3ak/68719476736. 
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tan'¢ 


tat 
poets 


ON THE INTEGRAL if 


(Journal of the Indian Mathematical Society, Vt, 1915, 93—96) 


1. Let & (a a= |" a RMI olesahasianieits beni (1) 
Then it is easy to see that 

P(t) +A D(H aM) HOS ete etree eee (2) 

and that $(@)=F,- i +E- te sb Tine Rites oh (3) 


provided that | «| <1. 
Changing ¢ into 1/¢ in (1), we obtain 


o(2)-¢ () SETNOC Hc ieeveccdhesdiseccleng (4) 


provided that the’real part of w is positive. 

The results in the following two sections can be very easily proved by 
differentiating both sides with respect to x. 

a. If0<a< 3a, then 


in 2 : 
aS aaa sn Or ae +...= (tan #) —wlog(tanz). ......(5) 


If, in particular, we put # = 42 and 4,7 in (3), we obtain 
de Ae ed oh 


fo eae Ge toe i5 bWR= 1) + gr glog (d+ 2+; ...(6)* 
and 26 (1) = 36 (2-73) +4rlog(24+ 78), (7) 
If—ida<a<d7, then 
Qsinta 2.4sin'a 
2g (tan ¢) =sine + 5 3 +R go Tree ceeeeees (8) 


If0<a#< 42, then 
sin 2 sin 2e oo 


Be + 


sin 3. 
TE 0 a+ ~ oF cos at... 


2° By 
= (tan @)+ $7 logcose—wlogsine; oc... (9) 
cose+sing | 1 cos'e+ sinte 1.3 cosa +sin® « 
it ea ase 7 od eee 
= (tan 2) + $7 log (2 cosa), 


and 


* This equation is incorrect: see Appendix, p. 337. 
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If — $a < <4 and a be any number such that 


: 1 
| -—a)sing|<1, (1 _5) cosa | <i, 


9 5 
then sme Qa _ *) cos @ + pin ae =(1 -2) doaigy 4 Be ae (a - cos* et. 


L oe 3 


in (+4 ; 2 
eee POS doar an eet a7) (l—aysin?a+... 
= (ian 2)~- o(a Lae (hb, Laagaseeties (11) 


3. Let R(#) and J(#) denote the real and the imaginary parts of a 
respectively, Then, if -1< R(#)<1, 


log eae Blog (1 -&) +5 log (1~ Z) - 
=*[$(1)-¢ {ian tor (1— x)}} + log tan $7 (1—@). ...(12) 


Putting # = 3 in (12) and using (7), we obtain 


(1- $)(1-$) (t-ae) (trap) (tg) @-vabe 
where he o¢ Cs cau bateriaeMed nese eae (18) 


Again, subtracting log (1 —2) from both sides in (12) and making w—1, 


we obtain 
(a = 5) a z) (- A) (i-§ ee (14) 
If—1l<J(#) <1, then 


log (1 +z, =)- 3 log (1+ 5) + 510g(1 + B)-~ 
=4 { (1) —  (e"*)} — 2x tame .. (15) 


From this and (7) we see that, if $a = log (2 + /8), then 


(145 #)(1+%) (1+) (1+ a) et ae (16) 
where n is the same as in (18). 


It follows at once from (12) and (15) that, if 
-1<Rk(§)<1, -1<JZ(a)<1, 


won ane ES) ESE TAY nt 


provided that cosh $7a=sec 47. 


42 An Indefinite Integral 
4. Now changing .c into 2¢(1 +7) in (15), we have 
log (1+ “t) - Blog (1+ SF) +5 log (1+ =) - 
= : (1) ~ de (1 + 7) tanm emer — a Fe entail z lame sof : 
Equating real and imaginary parts we see that, if x is positive, then 
log (1 + “€7') — tog (1+ Si) + Blog (1+ “)- m 


= atuvste lop a tie ga tan! ( oe m2) 
7 cosh 72 ~ sin wz sinh wz 


8 COs Tz cos 87x cos bare 
- ent — ———_~ g- 87a 4 ei ert es 6.18) 


ail i 3? 


and tan-? ie’ —3tan7 oa 5 tan7 ae 
LP > 5 
sts (ne me + sin n) 95 tani ( 


C08 Tar ) 
cosh 7a —sin 7a 


sinh wz 


4 (sin Te ne _ SIN Bre rive 81D BT an “i (19) 


li Py 5? 
It follows from (18) that, ifn isa positive odd integer, then 


dnt dnt 4ns\> 4n\~7 
Q +t a) 0 +) e +7) ee 
8 () GC = ‘ay 7 
=e? 


= lt+ea™, 
and, if n is any even integer, then 


0+) 0 2) ole ae 
=exp (ee (1) - e (— 1)" [db (et) +400 tan tem] . (21) 


Similarly from (19) we see that, if n is any positive odd integer, then 


Qn? 2 
pean ean bas Gees Fees 
tan 3 tan 3 + 5 tan 5 

4 2 l+e 1 1 loo, 
rae ot dae e log (; ~ o3) age OP gees se iy} ; (22) 
and, ifnis a pepe even integer, then 

Qn2 
tan7 a —8 ten” ae a 5 tan-? ae oe = On (— 1) tate te, (28) 


In this connection it may be interesting to note that 


tan7 ei = : - (tan? —tan™ 3t tan - i) sildiedueds (24) 


for all real values of n. 
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5. Remembering that 
wv eel! oe, Die 
4coshaa I24+4a” 3a 4e” 5+ 4e 
we have 
7 2 I Bee 1 3 \ 


4 {nb cosh mre yy \n®(? + Att) ne (4 aw) ee 


Tv 30 bor 
: 3 coths— coths— coth 55 
~F0s9}-al OH ee eI .. (25) 


ig 3? a 

“That is to say, if a and @ are real and a8 = 7°, then 
b (1) + 26 (6) + 2g (E-™) + Wh (Ee) +... 

a. By: 1 


Tv wT 


1 

Sole Seh | ete + des Paceseues(26 

g(a +) ie sake + woke } 38) 
If, in particular, we put a = 8 = 7 in (26), we obtain 

om 5 1 S 1 = I yf 
Hag ley Be" —1)* si(e*—1) 
1 1 1 wee } 
_) {7 (e+ e*) + 22(e™" + ey + 3? (e* + er) Five 
SVG1B9GS5 9G. levies, Whe nseeeen (27) 


approximately. 
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i, ON THE NUMBER OF DIVISORS OF A NUMBER 


(Journal of the Indian Mathemutical Society, vit, 1915, 131—133) 


1. If 8 be a divisor of V, then there is a conjugate divisor 8’ such that 
$8’ =. Thus we see that 
the number of divisors from 1 to «/N is equal to the number of divisors 
from Wave tors | Stes ty deans aie Beales one cated degrees nao (1) 
From this it evidently follows that 
CN) SU WN, acs csad cede decors sates sersys (2) 
where d(N) denotes the number of divisors of V (including unity and the 
nuwuber itself). This is only a trivial result, as all the numbers from 1 to WV 
cannot be divisors of V. So let us try to find the best possible superior limit 
for d(V) by using purely elementary reasoning, 


2. First let ng consider the case in which all the prime divisors of V are 
known. Let 
N= p%. pols py... Pn, 
where ), Ps, Ps... Pn are a given set of n primes, Then it is easy to see that 
A(N)=(1 +.) (1+ ae) (14 ty) LA Gn) certs (8) 


1 
But ; {ita logp,+(1+a,)logp, +... + (1+ ay) log p,} 
i 
> {1 +a) (1 +a)... 1 + aa) log p log py... log pub®, cee (4) 
since the arithmetic mean of unequal positive numbers is always greater than 
their geometric mean. Hence 


a i 
- dog p, + log p+... +log pa + log N} > flog p, log py... log py. d (aV)}". 
In other words 
a n 
syne ti log (21 p.D, + Pally} 
St cen EnUEE peeprereene seeaeuenT aT TTEET TT TT ET TTTTE } 
) log p, log p, log py ... log pa’ (5) 
for all values of V whose prime divisors are p,, Do, Ds... Pn- 
3. Next let us consider the case in which only the number of prime 
divisors of Nis known. Let 
: W= peppy ie pratt, 
where x is a given number; and let 
Ni’ = 9%, 3%,5% ,., pte, 
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where p is the natural uth prime. Then it is evident that 
NRA szseihs Aetaeate noetaeaseasd ioe (6) 
and CCN VSO IN es -wedeircd teres eed tes (7) 


Tog (2.8.5... pf 


, Zao cn ey § 
But dN) < betlesigeokep oer (8) 


by virtue of (5). It follows from (6) to (8) that, if p be the natural xth 


prime, then 
; {Fog (2. 8.5...p.)}" 
a(N)< log 2 lug 8 log 5... log p 


for all values of V having prime divisors. 


4, Finally, let us consider the case in which nothing is known about J, 
Any integer NV’ can be written in the form 
22, 3%, 5%... , 


where @,>0. Now let 
GR hha eta dated nirvenai bes (10) 


where h is any positive number. Then we have 


d(N)_l+a@ l+a l+a, 
T Ala pha, <a Rineg hay 28 eee 


Bre cok 


But from (10) we see that, if g be any prime greater than «, then 


Ltd L+ag Lt 
gra gt, Qe 


Ble eres (12) 


It follows from (11) and (12) that, if p be the largest prime uot exceeding 
a, then 
d(N) .1+a, l+a, l+aq, l+u, 
Nk 5 Qha, © Bhas * Hhas a py 
l+@ l+al+a Il+wgy 
BS Dit, * Qiu, *~ Qha, “°° Qha, 


ed enk ease weet oes (18) 


But it is easy to shew that the maximum value of (1+ «)2-" for the 


ps Qk 
variable a is helog 3 . Hence 
d(N) Qk yale) 
Ke < (ig ie SE cy eee (4) 


where (a) denotes the number of primes not exceeding z. But from (10) 
we have 
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Substituting this in (14), we obtain 


fs log 2 | w (2) 
log 2 log & 


log 2 log a g. apeudabetions eas 15 
d(N) < Nise iE e(log 2° ue) 


But it is easy to verify that, if « > 6-05, then 
2 < e(log 2) 
From this and (15) it follows that, if # 2 6°05, then 
EN) < QU8 NINE) oo ay ec ceteecees (16) 


for all values of V, w (w) being the number of primes not exceeding 2. 


5. The symbol “GQ” is used in the following sense: 
$ (a) = O [y (2)} 
means that there is a positive constant H such that 
a “1 
‘le 
for all sufficiently large values of # (see Hardy, Urders of Infinity, pp. 5 
et seg.'. For example: 
5u=O(@); 3¢=O(#); esina=O(#2); Vz=O(2); loge=O0(2); 
but et 0 (a); x log w+ 0 (x). 
Hence it is obvious that 
WCBS OI R)o. ceepedennetdsnceese ess Wacies als (17) 


Now, let us suppose that 
___ log N 
~ (log log NW}? 
in (16). Then we have 


log # =log log N + O (log log log ¥); 


log N_ log N log H log log log V 
and so Tog x ~ Tog log V eke et ay th tane ave a 8) 
Again 
. log N log log log V 
w (x) log log # = O (# log log x) = O " (log log aan ; ..(19) 
It follows from (16), (18) and (19), that 
ane {log Vlog log log N 
log d(N)< § LV log log log 9 
og d(N)< fog ca (log log Vi ; pees (20) 


for all sufficiently large oe of N. 
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fe ON THE SUM OF THE SQUARE ROOTS OF THE 
FIRST 1 NATURAL NUMBERS 


(Journal of the Indian Mathematical Society, vu, 1915, 173—173) 
1 Let g@(myH=VltV24/34 0.4 /n— (C+ 2nnt ba/n) 
—bE [Wty tintve Ly, 
pol 


where Cis a constant such that ¢,(1)=0. Then we see that 
oy (n)— gd: (nt L=—V(nt 1) + Ot Dvr tD4+3V¥41)] 
— (Qn fntd nth (vn — Vint 1p =o. 
But ¢,(1)=0. Hence $,(n)=0 for all values of n. That is to say 
VL 4424484 f4t... $F fn=Qt gn vnt gn 
+e [lyre fae )jot (ving Dt ont 2)}-¥-+ OM (n+ 2) -ten/(ne + 3)} + ead: 


WE eee gee (1) 
But it is known that 
et ee Tee 
1 an \TVl 22 337 di sow oe duae (2) 
Putting x= 1 in (1) and using (2), we obtain 
1 Ll ; il : 1 7 i 
a Ces + (yi td E+ By 84 VIET OY 
ey ee ee 
(V1 (V2 (VBP (vp Oe . 


2. Again let 
dy (N= Ll t+ 22... tna — (Ch +3? va tyrant gyn) 


-—at Lv (nt v)+f(ntyt1y}>, 


where G, is a constant such that ¢,(1)=0. Then we have 
$a(n) — 2 (n +1) =— (n+ 1) V@+1) 
+{2(m41P Vm t1) +3 (ut lint l+evtl)} 
: — (Rwntgndnt hdr} +d [a—V/(n+ lp =O. 
But ¢.(1)=0. Hence ¢,(n)=0. In other words 
LYL+ 27243784... n/n=C,t Zeivntindntiyn 
+ golf tn FIO + (y(n +1) +n +.2)} E+ l(a + 2) H(t 8)... 
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But it is known that 


Stl i 1 \ : 
= -. fort re rein oi oe oe 
Ce Gn Gen tagat sat): AP) 
It is easy to see from (4) and (5) that 


a 1 A) aes 1 e 1 - 1 
ss CA CERT RACEE ST ARCEE SCS aa 


fie ae) aacslea ee 
=15 loan tat apt yay tf ec (6) 


3. The corresponding results for higher powers are not so neat as the 
previous ones. ‘Thus for example 
PVLELV2 + BYVB+... + n= Orting + dn? + Ayn) 
ae l[Ve tv@t D+ fat lt f(r t pr +...) 
toh [iat lint Dt l/r Dt f(r 27 
+ {Yin t2)4t f(m+3y7t..]; oe. (7) 
JL 42 2+... +08 = C+ fn Gait dn + gn? — shy) 
~rhllyn+ Aint Lp t+ [yr t 1) + V(nt2yr+..] 
tates Unt (nt DO + (m1) ta (nt pr? + 5.8) 


and so on. 


The constants C,, C,,... can be ascertained from the well-known result that 
the constant in the approaimate summation of the series 17 42°74 877+, 
+n? 48 


QP (r) 101 
ny (R+y totat gt .) e0s PM tiicgteen tee (9) 


provided that the real part of r is greater than 1. 


4. Similarly we can shew, by induction, that 
1 1 1 


+7at Fat ga Oot Bln tse 
4 int (at i re W@ tlt Vm st 2)} 
4 Vin (n+ 1} +! Vin +) G49) be} seating (10) 
The value of C, can be determined as follows: from (10) we have 
1 1 1 
ve a a er Tay ~ 2VOn) >, eee ae ee (11) 


asn-»c%. Also 


eae ter 1 
> a 
2( 5+ at yet + 7a) 2 Wn) —> Cy W/2, ....(12) 


aS > 0, 
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Now subtracting (12) from (11) we see that 


1 1 1 Tes 1 


= - — 1/2), as w. 
Vi 27 WB wae Wino V2), as n> 4% 


That is to say 


: p= (14 v% (F tant): 


Aipie wate 
We can also shew, by induction, that 
‘ 2 1 1 
V1l+V24+38+...+4n= tan Vat gvnt aaa, 


1 [i + a(n+ 1-8 % f(r + D+ (n+ 2)}-5 
~ 94, Vin(n +1} V{(2+ 1) (a+ 2)} 


The asymptotic expansion of V1 +./2+/3+...+n for large values of 
n can be shewn to be ; 


teal, (14) 


2 1 Os es 1 
Cet gh tg Net, (ae 102008 * O216n* ) ae 


by using the Euler-Maclaurin sum formula. 


R.C.P. 4 
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R=wD a By 
/ ON THE PRODUCT if + (sa) | 


(Journal of the Indian Mathematical Society, vit, 1915, 209—211) 


1, Let ee p= {1 + (2) {1 + (54)}. duteties (1) 


lt is easy to see that 
pe Geet 
_(+ +2h28) (148 Sp (eaP seca) 
eye 
x [a- -{* en Bnet el: ta ceence Rac aren ies (2) 


2n 
ae Ce) 


oe Ta JET Pa) P+ 8p » ...(8) 
| eres) eae 


W[i- {eas (et AVE _ fen B sere) va") 


_ cosh (4+ 8) 73 ~ cos 7 (a — 8) (4) 
= On (P+ of + BY Pie vudhavel ett. 
It follows from (1)—(4) that 
 (@, 8) 6 (8, a) 
{Td+a) [1+ 6)} (oe er eB (5) 
“FU +a+28)PA+h+90))  wi@+ab+ A) me 


But it is evident that, if a— 8 be any integer, then ¢ (a, 8)/ (8, a) can 
be expressed in finite terms. From this and (5) it follows that $ (a, @) can 
be expressed in finite terms, if a— 8 be any integer. That is to say 


f(s} (eta) t+ Greed 


can be expressed in finite terms if #— 2a be a multiple of d. 


Ta ee ee Be ee Pe ae 
RE ee OLE Lame 


a 
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2. Suppose now that a= in (5). We obtain 


b+ (eat a+ OPH GF} 


_ {Pd +a)) sinh wa/3 (6) 
Tae re 
Similarly, putting @=a+ 1 in (5), we obtain 
if 2a + 1\*} at] i 
ae Cereal {1+ (FF) toe 
{T (1+ a@)f cosh 7 (44+ @) V8 (1) 


~ L(2+ 3a) 7 


Again, since 


{ a ) r Pisas 2) Z 
es (3) {8 +8 (aa) jo 
it is easy to see that 


[a+8)0+8)-] [p+3Gt 3) }+a(4 3) fe ‘| 


Tiida) cosh ra/3 — cos 7a 
Tis ad + ayt\ RH re ft ): teen en eae ceeeenens (8) 


8. It is known that, if the real part of « is positive, then 
sagt 2 
log T'(a)=(a—4) loga—a +4 log 2a +2 ip a TAGE) ie. (9) 


From this we can shew that, if the real part of a is positive, then 


blog 2na +75 +log {(1+ &) (1+ §) (145). | 


» cosh raf3—cos7a\ . tan (@/a? 
mlog (ater ene )+2[" dit. oeseeees (10) 


From this and the previous section it follows that 


* tan ] 
9 emt] Ge 


can be expressed in finite terms if x is a positive integer. Thus, for example, 


* tana}? 

ie Fa] We Flog Pe Fy Flog (HEM); corse (11) 
* ta 1 73 

, gory leah log Lan p75 — Plog (1 — et); ......(12) 


and so on, 
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4. It is also easy to see that 


12 92 3° 42 
Poe Siw Fie Few 
ES Cae eee ) 
 B3\l4n Q4+n'B4+n 44n 07" 
4, 2—n 4—7 6-7 
+3(gaaP EER Gcapraet Goatees fs 
Since TS ee a 
Scoshdne +a? B+e° B+a° 


it is clear that the left-hand side of (18) can be expressed in finite terms if x 
is any odd integer. For example, 
aa 2 22 3° 42 
Pei Pei tHe esi t 
The corresponding integral in this case is 
ie ede a (ees cy ade 
0 0 2a? 


sinh r@n'+ a5 3 par BE ne + 08 


=5(1—log2 +-seth bar v3). (14) 


Lee 
=3(; melo nt+2 n4+3° °° 
af nN+2 n+& ee n+6 = . 15 
Bl(n+2P43n? (nt4P43n? (n+ 6P43n? O'S" (15) 


and so the integral on the left-hand side of (15) can be expressed in finite 
terms if n is any odd integer. For example, 


7 ob da 1 
7 SHES Dap ye 2-L te sech br 8). cess (16) 


ll 


SOME DEFINITE INTEGRALS 


(dfessenger of Mathematics, XLIV, 1915, 10—18) 


/ 
a 1. Consider the integral 
ia cos 2mada 
9 {lL + 2/a*} {1 +a%/(a+ 1)} {1+ a%/@t 27)...’ 
where m and a are positive. 
It can be easily proved that 
i -(@)} fi -()t ji- (es) t fa -(—59)} 
(@)y? 


_L(atn-)C(atn +t) {0 


Tla~-adlia+hir@t+ne > . 
where is any positive integer. Hence, by splitting 
1 


{1 + 2°/a*} {1+e/a@+1)}... {l+e/a+n—1})} 
into partial fractions, we see that it is equal to 
20 (2a) {Pa +n} { a _ 2¢ nl a+] 
{[P@PE (nm) PQat+n) (a+a* lin+2a(a+lyY+a 
4 24.@a +1) (x - 1) (uv — 2) a+Q } 
2! (n+ 2a) (n+ 2a +1) (a + 2)? 4 2? 

Multiplying both sides by cos 2m and integrating from 0 to 0 with respect 
to aw, we have 

[ a cos 2mnada 

Jo {L+ ata} {1 + at/(a+1)}... (L+e%(a+n—1)% 


_ aT (2a) ir (a +n)} Sse 2a n—1 gee + 
{(M(@PL a) Qa+n) | Tin+9a° aa 
The limit of the right-hand side, as n~» oc, is 
aT (2a) { seam 2a gee ya + 2a (2 - i: at + 1) eo 2atajm } 
Pia)? ( I} ! de 
= tr x aa? sech** m. 
7 cos 2mada DT (@+34) 
aie = =f 2 
Hence p Geel tai(as iy} dif Ta) sech™ m. ...... (1) 
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ens f #G y f ‘3 ()} + (a) ao = rilehte nie) 
the formula (1) is equivalent to 


i IT (a+ ta) P cos Imada = }/aT (a) (a+ 4) sech*m. ...... (2) 
0 


2. Ina similar manner we can prove that 


[C22 CLAD C22) wnat 


aT (2a) {T (b)}? {am _ 2a b-a-l1 grietinm 


~{PF@PT O+a)PG—4) 1 Il b+a 
Qa (2a +1) (6-aG@—-1)(6—@-2) arom 
a1. .(+ayb+a+l) ° ot, 


where m is positive and 0<a<8, When 0<a<6—f, the integral and the 


series remain convergent for m= 0, and we obtain the formule 


21 + @fb\ (14+ o/h +1)\ (1+ eb + 2P 
i, (j + a (j +2 (a + iy) (j +(a+ as) se 
: _, Ta@+h)l@Pb-a-}) 
=t/7 T@rcanresey * (3) 
ea eee Epes 
Pod 8 poser oreaa > oe 
» q, be n positive numbers in arithmetical progression, then 


If a, Go, Ms, --- 


= dx: 
ie (Gy? + a) (che? + 2) (hg? + @") 2. (Qn? + 27) 
is a particular case of the above integral, and its value can be written down 
at once. Thus, for example, by putting a = 44 and b = $4, we obtain 
ae da 
I o +1 st DN) OF 8 + Ae + BT) 


5ar 


™ 2.18.16.17. 18. 22.23.24,31.32.41° 


8. It follows at once from equation (1), by applying Fourier’s theorem 
( cos nya [ ¢ (az) cos ay da = $d (n), 


that, when a and n are positive, 


o 


: sech”@ # cos 2nadz 
ice Ta) 1 
Path) tna} +n{(a+1)}{1 + vf(a+ 2y}... 
C2) Ae ae eer (5) 


= iV" Tay Pati) 
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Hence the function P 

¢ (a) =| sech*ccosnadz (0<a< 2) 
0 

satishes the functional equation 


s = sin 7a 
eee) ee ae 2 (1 — a) (cosh wn — cos 7a)’ 


4. Let i f (a) F (nx) da =r (n), 


and i (a) F (na) da = x (n). 


Then, if we suppose the functions f, d, and F to be such that the order of 
integration is indifferent, we have 


b 8 b « 
[ Fe) x (ns) de =f" ay [$006 @)F (aay) de 
Z ie OG yt) dik scallions (6) 


A number of curious relations between definite integrals may be deduced 
from this result. We have, for example, the formule 


© cos 2nx 1 
a OO ay eet ttnn inten (7) 
“ cosQnada 3 8 
o 1+2cosh¢rz 2(14+2ecosh2n)? “UCC (8) 
| &* cos Inada EfTenm. ceceeecccsececeeeen ones (9) 
‘ : 


By applying the general result (6) to the integrals (7) and (8), we obtain 
/3 i re dic es a dz , 
o cosh wa(1+2cosh2nx) Jo cosh na (1 + 2 cosh 27a)’ 
or, in other words, if a8 = $7r°, then 


Py i dx 
* J) cosh am (1 + 2 cosh sa) 
= . da 
iz vei cosh Ba (1 +2 cosh 72)’ 
In the same way, from (8) and (9), we obtain 
ede eda 
va i aeehan ve ff. i} Yeoh Be’ on” (11) 
with the condition «8 = ae oe from (7) and . 


val de = VB fd SRG oot (12) 


with the condition a8 = 7*. 


* Formule equivalent to (11) and (12) were given by Hardy, Quarterly Journal, 
XEXY, p. 193, 
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Similarly, by taking the two integrals 
° sin nu 1 11 
ip ae de = (5 1 45-3): 


[>] 
and [ ze sin nada = ta/arne™, 
0 


we can prove that, if a8 = 7°, then 


1 obs Pe : j 
=p {h+28/, re carats hikes (13) 


and so on. 


5. Suppose now that a, b, and n are positive, and 


E $ (a, 2) ae node =r (GN). cesceceeeeeeeee ees (14) 


Then, if the conditions of Fourier’s double integral theorem are satisfied, we 
have r 


8 cos 
‘si (by 2) 2° neadan = Yor (B, Me sosssesessessssees (18) 
Applying the formula (6) to (14) and (15), we obtain 
ier, $ (a, 2) (8, ne) da =f ve (b, #) (a, ne)da. ..... (16) 
Thus, when a = 6, we have the formula 


i [” 4(0) 4 (na) do =|" (2) ¥ (n0) de, 


o cos 
where ab (t) = I, $ (x) sin tada ; 
and, in particular, if x =1, then 


in| 6 Pde= | te wae, 


1 
ue °@ = Tlaaitaerpy.. @>% 
then, by (1), wa, e=hr y ae sech™ ta, 


Hence, by (16), 


[, b(a,2)$(6, 2) da = SS ae Z sech*+2 La da ; 
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and so 
j daz 
1, fizee@ay{l +ef(at ly... {bt o/b} {1 + &b+ ly}... 
os Tiat+hTG4+)T +d) ” 
a ad Fay @) Pia tb+4) ea. 


a and 6 being positive: or 


3 P (a+ iv) T(b+ ie) 2de 


Bs T@TatprOre+pyrard) 8 
avn T(a+64+4) gh) 
As particular cases of the above result, we have, when 6=1, 


i ae dz 7 a Z 
ip sinh ra {1+ a@/ay{1l+e(a+ 1}... 2(1 + 2a)’ 
when b =2, 
oe da a , 
/ sinh wa {1+ aa} {1+ a(atl)}... 211 + 2a)(B + 2a)’ 
and so on. Since II {1+27(a+n}} can be eames in finite terms by 
means of hyperbolic functions when 2a is an integer, we can deduce a large 
number of special formule from the preceding results. ‘ 


6. Another curious formula is the following. If0<7r<1, n>0, and 
O<a<r"7, then 
ie (1 + ara) (1 + are)... oda 
9 d+a2)(14+r2)(1 +72)... 


T “a ad = qm) qa =, ar) 
= sine mer =r) (1 — ar)? 


unless » is an integer or @ is of the form 7?, where p is a positive integer. 


(19) 


It a=”, the formula reduces to 
ia a dir 
A (1 +2)(1 4 ra)... (1 +7?) 
we (l-r®)(1- as q_- aie a ‘ 
“sinew (l—r)(—?r) = — 7) fd) 
If n is an integer, the value of the integral is in any case 
logr (1 —1+)(1—7°)...(1 — 727) 
=a aa eaon, Ce) 

My own proofs of the above results make use of a general formula, the 
truth of which depends on conditions which I have not yet investigated 
completely. A direct proof depending on Cauchy’s theorem will be found in 
Mr Hardy’s note which follows this paper. The final formula used in 
Mr Hardy's proof can be proved as follows. Let 


Maw 1 ‘a tA 
f@= i ( ig ) = at Ayt+ Ag+ 


mao \L—- ate”, 
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Then it is evident that 
(1 — at) f(t) =(1 — bt) f (tx). 
That is 


(1 ~ at)(Ag+ At + Agd® +...) =(1 — bd) (Ag+ Arte + Agta? + ...). 
Equating the coefficients of ¢*, we obtain 
a — ba 
A, =, Any jog? 
and A, is evidently 1. Hence we ‘si 
eS) GG 1 
SO =1+t7— cet ay ti een @D 
7. Asa particular case of (19), we have, when a =0, 
i = ada _ 7 l-rl-r 
o d+a)(1+r2)1+ra...  sinne l-r 1l-r 7" 
When n is an integer, the value of the integral reduces to 
— rey (1 —r)(L-— 7)... (l= 7) log. 
When we put n= 4 in (19), we have 
° 1 Lariat 1 + aria ae 
ol+a? l4r%e? l+rige 
l-al-art l-r l—-r 
get an eae Ta Seca Oe (23) 
If, in particular, n= 4 in (22), or a=0 in (28), then 


. (22) 


in da 
» da +r) trey 


l-rl-—rl-# wT 
= cE aly ae ee 
TTP lorie Bsr ere rere...) (24) 


the nth term in the denominator being r*~, Thus, for example, when 
r= e", we have 
da = . 
o (L448) (1 4 e> 2) (1 erPra®) OL erp ir yg emir se) 
= iD (9) V5 V29(1 + 7/5) B (1 + 5) em ore 


Similarly 


a da 
J o G+ a) (1 Fema) (Ll + era)... 
= ADS) fb V2E(1 + 75) G1 + 5) eo; 
and 
: da = yor 10 1110 111110 
J, +a) + O0la) (1 + 000012")... 11 1111 Wii °" 


T 
2202 002 000 200 002 000002..." 


12 


SOME DEFINITE INTEGRALS CONNECTED 
WITH GAUSS'S SUMS 


(fessenger of Mathematics, XuIv, 1915, 75—85) 


1. If x is real and positive, and |I(¢)|, where J (¢) is the imaginary part 
of t, is less than either » or 1, we have 


® eos rte 
tg eosh me 


giana de = 2 i 


40 


t * cos mtae 
= ahs ee ing’, nes 
Vn exp { dir (2 “h ip cane” Pda. (1) 


a 


ie cos wt cos Imray 
0 


evinns? 
cosh wy dady 


When n=1 the above formula reduces to 


“costa. * eos ate 
2 zd —_# 2 
if cosh wa 50 rede = tan {tr (1 — ¢ mf, cosh me co8 meade. ...(2) 
© cos wna* 
If t= 0, and o(n)= f cosh wn O 
ne i sin wnat, [onsen (3) 
ty coshra 
then em=/(2A\42)+4o,] 
Sneadusmuechbancns (3') 
vin=,/ 2) ¢2)-9@. 
Similarly, if } /3|JZ (¢)| is less than either 1 or n, we have 
i: cos whe na ip 
1+ 2ecosh Gaal) ° 
Z ? - cos wiz 
= -t --+ eo oor 
NEED { tin (1 De, Ti Seosh Ganapaye 
If in (4) we suppose » = 1, we obtain 
° cos ate sin 7a? de 
o 1 + 2cosh (2rra/./3) 
x cos ata cos 1a . 2 
= tan (r (1-3 [ T+ 2 cosh (Smaps +(5) 
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and if ¢=0, and 


cos 1na 
Gls ie T+ Boosh (Snafys) is 
ee ep Si 
¥@= i Tomek set | 
then b(n) = J+ \+ v (2), 
merece (6’) 


vin=,/(2) $(2)-9@. 


In a similar manner we can prove that 


° sin ata cimet dy = ; BY) f? sinwte aes 
i anak? inns? gy = — s/n exp {i Qa + “aah moat da. (7) 
If we put n =1 in (7), we obtain 
(° sin atx ; [2 sinatx . 
cankae wide... 
I, ‘ahaa nada = tan {hr (1+ t)} oz Sin 7 daz. ...(8) 
Now 
. 1 f® sin 1 te ica? 
lim | |, anbe e 
1° 2sin ate ica? ° sin ate saa2 
= lie $ [ “eo ‘de + lim “ee da 
eae ta 
=, gible da+ Ie" 4b disja eterna se cicalbyaia avs ele hig ates oG0s oe eens (9) 


Hence, dividing both sides of (7) by ¢, and making t~-0, we obtain the 
result corresponding to (8) and (6), viz.: if 


OS TNL 
safe gerne | 
ds savage sean useseaes 10 
rae sin wne all oy 
v(nage + Jo etre —] i 


then ona, / Ae ae 
vin=z/(2) ¢(2)+9@. 


2. I shall now shew that the integral (1) may be expressed in finite terms 
for all rational values of n. Consider the integral 


I= le costa dx 


cosh $x a + a" 
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If R(a) and ¢ are positive, we have 
4 ines =" (- 1 Gr +1) coste 1 
0 


Fe ly + Qr Fly e+e 
ree (= 1) 1 
=2 grate 2 9 —at 
os oop le gore i 
awe a Pao (- iy er errut 


~ 2a cos dad pany BF ~ (Ar +1)’ 
and it is easy to see that this last equation remains truc when ¢ is complex, 
provided R(t) >0 and !I(#);<4a. Thus the integral J(t) can he expressed 
in finite terms for all rational values of a. Thus, for example, we have 


i cos ta dau 


‘ - = cos] 2 cosh ¢) — tsi 
< co ee Ln! cosh ¢ log (2 cosh ¢) — ¢ sinh ¢, 


r? cos 2ts «= da oe 
1 ——~, = 2 cosh ¢ —(e* tan“ e* + e-* tan #), 
» cosh vz 1 + a* 
and so on. Now let 
cos te en irnx ay, 
F(n)= is Pee Die sicaeald sisson chee (13) 
Then, if A (a) >0, > 
ee a = cos2iz da 
ip e-™ Pin) dn i mehyeanine CCS (14) 


Now let 
Rigor = (— Lyrexp { (Or +1)t+4 (nr + Laan} 


: e "> t 
+ aoe {rt a (an - ae (-1y exp | (Qr+ 1). 


—}Qr+ aye} . (15) 
Then 


aan = tee fi (- 1ly es ent 
a Pinydn= & a3 (art Lie 


w\ exp{-y(2a/m)(1—-2)t} _ [* cos2ta da 
+/&) zi) Gace dan) lesosbaeania 1 


in virtue of (11); and therefore 


i i TT TON a ae ae (17) 


Now it is known that, if #(n) is continuous and 


is e-2" & (n) dn = 0, 
0 
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for all positive values of u (or even only for an infinity of such values in 
arithmetical progression), then 


o(n) = 0, 
for all positive values of n. Hence 
FG) 2 f(D). cccccesconceenecsecesneseceens (18) 


Equating the real and imaginary parts in (13) and (15) we have 


4 


cos Qta ; 
| cos wnatdaz 
u 


cosh w@ 
= je" cos 7 — e~* gos = +e* co — = 4 
1 e : 
+ a jem cos ¢ = ai ote i) ee ein COS G-2 = = Bs in) ae + : 
| costie sin rnads 
0 
at Orn 25rn 
ee oe — e-* siu —— +e gin 
= fe sin e“siu —7~ be sin 7 | 


+ lm gy G-= i)- stn gf G-= 72) lia 
Bare ” sin rh mat ewe sin |Z Sat a one (20) 
€ 
We can verify the results (18), (19), and (20) by means of the equation (1). 
This equation can be expressed as a functional equation in F'(n), and it is 
easy to see that f(z) satisfies the same equation. 
The right-hand side of these equations can be expressed in finite terms if 


nis any rational number. For let n= a/b, where a and 4 are any two positive 
integers and one of them is odd. Then the results (19) and (20) reduce to 


© cos 2te Tae 
2 cosh otf. aha 8( 5 dx 


= [cosh {(1 ~ b) 4} cos (7ra/4b) — cosh {(3 — b) ¢} cos (Gera/4b) 
+ cosh {(5 — }) t} cos (257ra/4b) — ... to b terms] 


#/( ) [osm {(2 -:) bt bcos (7-4 +2) 


3 a bt  Qab 
~eosh {(1 - 2) bt} cos (7-2 + ‘E) + 84 terms), (21) 


4 4a 
2 cosh bt | Lopate! sin (=) da 
o cosh wa b 


= — [cosh {(1 — }) ¢} sin (ra/4b) — cosh {(3 —b) t} sin (92ra/4) 
+ cosh {(5 — 3) d} sin (25aa/4b) —... to b terms] 


+a/ (2) [om (02) an (Fo 


~ cosh 10 - 2) bit sin G-z be a “z) +... toe terms |. « (22) 


4 4a, 
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Thus, for example, we have, when «=1 and b=1, 


* cos 1a? 14 2sin rt? 
—-— cos 2 YY pny esc eee Qe 
p cosh ma wee 2 4/2 cosh at Ge) 
* sin wa? —1+4/2 cos rt? 
a TE 24 
I, cosh wa al 2/2 cosh wt (2 


It is easy to verify that (23) and (24) satisty the relation (2). 
The values of the integrals 


i * cos wrnc* | @ sin anc? 
ee Ny: 
o cosh ra o cosh ra 


can be obtained easily from the preceding results by putting ¢=0, and need 
no special discussion. By successive differentiations of the results (19) and 
(20) with respect to t and n, we can evaluate the integrals 


2 ints cos 
| gem SID 008 mnatdsr, | 
0 _ cosh va sin \ 
foils ot aoe det ds (25) 


Ey 

i costz cos és 

i re arna'da, | 
0 cosh wa sin 


for all rational values of and all positive integral values of m. Thus, for 
example, we have 


cosh rx = 84/2 4ar’ 


i sin we? 4 hb a | 
0 ©6cosh ra oo 8 82° 


in , COS Ta? 1 1 
e———— dg= ~~. — —— | 
CONE en Me then sp chy Th (26) 


3. We can get many interesting results by applying the theory of Cauchy's 
reciprocal functions to the preceding results. It is known that, if 


[fe (@) cosknad@= Wr),  cccccccescsserseenees (27) 


then (i) }$a{}¢(0)+¢$(a)+¢(2a)+ 6 (8a)+...} 
= by (0) + (8) + (28) + (38) +-.., -..(27) 
with the condition a8 = 2a/k; 
(i) a2 {Pb (a) — $ (8a) — $ (5a) + $ (7a) + $ (9a) —...} 
= + (8)— (38) — # (5B) + (78) + (98) — ..., (27) 
with the condition of =7/4k; 
(iii) 4/8 (6 (a) —$ (5a) — $ (7a) +f (11a) + o (18a) ~ ...} 
= (8) — (58) — (78) +4 (118) + (188) —..., (27) 


with the condition a8 = a/6k, where 1, 5, 7,11, 13, ... are the odd natural 
numbers without the multiples of 3. 
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There are of course corresponding results for the function 
[ b(a)sin knade = P(N), vecsseennerenen (28) 
-6 . 


such as : 
a{p (a) ~ (3a) + $ (5a) —...}=4(8)— 4 BB)+ 4 (A) 
with the condition a8 = /2k. 
Thus from (28) and (27) (i) we obtain the following results. If 
cos 7"ara al oa sin par ere (29) 


Pa, B)= va fee z 2 1, cosh ra yi cosh raf’ 
then F(a, 8)= F(R, a) =/(2a) (+ eo ett + eB, 
provided that a8 =1. 


4. If instead of starting with the integral (11), we start with the corre- 
sponding sine integral, we can shew that, when R(a) and R(¢) are positive 
and ,I(t)| <7, : ; 

2 3 at ete 
| sints dx 1 Te (= ve = ere (30) 


eS ee Oe > 
o Sinhaeat+a 2ut Qasnma’ yo. a 


Hence the above integral can be expressed in finite terms for all rational 
values of a. For example, we have : 
| ° sinte de_ 
o sinh dra 1 +2? 
From (80) we can deduce that 


=ettante-t—emt tan 6, vvieceeeene (31) 


a 
| sin 2ta en irne* Jay = fp — er tttinn 4. gnitttinn _ g-sttoinn 4 
9 sinh wx 


Rit) being positive and |Z (t)|<4a. The right-hand side can be expressed 
in finite terms for all rational values of n. Thus, for example, we have 


° cos 1a. cosh at — cos mt? 
i; sinha Qriads = Onn h ahs J eter ee enone (83) 
f° sinwa? . sin wt 
i Se rrsin Qarbndit me Oy caateneenesseecsseee (34) 
and so on. 
Applying the formula (28) to (83) and (84), we have, when a8 = 4, 


cos {(27 + 1) ara} = (2r+1) 78 
sinh (r+ Tara t YP = on eNO sinh (r+ eR 


=QYathtem peer p etre g 3b +035) 


va ss (- 1y 
rad 


TS? yp Sin {(2r + 1P rar} sin {(2r + 1) 7B} | . 
Ne 2 ol Ore Daal 8 2, ah OR Se 
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By successive differentiation of (32) with respect to ¢ and n we can evaluate 
the integrals 


eS cos te cos p 
le, . nie ds, 
0 sinh we sin 


ae 
" sin te COs 
[ ea ara da { 
Le sinh wa sin } 


for all rational values of a and all positive integral values of m. Thus, for 
example, we have , 


= eas mi 1 “sin qat* 1 
“ ~de==, bs - dg=7 , 
y sinh we 8 o sinhwe Sar 37 
(ee eet eee 
Jy sink wa P= T6\4 wit}? é sinh wa T6e’ 


and so on. 


The denominators of the integrands in (25) and (86) are cosh me and 
sinh rz. Similar integrals having the denominators of their integrands equal to 


: 
TI cosh va, sinh wb,a 
1 


can be evaluated, if a, and }, are rational, by splitting up the integrand into 
partial fractions. ® 


5. The preceding formule may be generalised. Thus it may be shewn | 
that, if R(a) and R(t) are positive, |I(¢)i<¢a, and —1< #(8)<1, then 


: cos ta da wv e*sinwd 
sin w@ * -——S = 
Jo cosh va:+ cos7d a?+ a2 2u cos 7a + cos 78 
roa ye e @r+1—ayt eT ertitsyt 


a; iz —Q@r+1—6% @— (r+ Tray eee) 
From (88) it can be deduced that, if n and R(¢) are positive, |I()i<7 
and ~l< @<1, then 

ies cos te 


sin 7é ed ee 
Jo cosh raz + cos7@ 


pas Ss {er Other) 2ien geri toler ert t ey tieay 
r=0 £ 


us : BN) tee ; . 
PSP { mth (x a =) X (-L sin rar em erttrtiman, (39) 


The right-hand side can be expressed in finite terms if n and 6 are rational. 
In particular, when 6 =4, we have 


a 
008 tt tent ig 
o L+2 cosh (21ra/s/3) 
— =} a VE Water) gm 4 RW 3—stn) bgt ad btvs-isinn) _ sat} 


es é 
= a es Ht Wabim) Jon gm et NS bate) fa 
+3 yn exp \-5 4 (« a =) {e at) STL e~ at ie 
+ er ut nstieimian_— | (40) 
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where 1, 2, 4, 5, ... are the natural numbers without the multiples 
of 3. 


As an example, when n=1, we have 
* cos 74° cos wtx 1 1 —2sin {(7 — 3rf*)/12} 


9 142cosh (Qraly3) SS cosh (mt//8)— 4’ ae 
° sin watcosmta de —VV34+2 cos {(a — Bart?)/12} j _ 
o 1+2cosh Qrz//3) 8 cosh (at /1/3) —4 : 


6. The formula (32) assumes a neat and elegant form when ¢ 1s changed 
tot+4ir. We have then 


| in ta en imne ay (n >0,t> 0) 


» tanh wa 
= t pectin g gratriinn 4 gotttsion gy 
exp i i(n+ =) a+ ga letim fa 4. g—2ttaln) ia cfs (42) 
In enide when n=1, we have 
ie a sin Qertad.s = 4 tanh wt {1 — cos (iw + wt*)}, 
- (43) 
: Soe sin 2rtada =4 tanh wt sin (fa + ri?) | 


We shall now consider an important special case of (42). It can easily be 
seen from (9) that the left-hand side of (42), when divided by ¢, tends to 


cos Tnx 1 ie sinmne , 
i enna ye a {ee gt 0 ere] ae Apeeerdstaes (44) 


ast~>0. But the limit of the right-hand side of (42) divided by ¢.can be 
found when » is rational. Let then n= a/b, where a aud b are any two 
positive integers, and Jet 


cos Tus * gin ona d 


d(n)= = ie gray da, v@)= ince a +f extN@ 1 a 


The relation between $(n) and yf (z) has been stated already in (10’). From 
(42) and (44) it can easily be deduced that, if @ and 6 are both odd, then 


o(5 \= 4 3 " (&— 2n) 008 (“E* amy Z/(Q)2 Cre 
H()-1B esos (+4 /) Se aran(ie "| 


It can easily be seen that these satisfy the relation (10’), Similarly, when 
one of a and 6 is odd and the other even, it can be shewn that 
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r=h tas, 
° G) a rea pa aed i) oe (F) 


+o (z) = (1-2) sin (ar +"), 


eae (46) 
tt a bel T\ . fra 
¥(5) = aeega t B27 (1-3) 99 ("5") 
en (F) "Sir (1-2 ).cos (gr 4 2"), 
where a=Vb 3 cos (ax + ab) =a 3 sin E) ‘ | es 
ao =a/b 5 sin (47 + mat) =V/a 3 cos (a) | 


Thus, for example, we have 
el BOE oie il Bey2 
GO)= 75 $M=—B™, $2)=7g $O= “FE, | 


: : ¥ (48) 
so- Foe oG-m oO | 


and so on. 


By differentiating (42) with respect to n, we can evaluate the integrals 


| “a cos 
~ TNBABS oir g, owt nae 4 
o TF 1 sin ey) 
for all rational values of x and positive inivgral values of m. Thus, for 
example, we have 
* gous dre 13 -—4ar 
2 das = 


ere 7 a Sr 


10 


2008 2a Le flce 5 | es 
i gra {des a(g-. +=) | Shida deeteeeieai ose (50) 


a cos 2arx Bid) 
ie er ne Pasagy(af43), 


and so on. 


oO 
| 
te 
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SUMMATION OF A CERTAIN SERIES 
(Messenger of Sathematics, xu1v, 1915, 157——160) 
1. Let P (s, a) = "5 (V(a-+n)+ V(a-+n-+ D8 
ae ls +at1)— (a+ ny 


2=0 


The object of this paper is to give a finite expression of @ (s, 0) in terms 
of Riemann ¢-functions, when s is an odd integer greater than 1. 
Let £(s, <), where # > 0, denote the function expressed by the series 
at (C+ AY t (BEDE Ho, 
and its analytical continuations. Then 


f(s, I= f(s), Cs, 4) = (4-1) F(8), occ eeeeee (1) 
where ¢(s) is the Riemann ¢-function ; 
E(8, e)— O(8, BED Hay ccc cece e eee ee (2) 
TS 4 8438+... 42° =C(—s)—0(-3, n +1), : } 
154384 55+... 4+(2n—-1)'=(1 — 28) C(—s)— 256 (—s,n+4), Ee 


if m is a positive integer; and 


f at § 1 2 


~BPOtD Gr Dorset) ne 


- ton terms) =0,...(4) 
if n is a positive integer, —(2n~1)<s<1, and B=}, B=, B=, 
By = gy, ..., are Bernoulli’s numbers. 
Suppose now that 
wv (@) = 68 (— &, 2) + (Aa —3) fa + BOB, 2). 
Then from (2) we see that 
ye (a) — (a + 1) = 6 ofa + (40-8) fa (4at 1) Ve +1) 
+ {/(@ +1) - va}P=0; 
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and from (4) that + (z)>0 as 220. It follows that y(2)=0. That is 
to Say, 
6E(— 4, #) + (40 — 8) Ja $+ O(B, 2) HO. ee (5) 


Similarly, we can shew that 


406 (— $, 2) + (162? — 20a + 5) fet BS, 2) =0......000 (6) 


2. Remembering the functional equation satisfied by &(s), viz, 
C(1 —s)=2 (Qr) T'(s) O(s) cos drs, .... cee (7) 
we see from (3) and (5) that 
Vl +2434... ¢ yn = git dn pe £(3) + $ (3, 2); ...(8) 
and V1 47845 +...4+¥(2n-1) 
= an— 1} 44y@n—1) 4 YEo* c+ pe OG, a—d). ...) 
Similarly from (6), we have 
LV¥142724+37384..¢n7n 5 
& 3 3 
= Bn + a + gin — FES H) + ae? MW). serine (10) 
and LV14+3 V3 4575+... + (20-1) f(Qn-1) 
=4(2n—1)8 +4 (2n— 1)? +4.V(Qn—1) 


8(242- 
16a? 


‘Tt also follows from (5) and (6) that 
V(at d)t V(at 2d)+/(a + 8d) +...4V(@ + nd) 


Sra) @ (5, »—4)..-.......(11) 


10/2 


= 0+ Z (a+ ndyi +8 (a+ nd) + $/d 8, n+ad), ...(12) 
and (a+d)+(a+ 2d)t+(a43d)i+...+ (a+ nd) 
2 &, a 
=O + (at nd)? +4 (a+ nd)? 


tid V(atnd)+ ad /d (5, n+a/d), ...... (18) 
where C and 0’ are independent of n. 


Putting » = 1 in (8) and (10), we obtain 


$8, 0)=2. tq, ©(6,0)= ae Bion OM. (14) 
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3. The preceding results may be generalised as follows, If s be an odd 
integer greater than 1, then 
@ (s, a) +b iat v(@— lth {ye—v(e-L)p 


+ 82r*01—$s, a4 SE= DE) 5) os e(g — ks, a) 


bee eee 9) 


2 E(5 — de, x) 


_8(s— 8) (s— 9) (¢— 10) (8 — 11) (s— 12) (8-18) 4,.,, 
7! 7 


x £(7 — $8, 0) +... tof4 (¢+1)] terms =0, oes (15) 
where [2] denotes, as usual, the integral part of « This can be proved 
by induction, using the formula 

fla + fe + 1) + (oe f(a + 1) 
= (Vays & (2yayrrs ER 


lgeie=t) 


are) fanye—* 


S—5) (9 yao ... to [144s] terms, ......(16) 
which is true for all positive integral values of s. 


Similarly, we can shew that if s is a positive even integer, then 
Teed — bs) 6 — 4s, #)} 
4282 DEP) or (3 — $s) — 68-48, 0} 


pentatonic) — DEK DEW E— 9) gem te (5-39) — 66-48, 9)} 


+... to [4 (s + 2)] terms 
=4{Vet+J/(@—-1)P + 4la—Vv(@—)P-L...... (17) 
Now, remembering (7) and putting 2 = 1 in (15), we obtain 
@ (s, 0)=— ee cos ars {1.3.5 ... (9 — 2) (4s) 


— 3.5.7... (s—4)4(s— 5) 4 £ (ds — 2) 
+5.7.9...(s—6)4(s—7) 4 (8 —9) dr f(s ~ 4) 

—7.9.11...(—-8)4(s—9)4(s—11) § (8 — 18) 41’ £ ($s — 6) 
49.11.18... (s—10)$(s—11) 4(s— 13) 4 (8-15) 4 (s—17) 


x to E(4s —8)~... to [F (s+ 1)] terms}, oe (18) 


if s is an odd integer greater than 1. Similarly, putting «=41 in (15), 
we can express ®(s, }) in terms of {-functions, if s is an odd integer greater 
than 1. 
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4. It is also easy to shew that, if 


rr (etn) + ie en +1) 
es ayn"s | Viletn)(e@t+n+1y” 


then 
le gy 1 Wet (@ — IE - (We — Ve — i" 
nas icra) 
= SFP areca — 4s, 2) +E VEER pee cca — Je, ») 
£0 DESO Ga (810) 51 ¢ (6 — 4s, «) 
+... b0 [F (8 +1)] terms, oo... ceeee ee ceeeceeeneeaceees 


provided that s is a positive odd integer. For example, 


V1, “=<, 


W (3, 1) = Aye + 26h, x), 


W (5,0) =160 2-12 Yate $ALE (4, »)| 
BY 


and so on. - ' 


14 
NEW EXPRESSIONS FOR RIEMANN’S FUNCTIONS 
é(s) AND = (t) 
(Quarterly Journal of Mathematics, xuv1, 1915, 253—260) 


1. The principal object of this paper is to prove that if the real parts of 
aand @ are positive, and 48 =7°, and ¢ is real, then 


1 2 1 a @ e st adx 
are ( = ee - 
is reat |, Pye Tiere ise (ea 
1 exe 1 Bie SBP oe oda | 
ae ee erence, zs 
8 treet 42], pe i Fee? Rise vee 


= us r (- a ) T (= 1-4) =) (5) ee (; log é) L. Oeste peeeamdass Q) 


Consider the integral 


e 


oe we mua 
J (a) =[ Kt da, 


where the real part of u is positive. Since 


[SRE de = 1 gil 1 
ty emz —] en | 2” Brn’ 
1 1 2 nix? 1 j 1 
we have J+ eo geen wen™ (sei + 5- aes) “a 
aff? ponmuat Sin Tay ‘4 =f" wenre 
ip iB xe onl das dy =% > oF a1 da3 i... (2) 
and so J (uy— : wif wearin —= wget, be daz B 
dor fu 0 2*_—1” Ure Ve Ree an ) 


Suppose now that s=oa+t, where 0<oa<1. Then, from (3), we have 


if ube) \v (nu) — at du 


=n-i[atO-9 du i ” pernatin (ery ap) do 4) 
to 6 = —] Qarep 
. Changing w into 1/v, we obtain 
-i yas a | TUT ( ax x) 
4 Ie : je ert — 1 Qera: ta 


co 2 1 1 
== nt -is gq i —ruetyn ( = sa) 
i tf, is i ry has errX— 1 2ere da 


~f pois av[- mene in (ma 1 di 
, eda), amen (asa — Sei) Oh 
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But 
2 1} i 1 
ks-1) aE Feeeteites s = Ms-D, faethe sat 
[ u {7 (oni) tn Ina} du ib u J (nw) du sah 
2 mom mnie? 


1 [ 
=- > ubG@-D au [ dr 
Qasr a 0 9 e*—] 


2 . pl 
aes 1 ; a da: ure) enmnyat du 
Qarsvn Jo e*—1"4 
2 2) adz é 
1 ane (ans?) | ees) 


1 = 
ek, See , oe 
arial ter NBra tI BrH 
Also 
-8 yes tet i, alee 
n [ v dv | we (ae 7 5) dz 


=7n7) oe ae 1 2 - ds poreatin 
=n [e( ae ong) de fe é dv 


vo 


HO-2) y- FED PCY eee eae 1 
=o n ( -#) |, x (gaa a5 


= SUES (- 5) r C3 *) Fla) PO, i See eet (8) 


© bee af 2. 


&(s)=(s—1) 0 (1 +43) 7 6). 


where 
Finally 
2 te 4. d ° 2 1 
n-E} yisdy| germ in (_—___ _§ -.— | dx 
i ie ee Sra) 
we [Nace dy [emi d Pte 
=—s—] wildy] ends no yo is » | =o 
cae f, ui 0 o err —] 
1 
% da [ otters dv 
0 


len @ 
vane iL +s) ~% 
= v Yen 

darn} g i: err — J 


z 1 op pred mae /n (rat{ay } 
slag TYG Oa a io TiG@—s * 316-5) “TY gem 


i} mentee 


All the inversions of the order of integration, effected in the preceding 
argument, are easily justified, since every integral remains convergent when 
the subject of integration is replaced by its modulus. 

It follows from (4)—(7) that, if the real parts of a and @ are positive, and 


af= 7, then 


wh 4-40 {"( 1 #4 ae ae ) a 
wn "VWs oll¢s 1348" 2iB¢s om 
1 “71 B at |B x ada 
StS es es = oe Bij Soe aria 

ne i 48 | Ge 1i4—8* dlé—8 eet 
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Changing s to 4 (1 + 72) in (8), and writing as usual 

£4 + Hit) = B (40), 
and equating the real and imaginary parts, we obtain the formula (1), and 
also the formula 


nes Be 1 a Te ae jie ) sa , 
i+ (wee T!74e'2t1Pe4+e Cs emt —1 
B ie  f lle \; mon 
4 = 
Bes ee 46 | ( (stn Tipe Ripse ) ew 


=n (= ater (= = #8) = (He) cos (5 log 4): eel (9) 


2. We have proved (8) on the assumption that 0<a<1. But it can be 
shewn that the formula is true for all values of s other than integral 
values. 


Suppose first that -l1<o<0. The formula (8) is equivalent to 


=. 1 1 1 
=u Peal —sgots)de we 
J(uy=u i xe om er ee 5) dx. (10) 
Using this formula as we used (3) in the previous section, we can shew 
that (8) is true in the strip -1< <0 also. In the right-hand side of (3), 
the first term in the expansion of 1/(e*—1), viz. 1/(2mz), is removed, and in 
that of (10) two terms are removed. By considering the corresponding 
formule in which more and more terms in the expansion of 1/(e"*— 1), viz. 
line ate at oat | at 
Ina 2" 6 90 ° 945° 9450" 98555 °°’ 
are removed, we can shew that the formula (8) is true in the strips— 2<¢<1, 
—~3<o0<-—2, and so on. That it is also true in the strips 1< o< 2, 
2<o¢<8,... is easily deduced from the functional equation £ (s) = & (1-9). 
The formula also holds on the lines which divide the strips, except at 
the special points s=4, where & is an integer. This follows at once from 


the continuity of &(s) and the uniform convergence of the integrals in 
question. 


3. As a particular case of (9) we have, when a= B= 7, 
1 4 I" ( 30m Ta oe lla eds 
1+# B+! 11 +e Aiea eet 


=s 0 (- ft) (= +p) ao. Sener (11) 


But the left-hand side of (11) is equal to 


- 00 6 
mye TOT eet \ ada 
(i feraaef (« Ya é Ob at ee atl cos tz dz. 
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% 8 — BAe 4 
Hence, [ fe - sn f ee ae cos tz dz 
“0 0 


err 
1 -1l+it —1l~it 
See ma (1 3 
set ( 7 yet ; ) Ge. onal (12) 
It follows from this and Fourier’s theorem that 
322 ie eee 
— 4c ( ae da 
J L+it 1-#~ . 
=n) r(- oe \r (= +=") & (dt) cosntde.......(13) 


But it is easily seen from de that, ifa and are positive and a8 = 7°, then 
“3 a. — dx} = B-t eee og: 
a {1 ¥ sa] oF = ae| B a +40 | aa ac. (14) 
From this it follows that the left-hand side of (18) is an even function of n, 
and so the formula (18) is true for all real values of n. 


4, It can easily be shewn that, if a8 =47° and R(s), where R(s) is the 
real part of s, is greater than —J, then 


€- =D x o@ 8 V) 4 (= 8) aces) 


4 cos drs 8 sin das 
200 tte aa 
= (Cee =e 4 (0-D) p ae Biter) 
+ arom [ ees PDD aw. (18) 


From this we can shew, by arguments similar to those of §§ 1—2, that 
if a8 = 40° and R(s) >-1 then 

c(1—s) a@&-d A t(—s) abst 

cos }as s—1—t 8singas st+1—t © 


bs (aay) 
aon | i tetca~ 31(s+7—8 
(aay) i a dady 
tsis¢1i-) 'S @= ler) 


¢(l—s) Bre-Y €(—s) Br (st2) 
+ 4 cos brs s—i+t? 8sinjmsst1at 
eh ” Bay (Bay, 
a, [, i eee Sek TaD * 
4 Bau a we dady 
Bi(stll+t) “S (@*-1)(e"—-1) 
4 ey aie-8) Dil (s—142)} Pd (s-1-)} 
“\Bl og (s+ 1y—@ 


x eA) (=). bial sacet (16) 


ey 
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From this we deduce that, if a8 =4a* and R(s) > —1, then 


g(l—s) sl (1) 4. QB 8-1) 
+ 
4cos4rs (s— 1+? le B 


SCs) _ 841 atu 4 gheen 
* g sing yas (8+ 1+ 8 


aoa f° fazy_ 8+ 3 
ve ( {, (ft eearce 
_ (aay ati 1 a da dy 


3! @riyret (gre — 1) (ev — 1) 


a Bay st 
+ Bist uf ij Rec G+aree 
(Bayy s+ } at da dy 
7 Br ways!” St @¥-1) 


es ) Tit(s—-1+m} 0 @-1—m)} 
7 (+1) +? 


we (tt is\ ~ ft —is' ay. 
F x 8 7) \ = ( 5 ) eos (4 log $) eaten (17) 
eg mre 4(s-D) — gile-D) 
ond 4cos drs (s 1+ e ae) 
Es) 1 ° 
nares ne ras a 
+ antes [" ie el a] crags 
_laayp 1 5. 1 _atdady 
3! (stT)+2 “y (e™® — 1) (e¥ — 1) 
(ew 1 
a Qt (stl) 
a ik ae (+ 3¥+e 
“Gas 1 a a dx dy 
31 (st +e (e"=—1)(e¥ 1) 
_ Ze) Dig(e-14+ mH} T(t (s—-1-#)} 
u (s+1P+? 
t+is\ — /t—is\ .” , 
x & ( 5 )= (G5) sin (log 3). iandiages (18) 


5. Coe as in § 3 we can shew that, if x is real, and 


{i(s-14 aT {$(s—1—7)} a(t 


F(n)= fe GLIF+# 


4 


= fiat 
> jaf 5) 0s nb dt, 
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then, if R(s)>1, 


2 (#8) { fe a® daz aa net ms 
F(n)=2 (4r)72 6-8 ili pee 20 (s) £ (8) cosh 2 (1 as 
ee (19) 
if-—l< R(s)<1, 
¥ = -h(s- oe ee = ee es 
F(n)=4(4m)-1¢ A za -a a sin) de: ...(20) 


if -—8< R(s)<-1, 


(a ' ee | 
= 4 (8-3) 43 ~ 
F (1) 4 (4ar)~ We “ (ar ais) ~ net + 5) 
1 


x (gen 73 sat 5) de - T( +5) £(1 +8) cosh n (1 +9)f;...(22) 


and so on. If, in particular, we ~ s=0 in (20), we obtain 
je (gay Cosnt dt 


1+ 2, 
we. ae 71+? 


1 1 1A, £ 
=avnf ( (ser - <5) (gerry - es) da... -.(22) 
o> 


A 
a ee 
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I. 
Introduction and Summary of Results. 


1. The number d() of divisors of N varies with extreme irregularity 
as VV tends to infinity, tending itself to infinity or remaming small according 
to the form of V. In this paper I prove a large number of results which add 
a good deal to our knowledge of the behaviour of d (1). 


It was proved by Dirichlet* that 
d(1)+d(2)+d(3)+...+d(N) 


NV 


r f \ 
log W+2y-14+0 (sy) 


where y is the Eulerian constant. Vorondif and Landau§ Aave shewn that 
the error term may be replaced by O (V-#**), or indeed O(N-?log VY). It 
seems not unlikely that the real value of the error is of the form O(V-!**), 
but this is as yet unproved. Mr Hardy has, however, shewn recently), that 
the equation 
dQ) +d(2)+d(@)+... +da(N) 
N 


=log V+ 2y—-1+u0(\-!) 


is certainly false. He has also proved that 
d(l)+d(2)+...+¢d(N—-1)+4d(N)— N log N -(2y-1) N-} 


=v um) [H, (dor ON} — Yh (der (nH, 


where Y;, is the ordinary second solution of Bessel’s equation, and 
2 7° we-* dw 
Ay (a@)=7 : oe 5 
ae ee ama ay 
and that the series on the right-hand side is the sum of the series 
Nt 2 d(n) 
w/f2 7 nt 
and an absolutely and uniformly convergent series. 
* Werke, Vol. 2, p. 49. 
+ f=O(f) means that a constant exists such that |7|< Ap: f=0(p) means that 
Foro 
£ Crellés Journal, Vol. 126, p. 241. §$ Géttinger Nachrichten, 1919. 
\| Comptes Rendus, May 10, 1915, See Appendix, p. 338. 


cos {4a 4/(n) ~ far, 
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The “average” order of d (iV) is thus known with considerable accuracy. 
In this paper I consider, not the average order of d(N), but its maximum 
order. This problem has been much less studied. It is obvious that 


d(N)< 27. 
It was shewn by Wigert* that 


a(N) Sean ee to os cureenctasaaes (i) 
for all positive values of ¢ and all sufficiently large values of NV, and that 
Lex 
QS eR oo. cs catte oatteba deh (ii) 
for an infinity of values of VY. From (i) it follows in particular that 
d(V)y< Ns 


for all positive values of 6 and all sufficiently large values of WV. 


Wigert proves (i) by purely elementary reasoning, but uses the “Prime 
Number Theorem+” to prove (ii). This .is, however, unnecessary, the in- 
equality (ii) being also capable of elementary proof. In §5 I shew, by 


elementary reasoning, that 
WoeN lor 
s d(N) < Qh ¥ fog log WT Taree 


for all values of V, and 


log N’ 


et 9 aogiog Ws 


d(N) > peter 
for an infinity of values of NV. I also shew later on that, if we assume all 
known results concerning the distrihution of primes, then 

d(M) < 9% (log ¥) +0 [log New 4" Gog lox N) 
for all values of V, and 

d (NW) > g Fi log N) + O [log Ne“ ¥(l0E 1088) 
for an infinity of values of NV, where a is a positive constant. 


I then adopt a different point of view. I define a highly composite 
number as a number whose number of divisors exceeds that of all its pre- 
decessors. Writing such a number in the form 


N = 2% , 3% , 545... yftn, 
I prove that Og 2 Os 2 Og 2... 2 Ay, 
and that Gy =1, 
for all highly composite values of V except 4 and 36. 
* Arkiv for Matematik, Vol, 3, No. 18. 
+ The theorem that mn (t)~ —, 
log @ 
a (x) being the number of pritacs not exceeding a. 
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I then go on to prove that the indices near the beginning form a de- 

creaging sequence in the stricter sensc, 1.¢., that 
; Gy > hy > Ug >... > Ua, 

where is a certain function of p. 

Near the end groups of equal indices may occur, and I prove that there 
are actually groups of indices equal to 

1, 2,3, 4, 0.0, mw 

where » again is a certain function of p. I also prove that if © is fairly small 


in comparison with p, then 
loge. 
log 2’ 


and that the later indices can be assigned with an error of at most unity. 


a log ~ 


I prove also that two successive highly composite numbers are asympto- 
tically equivalent, i.e. that the ratio of two consecutive such numbers tends 
to unity. These are the most striking results. More precise ones will be 
found in the body of the paper. These results give usa fairly accurate idea 
of the structure of a highly composite number. 


I then select from the gencral aggregate of highly compssite numbers a 
special set which I call “superior highly composite numbers.” I determine 
completely the general form of all srch numbers, and I shew how a com- 
bination uf the idea of a superior highly composite number with the 
assumption of the truth of the Riemsgv hypothesis concerning the roots 
of the ¢-function leads to even more precisthresults concerning the maximum 
order of d(NV). These results naturally differ from all which precede in that 
they depend on the truth of a hitherto unproved hypothesis. 


II. 


Elementary Results concerning the Order of d (NV). 
2. Let d(V) denote the number ofdivisors of NV, and let 


WD = pry! pro? py 0. Put, vcesesscennesereeneeeens Q) 
where 1, 2, Ds, «++, Pn are a given set of n primes, Then 
gaa) d+ ate) Kb): taadiens: (2) 


From (1) we see that 
(1/n) log (p.psPs --. Pa) 
= (In) {((1 + a) log p, + (1+ a) log po +... + (1 + Gn) log pn} 
> {(L +a) (1+ ae) (1 +) ... (1+ Gn) log p, log pe... log pn}. 
(lo Cp Pape PIE aos ele (3) 
log gp, log p, log p,... log pn’ : 


Hence we have d(V)< 


for all values of J." 
R.GP. 
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We shall now consider how near to this limit it is possible to make 
d(N) by choice of the indices a, de, Ms, ..., dns Let us suppose that 
1+ an 0 (SEE ten (M=1,2, 8,090) sree (4) 
where v is a large integer and —4<e,<}. Then, from (4), it is evident 
that 
. Bp AeA dere anes daasoiusenaeeate (5) 
Hence, by a well-known theorem due to Dirichlet*, it is possible to choose 
values of v as large as we please and such that 


Jer]<6 lea]<e, fea] <a, eee, fen] Se, creccereeeneees (6) 
where e< vi), Now let 
t=vlog pn, Sn =EmlOS Pre ceveeeeecnsecsseenees (7) 
Then from (1), (4) and (7) we have 
log (piPeps.-- PrN) =nt+ 3 Ona5- ceo tingeted hentia (8) 


Similarly, from (2), (4) and (7), we see that 
_ 48) +6)... 6 + by) 
d(W)= log ps log ps 1g d “108 Ps 
= Mm a mn ne = } 

trexp [=" oe 3p 00" 

log p, log p, log ps ... log pn 

ss ne 2 (3 On? WES? oa (28n)° 

exp{ hi es Ee ef 
wg Pp, log pelog p,... log py 
— (/n)log (p19). +n | ? 2 
een Wane ieee (1—$ (log. V)?*{n?X4,2—n(Z Sn) +...) 


in virtue of (8). From (6), (7) and (9) it follows that it is possible to choose 
the indices a1, Ga, ...; An, 80 that 
{G/n) log (paps. nly" = 
d(N)= 1-0 (log Vy}, ,..(10 
® log p, log p, ... log Mn { fee a) dl) 
where the symbol O has its ordinary meaning. 


The following examples shew how close an approximation to d(N) may 
be given by the right-hand side of (8). If 


Nao, 7%, 
then, according to (3), we have 
BN) < 189800000685... cee eeceeeeu eens (1) 
and as a matter of fact d()= 1898. Similarly, taking 
N= 258, 338, 
* Werke, Vol. 1, p. 635. 
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we have, by (3), d (NM) < 204271:000000872.,.5  cescecsceseceees (12) 

while the actual value of d(V) is 204271. In a similar manner, when 
N= 2% 3 am, 

we have, by (3), DN) < 7T4620°00412...5 cece eees en eeee (18) 

while actually d (N) = 74620. 


3. Now let us suppose that, while the number » of different prime 
factors of N remains fixed, the primes p,, as well as the indiees a,, are 
allowed to vary. It is evident that d (iV), considered as a function of J, is 
greatest when the primes p, are the first » primes, say 2, 3, 5,..., p, where 
pis the nth prime. It therefore follows from (3) that 

{(1/n) log (2.3.5... pW)" 


a es jog Blog Slog 5. . logp 


and trom (10) that it is geltees to choose the indices so that 


(Qm)log 2.8.5... p HY, Boe 
ad(N) ea te atest -Toep {1-0 (log 2", (18) 


4. Before we proeced to consider the most general case, in which nothing 
is known about NW, we must prove certain preliminary results, Let ow (a) 
denote the number of primes not exceeding «, and let 


¥ (@) = log 2+log3+log 5+... +log p, 
and w@ (#) =log2.log3.logd ... log, 


where » is the largest prime not greater than w; also let #(t) be a function 
of ¢ such that $'(¢) is continuous between 2 and 2, Then 


fro $0 a=['¢'oars2] 9 ()dt+ af eo dt 


+4 [og (a+... +m (@)[ Hat 
7 _ oP 
= { (3) ~ $ (2)} +2 {6 (5) — 6 (8)} + 3{6 (7) — 6 (5)} 
+4{p (11) — o(7)} +... + 7 (@)ip (2) — }(p)} 
=m (2) $(@)— {6 2) +63) + $5) +... +h(p)} --.(16) 
Asan cxample let us suppose that ¢(#) =log¢. Then we have 


rte)loge-9 (0) = fs Ee eee (17) 
Again let us suppose that ¢ (¢) =loglog ¢, Then we see that 
o (@) log log # — log @ (a) = E 2 fet Sakti (18) 


7 ® 9 _ 1 fer) op m6) 
But ic tlogt ats log # t ee +f (wa, (log uF J 2 at) Ga 


6—2 
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Hence we have 


ar (a) log fy a — log a (#) 


=n lig | oy eest tage, e+, (ategax |. 75? a) 
Pe (19) 
But a (2) log {AO | =m (@)loe ft Ae OF 
= 7 (a) log {1 ~ - anes FA} ash "tO ats 
6 Pisses {Se 142 ioe [PE de, eres 20) 


Again, 


or (x) log a, 
= 9 @)logfl+ 5 1 sig | atl >- (2) (2 aes 


¥(e) t ¥ (a) t 
and so 
—¥(@) ), 1 fx m (a) log a@—S (a) (#m (t) 
+ (a) log {ay log a t bea !s ane ¥ (a) log « 8 aw 


1 mr (t) 
- Smee eet [; ae at} iano (21) 
It follows from (19), (20) and (21) that 


in G Tog ae a at) du > m (a) log fe at — log a («) 


ie T T(t) 1 1 % oy m{t) 5 
>| (cagwl, dt) ai— & (2) Sweet, te ay ; 
Now it is easily proved by elementary methods* that 
1 1 
7S 0 (cea)® sm 7 (3): 


and so [3 oe) d=0 (ee =). 


Hence | (Caogap ls Eo) eu= | O lasgapt = 0 faagay 


a an ftal scaage {togap}~° {osgart 


Hence we see that SO @yr? _ COTE EY icaeccee ee eens (22) 
w(x) 


* See Landau, Handbuch, pp. 71 et seg. 
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5. We proceed to consider the case in which nothing is known about N. 
Let 
N= 2% 3%, 5% ,,, pm, 
Then it is evident that d(N)=d(N’), and that 
S(p)<log VW’ < log Ne .cccseeccesseeereeees (23) 
It follows from (3) that 


cped ye 1, pt bere 


eee ‘We Y/ae (pyr 

og MW)" {S (p)/ar (p)\* 

ie a0 me N) (+ Ol pitog 2) 

= log VY" oo tmtdog ny") Log ie elanenat 24, 
{a+ BESS eotecnen f+ Seo} ae, 


in virtue of (22) and (23). But from (17) we know that 


m (p) log p— 9 (p) = 0 (Ss): 


andso —- &(p) = 3 (p) {log p + O (1)} =m (p) {log 3(p) + O(1)}. 
1 ‘ 
Hence mes @) {rg Si) fags ort Bet anal, sae (25) 
It follows from (24) and (25) that fe. 
an 


3( 
log N ee OFiog's 
d(N)<41 
: )<| * S@) 


Writing ¢ instead of 3 (p), we have 
t t 
fag oem CO 


Pp) , 
le 


d(N)< irs Sraesaicoin bee gins (26) 


and from (28) we have ES ]Og NM. vieeeseeeessersensesenseesenesees (27) 
Now, if V is a function of t, the order of the right-hand side of (26), con- 
sidered as a function of N, is increased when WV is decreased in comparison 
with ¢,and decreased when W is increased in comparison witht. Thus the 
most unfavourable hypothesis is that 1, considered as a function of %, is as 
small as is compatible with the relation (27). We may therefore write 
log W for ¢ in (26). Hence 
log V _ jog 

A(M) < Qioglogh +? TRIE ,  eeeeees (28) 

for all values of *. 


* If we assume nothing about r (2), we can shew that 
log V log N log log log 


d(N)< giog log ¥ (og log V)® 
Lf we assume the prime number Reet and nothing more, we can shew that 
log NV 
d(N) < afer a+ o()) GG log VI 7 
g 
Tf we assume that r(2)= eet Otog a 
log N log V log NV 


we can shew that a (MN) < gleslog WV" Goglog. VW)" “(log log we, 
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The inequality (28) bas been proved by purely elementary reasoning. 
We bave not assumed, for example, the prime number theorem, expressed by 
the relation 


* 
ae) “toga : 
We can also, without assuming this theorem, shew that the right-hand 
side of (28) is actually the order of d(N) for an infinity of values of J. 


Let us suppose that 
N=2.3.5.7...p. 


t t 
Then d(M) = on™) = 2 bee? Doge | 
in virtue of (25), Since log V=%(p) =1, we sce that 

Jog N_ _lopN 


A (N) = Q'sloe¥*° Cegtog Wh 


for an infinity of values of V. Hence the maximum order of d (1) is 


log ¥ o — ee __ log ¥ 
g oglog 7 *° (log log WP 


TI. 


The Structure of Highly Composite Numbers. 


6. A number V may be said to be a highly composite number, if 
a(W’)<d(W) for all values of WV’ less than WV. It is easy to see from the 
definition that, if NW is highly composite and d(N’) >d (1), then there is 
at least one highly composite number Jf, such that 

IN eM eG Bore te 8 oe hice sa leon etuele (29) 
If W and WN’ are consecutive highly composite numbers, then d (IM) <d (i) 
for all values of Af between N and N’. It is obvious that 

(NY <0 (QN )istivarndh eaine eases (30) 

for all values of W. It follows from (29) and (80) that, if NV is highly 
composite, then there is at least one highly composite number M such 
that N<M<2N. That is to say, there is at least one highly composite 
number NV, such that 

BONS OG). ~ ves cateriores covesiariee aie (31) 
if eel. 


7. I do not know of any method for determining consecutive higbly 
composite numbers except by trial. The following table gives the con- 
secutive highly composite values of NV, and the corresponding values of 
d(N) and dd (NV), up to d(N) = 10080. 

The numbers marked with the asterisk in the table are called superior 
higbly composite numbers. Their definition and properties will be found 
in §§ 32, 33. : 

* p (e)~ (x) means that ¢ (w)/p (27) >1 as ao, 
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dd(N) d(N) N 

2 2=2 

2 3=3 

3 4=92 

4 6=2.3 

4 8=98 

3 9=32 

4 10=2.5 

6 12=22.3 3.5 

5 16=2! 3.5 

6 18=2, 3? 32.5 

6 20 = 22.5 3.5 

8 4 = 23.3 5 

8 30=2.3.5 5 

6 32=95 -5.7 

9 36= 27.3? 5.7 

8 40=2.8 PBT 

10 48=9!.3 5.7 

12 60=22.3.5 AT 

7 64=2° .b.7 

12 72=25.3? 5.7 

10 80=2t.5 5.7 

12 84=22.3.7 15.7 

12 90 =2.3?.5 87.7 

12 5.3 CDMtell. sg 

9 52 5.7 

12 38 50400 =2°. 33. 52.7 

16 3.5 55440 =2.3?.5.7.11 

8 83160=29. 39.6.7.11 

15 4.32 110880 =2°, 3°.5.7.11 

12 5 166320 =2!.33.5.7.11 

16 3.7 221760=28. 3°.5.7.11 

18 Po) 277900=2!.3?.52.7.11 

l4 3 332640=2), 33.5.7. 11 

12 bP 498960 =2.3#.5.7.11 

16 33 5h4400=25. 87. 6.7.11 

12 7 665280=299. 3°.5.7.11 

20 3.5 *720720=2!. 32.5.7.11.18 

9 1081080 =23. 33.5.7.11.18 
18 3? 1441440 =95 .37.5.7.11.18 
14 5 2162160 =2!.33.5.7.11.13 
20 3.7 9882880 =9° .8?.5.7.11.13 
24 2.5 3603600=2!. 3?.5?. 7.11.13 
16 3 #4321390 =9> .33.5.7.11.13 

15 52 6486480=2!. 3*.5.7.11.18 
20 33 7207200 =25 . 3. 5?.7.11.13 
14 7 8648640 = 99, 3°.5.7.11. 13 
24 3.5 10810800=2+. 33. 5%.7.11.18 
24 3.7 14414400 =28 , 37. 52..7.11.13 
10 17997280 =" .39.5.7.11.18 

21 3 *21621600= 25. 33.52.7. 11.13 
24 3.62 32432400 =94. 34.5?.7.11.13 
16 640=97.5 36756720 =2'. 3°.5.7.11.138.17 
24 672=%.3.7 43243200 = 9°, 3°.5?.7.11.18 
30 720 = 9.32.5 61261200=2'. 32. 6?.7.11.13.17 
18 768=28.3 73513440 =25 .35.5.7.11.18.17 
18 800=2'. 5? 110270160= 2+. 31.5.7.11.18.17 
24 864=25, 33 122622400 = 25. 3?.52.7.11.13.17 
16 896=27.7 147026880=2°. 33.5.7.11.18.17 
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A A 


da (N) a(N) . N 

28 960=29.3.5 183783600 =2!.33.5?.7.11.13.17 

30 1008=2!, 3.7 945044800—= 29. 8%.5%.7.11.18.17 

ll 1024=910 294053760 = 97. 39.5.7.11.13.17 

24 1152=97, 3? *367567200 = 25. 33.52.7.11.18.17 

30 1200 = 21.3.5? 551350800 =2!. 3'.52.7.11.13.17 

18 1280 =28.5 698377680 =2. 33.5.7.11.13.17.19 

28 1344=99.3.7 735134400 = 29. 33.62.7.11.18.17 

36 1440 =99.32.5 | 1102701600=2 .34.52.7.11.18.17 

20 1536=29.3 1396755360 =2*. 33.5.7.11.13.17.19 

21 1600 =25. 5? 2095133040=2*.3!.5.7.11.13.17.19 

40 1680 =2!.3.5.7 9203403200 = 2". 34.52..7.11.18.17 

28 1728=25, 38 232792560022. 32.5?.7.11.18.17.19 

18 1792= 28 2793510720= 2. 33.5.7.11.13.17.19 

32 1920 = 3491888400 = 9+. 33.52..7.11.18.17.19 
36 2016 =25. 4658851200 =2°. 32, 52.7.11.18.17.19 
12 2048 = Qu 5587021440= 9" .33,5.7.11.13.17.19 

27 =2), 3? | *6983776800=25.3°.5?.7.11.13.17.19 

36 : .88.5%.7.11.13.17.19 
32 { .88.52.7.11.18.17.19 

42 20931330400 = 9.3. 5?.7.11.18.17.19 

22 27935107200 =27 . 35. 52.7.11.13.17.19 
48 41902660800 = 29. 34.52.7.11.13.17.19 | 
32 48886437600 = 9 . 33, 52.7?.11.13.17.19 
20 64250746560 = 2°. 39.5.7.11.13.17.19.23 | 
45 73329656400 = 9. 34. 58. 72.11.13.17.19 
36 80313433200 = 2. 33.52.7.11.13.17.19.28 
42 97779875200 = 2 . 33,52. 72,11.18.17.19 

13 128601493120 =27.83.5.7.11.13.17,19.28 
48 4320 = 2. 3.5 146659312800 =95. 31,52, 7?.11.13.17.19 

30 4608 = 29. 3? 160626866400 = 28.33, 52.7.11.18.17.19.23 
42 4800= 29.3, 5? 240940299800 = 2*, 34.52.7.11.13.17.19.28 
60 5040=7.5.3%.24 | 4293318625600—2°. 34.5%, 72.11.18.17.19 
36 5876=28.3.7 321953732800 = 29 . 39. 52..7.11.18.17.19.23 
48 5760=97 . 32.5 481880599200 = 25. 3¢.5?.7.11.18.17.19. 23 
24 6144=2911.3 642507465600 = 97 .33.5?,7.11.18.17.19. 23 
56 6720=28.3.5.7 963761198400 = 29.3. 52.7.11.13.17.19.28 
36 6912=28 , 33 1124388064800 =25. 33,57. 72.11.13.17. 19, 23 
22 10.7 1606268664000 = 25. 33.53.7.11.13.17.19. 28 
54 7200=25 , 32. 5e 1686582097200 ==2!. 3, 52..72.11.13.17.19.28 
40 7680=2°.3.5 1927522306800= 2" .3.5?.7.11.13.17.19.28 
48 8064 = 27.3.7 ¥2248776129600= 2. 23,52. 7°.11.138.17.19.23 
14 g192=28 3212637328000 =27 , 33.53. 7.11.18.17.19.28 
56 8640=25 39.5 8373164194400=25, 84.52.72. 11.18.17. 19.23 
33 9216=210 . 3° 4497652259200 =27 . 33. 5°. 72, 11.13.17.19. 93 
72 10080 =25. 32.5.7 6746328388800=2". 3¢.5?.7?.11.13.17.19.23 | 


8. Now let us consider what must be the nature of WV in order that 
should be a highly composite number, In the first place it must be of the 
‘form : 
Qe2, 380, Bs. 787... p90, 
where Oy Dy D Og D0. DAY, DL. vieeccsscecescceseweeee (BD) 
This follows at once from the fact that 
d (mf aw, ... wp.) =a (2%. 3%, 5% ... ,%,), 
for all prime values of we, a, a, ..., p,- 
t See Appendix, p. 339, 


vasage 


Smeg tan eset 6 pee : 
el wun bebe OR? be tae 
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Tt follows from the definition that, if NV is highly composite and 
N’<N, then d(W’) must be less than d(N). For example, 3N< WN, 
and so d(§N)<d(N). Hence 


1 1 1 
(ee ee Oye) 


provided that WV is a multiple of 3. 


It is convenient to write 
By =O (ADM). crcecsecsscerecceneeseeeees (88) 
Thus if V is not a multiple of 5 then a; should be considered as 0. 
Again, a», must be less than or equal to 2 for all values of p,. For let 
P, be the prime next above p,. Then it can be shewn thab P,<p,° for 
all values of p,*. Now, if a, is greater than 2, let 


pe” 
Then W’ is an integer less than WV, and so d(W’)<d(N). Hence 
(1 + dp,) > 2 (a, —1), 
or 38> p,, . 
which contradicts our hypothesis. Hence 
Mg Rey gedinieiendeei seeded s eet ese4 (34) 

for all values of p,. ; 

Now let p,.”, p’, p, Pi, Py’ be consecutive primes in ascending order. 
Then, if p,>5, ap must be less than or cqual to 4. For, if this were not so, 


we could suppose that 
we wP 


(a 
But it can easily be shewn that, if p, > 5, then 
(pY > Pi; 
and so N’<N and d(N’)<d(N). Hence 
(L 4 py) > 2 (Ap — 2). ceseecscceneceaeenean ees (35) 
But since ap, >5, it is evident that 
(1 +. py") < 2 (atp,” — 2), 


* Tt can he proved hy elementary methods that, if 2 > 1, there is at least one prime p 
such that <p <2x. This result is known as Bertrand’s Postulate: for a proof, see 
Landau, Handbuch, p. 89. It follows at once that P, < p,}, if p; > 2; and the inequality 
is obviously true when »,+2. Some similar results used later in this and the next section 
may he proved in the same kind of way. It is for some purposes sufficient to know that 
there is always a prime p such that w <p < 3x, and the proof of this is easier than that 
of Bertrand’s Postulate. These inequalities are enough, for example, to shew that 


log P; =log p, +0 (1). 
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which contradicts (85); therefore, if p, >5, then 


Ne EEETE PSE EESEEEESESEOSESSSEOEE® (36) 
ta NV; oR 
Now let mers 
It is easy to verify that, if 5<p, < 19, then 
pip > pi Pa; 


andso W'< Nand d(N’)<d(¥). Hence 
(1+ Gp) (1 + Gpy) 1 + pyr) > 2etp, ty (2+ tp), 


1 1 1 ) 
or Q+2)0+2)>2(1+ wae 
But from (86) we know that 1+a,,<5. Hence 
(1+) (1+ =) > 2. ele be tenia (31) 


an, Pr" 
From this it follows that a,,=1. For, if a), >2, then 


1 1 
1+=)(1+=) <2, 
( ap, Gp . 


in virtue of (32) This contradicts (87). Hence, if 5 <p,<19, then 


Cpls sae iste ertiseritemaaeiees igen (38) 
Next let N’ = NP,P,'{(pipy py’). 
It can easily be shewn that, if y, > 11, then 
P,P! < ppl i"; 


and so W’< N and d(N"’)<d(N). Hence 
(1 + ap.) (1 + Gpy) A + apy) > bp, Upy Opy"s 
1 1 1 
or Q oy Q a =) (1 1 a) Le re (39) 
From this we infer that a,, must be 1. For, if a,, >2, it follows from (82) 


that 
(1+ ~\(1+ —) (1+ . ) <38, 
hp, Op! Ap" 


cs 


which contradicts (39). Hence we see that, if p,>11, then 


Ogg Sa Pe ears ce ahaa tea deuteieesoeteas (40) 
It follows from (38) and (40) that, if p, >5, then 
piece Wa Maatiaas tt sseutensaseteedeness sates (41) 
But if p, = 2 or 3, then from (34) it is clear that 
Gyn l Vor ADs Lic sunisteutaser nace ceetes (42) 


It follows that a,=1 for all highly composite numbers, except for 2°, 


and perhaps for certain numbers of the form 2*.3% In the latter case a > 2. 
* 
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It is easy to shew that, if a>3, 2*. 3? cannot be highly composite. For if 


we suppose that 
N' = 21.3.5, 


then it is evident that NV’ < W and d(N"’)< d(W), and so 
8 (1+ a) > 4a, 
or a<3. 


Hence it is clear that @ cannot have any other value except 2. Moreover we 
can see by actual trial that 2" and 27. 3* are highly composite. Hence 


Gee ores d eh nee scacu tees (43) 
for all highly composite values of N save 4 and 36, when 
tp, = 2, 


Hereafter when we use this result it is to be understood that 4 and 36 are 
exceptions. 


9. It follows from (32) and (48) that VV must be of the form 


2.3.5.7... 

X2.8.5.7... 

xX 2.3.5... D3 . 

HI eeoalee stew edotbvneay osdsinndes deneitesetested (44) 


where 9, > 2 > ~s 2p. >... and the number of rows is a,. 


Let P, be the prime next above p,, so that 


log Py = log py + O (1), cssseeceesseeesseeeeeres (45) 

in virtue of Bertrand’s Postulate. Then it is evident that 
ap BT, UPL ST HV y reece eceee ees en (46) 
and so UP, S Cg — Le ceceececcceanerennaeereren eres (47) 
It is to be understood that OPED: nttiiieeet istngs doen thee iesais ced (48) 


in virtue of (33). 
It is clear from the form of (44) that 7 can never exceed @,, and that 


10. Now let weak yloernosa *, 


v 
where » <p,, so that WV’ is an integer. Then it is evident that W’< W and 
ad(N’) <d (i), and so 
log» 
(1+ 4,)(1 + aa) >a,(1 +Oat |Ooy 7 


log 
log v 
or l4+a,>a, [ee Spoateche tioentubeddestiavies (50) 


* (<] denotes as usual the integral part of x. 
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Since the right-hand side vanishes when vy >p,, we see that (50) ig true for 
all values of % and v*. 

Again let MN Sees 
where [log z/log 4] <a, so that W’ is an integer. Then it is evident that 
N'<N and d(N’)<d (JN), and so 


lo 
(1+ ay) (1 + aa) > (2 + ay) (a- [ee4)). saeco teens (51) 
Since the right-hand side is less than or equal to 0 when 
a <[log p/log XJ, 


we see that (51) is true for all values of X and w. From (51) it evidently 
follows that 


j log (Ay) 59 
(L+ay< (2+4,) : (Cs eee (52) 
From (50) and (52) it is clear that 
a lo Q 
ay | SM S$ yp + (2 + ay) eae edvitetes wedaistene (53) 


for all values of A, w and v. 


Now let us guppose that y=p, and »=P,, so that a,=1 and a, =0. 


Then we see that 
log p, | og Ps Bd 
ex | cae Tog he Sdawensetiverscwnteage (54) 


for all values of \. Thus, for example, we have 
. A=8, lead; 

A= 5, 2<a,<4; 

b= 7, 2<a,<6; 

pall, 8<a<6; 
and so on. It follows from (54) that, if A <p, then 

a,logr=O (log pm), arlogr <o(logp,). .--.-eeee (55) 
11. Again let 
N= WyiviGitaa tay) logu/log Ay} pot Man +4,)log Aflog wt] 
and let us assume for the moment that 
ay > V{(1 +44 + 4) log r/log p}, 


in order that NV’ may be an integer. Then N’<WN and d(N’)<d(N), 
and so 


(l+a)\(l+a,)> {L+a,.4[¥(( +4, +4,) log y/log 0}]} 
x {ay —[V|{(L + a, + a) log Aflog 1} 7} 
> fart {(1 +a, +o,) log u/log 4} 
x {ap—V/ {1 +a. 4+) log x/log yy}... (56) 


* That is to say all prime values of A and », since \ in a, is by definition prime. 
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It is evident that the right-hand side of (56) becomes negative when 

dy < /{((1 +a, + a,) log A/log 2}, 
while the left-hand side remains positive, and so the result is still true. 
Hence 


dy log p ~ a, log u< 2 /{(1 +a, + ay) log r log pr), eevee (57) 
for all values of % and yw. Interchanging »% and y in (57), we obtain 
a, log ¥— a log wp < 2a/{(1 + aa +4,) logr log ph. wee. (58) 


From (57) and (58) it evidently follows that 
jd log — ay log p| <2V((L+a,+ ay) logr logy}, ......(59) 
for all values of X and wu. It follows from this and (55) that, if % and p are 
neither greater than p,, then - 


a,log x —a, log w= O./{log p, log (Aw), ceseeeeeeees (60) 
and so that, if log A =o (log p,), then 
a, log 2 ~ dglog 3 ~ a,log 5 ~ ... ~ ay log ra. scenes (61) 


12. It can easily be shewn by elementary algebra that, if x, y, » and » 


are not negative, and if 
e 


|a—y|< 2/(me + ny + mn), 


then iM(atn)— Vy +m)[< ¥(m+n); (62 
pee By Aiea settee eeneenentees ) 


From (62) and (59) it follows that 
|W{(1 + aa) log 4} — v{(L + a.) log p}i< VilogQy)}, oe. (63) 
and | V{G. +a) log A} — flog (Aw)t |< Vfl +ay) logy}, oo... (64) 
for all values of A and w. If, in particular, we put = 2 in (63), we obtain 


V{(1 + ae) log 2} — {log (24)} < V{(1 +a) log X} 
< /{(1 + ag) log 2} + /{log (20)}, ...(65) 
for all values of X Again, from (63), we have 
(1+) logr <(V{(1 + a,) log v} + v {log (Av)}), 
or aa log %< (1 +4,) log » + log v + 2/{(1 +4,) log v log (Av)}. ...(66) 
Now let ‘us suppose that % <p. Then, from (66), it follows that 
a, log X + log p< (1 + a,) log » + log (uv) + 2,/{(1 + a,) log v log (Av)} 
<(1 +4a,) log v + log (uv) + 2./{(1 + a,) log vlog (uv)} 


= {V{(1 +@,) log v} + flog (uv)P?, see ceceee eran (67) 
with the condition that 7 <. Similarly we can shew that 
da log > + log pw > {7 {(1 + a,) log v} ~ s/log (uv)}, veeeeeee (67’) 


with the condition that \ <p. 


" i 
ea ae 
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13. Now let 
Ne J otios aite (log 23] glow Ate (H) log 33] ples Mte Ge) jog vw) 

where w() logy < log a<log p,. Then it is evident that WV’ is an integer 

less than V, and so d (N’)<d(N). Hence 


(i+ =) (1 + @)(1+4;)(1 + dp)... (1+ dy) 


~ (orbital Imrctl 
tA ote A ate 


< ¢ + =) (a, log 2 + log 2) (a;log 3 + log 8)... (a, log w+ log ») 
A, 


that is 


< (a + =) (dy log 2 + log pz) (a,log 3 + log p)... (@ylog ye + log u). 


In other words, 


t 
Cea 
log % log % log 
a eae Aba ai) 
eso, fcc fue zee | 
a, log 2 + log pw | ay log 8-+log pw) ay log w+log ys. 


log® _ 14 me 
cme una Lanee s 
TViCL-+4,) log »} + a/log (uv) P J thee e eens naar nee reeeteas > 


where v is any prime, in virtue of (67), From (68) it follows that 


V{(L-+ a) log v} + vlog (uv) > 


provided that (yz) log w< log a < log p,. 


14. Again let 
Nea Clog A/{m(2) log;2}) 74 Tlog A/{e (4) log 33) po = [log Afr (42) log 2} 
tae : 


where w <p, and >. Let us assume for the moment that 


log 
a, log «> BX, 
Bere) 


for all values of « less than or equal to yw, so that W’ is an integer. 
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Then, by arguments similar to those of the previous section, we can shew 
that 


log loge a(n) 
Lie (a) | (70) 
2+ aa vid + d,) log 7] — Vlog (0) f e Selgeie die 
From this it follows tbat 


\ 
f (TL) 


: ) 
[v(C1 +4) log »] = og (2) | < (sy 
= G + ay, 


provided that » <p, and w<. The condition that 
a, log « > flog A/a (z)} 


is unnecessary because we knoiw from (67’) that 

|v {(1 + a,) log »} — Vlog (uv) < /(a, loge + log) < J + log v} : 
when a, log «x < {log Af (u)}, 
and the last term in (72) is evidently less than the right-hand side of (71). 


15. We shall consider in this and the following sections some important 
deductions from the preceding formula. Putting »=2 in (69) and (71), we 
obtain 


{C1 + a2) log 2} > — Vlog (Qu), ...(78) 


V{(1 + a,) log 2} < { + Vlog (2u), ...(74) 


is (3 ae z 
provided that p<p,, and w<d. Now supposing that X=p, in (78), and 
A= P, in (74), we obtain 


log p, leg 
V{(1 + a) log 2} > cout ae (2p), verceees (75) 
provided that w (4) log z < log p,, and 
log P, imi 
V{(1 + de) log 2} < Jpeee| + Vlog (2p), ee (76) 


4 provided that »<p,. In (75) and (76) w can be so chosen as to obtain the 
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best possible inequality for a. If p, is too small, we may abandon this result 


in favour of P, 
log lo 
eal Ke <2 | gs |, pdeaeMane wueeddieed temnee (77) 


log 2 


which is obtained from (54) by putting X= 

After having obtained in this way what information we can about a, 
we may use (73) and (74) to obtain information about ay. Here also we 
have to choose uz so as to obtain the best possible inequality for a,. But if» 
is too small we may, instead of this, use 

/iQ1 +c) log 2} — a/log (2) < 4/{(1 + aa) log a} 
< 4/{(1 + ae) log 2} + slog (2A), ...... (78) 

which is obtained by putting » = 2 in (68). 


16. Now let us consider the order of a. 
if (uw) log w < log X < logy, then 


“From (78) it is evident that, 


log X 
z (py eH 
(1 +a) log 2 + log (Qu) + 2y{(1 + aq) log 2 log (2p)} > a EC 
‘s ar ae 
But we know that for positive valuesof#, as (79) 
1 1 1 1 
epg tO, s77 9 (5). 
log % 1 log 7 (u) 
Hence a = —— + 0(1) 
1 lings) 
OETA led 
— og 0 log | | 
% Ty trys 
log (1+ =) if 
log uu 1 (2) lo 
and TT Te) 0 wher ah = 0 (pay). 
eer 


Again from (55) we know thai a,=O(logp,). Hence (79) may be 
written as 
ay log 2 + O flog p, log y) + O (log 4) 


>— Ed é ry +0 (8 ae + O(a). ...(80) 


But log 4 = O (pay), 


22s =o (Heep 
ee Teen ee 0 (Hee). 


log > _ 0 (Pe a 
7 (H) ie 
t 


op oe ee ; 
Tg Be ee, ” 
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: logrlogu , wlogp, 

Again me + “Tog > 2 (log a, log pz); 

and so Vlog log x) = 0 (7 pleee + “ae ) 

Hence (80) may be replaced by ; ; 

log» log x1 log p, ; 
aglog 2> PEA 4.0 (EASE OEP, waite (81) 
log (1+ —| 
ay 


provided that m(y)logw<logr<logp,. Similarly, from (74), we can shew 


that 
logx +0 (ee dloge wieBPs) (82) 


1 “ log X 
“Tog (14+ aa) 


provided that w<p, and ~<A’. Now supposing that A=p, in (81), and 
X= P, in (82), and also that 


p= OAV (log p, = log p,), peo vaoen log log p:)*, 


dz log 2< 


we obtain a, log 2> lo (Pe A + OJ (log p log log p,), . 
Se a Sa al Na es (83) 
pen Bs 
a, log 2 < ibe ® 7+ + O (log y log log p,). 
From (83) it evidently follows that 
a log 2 = ee +0 V(log p, log log py). -..seeeeeeeees (84) 


And it follows from this and (60) that ifA <p, then 
1 ; 
alogrx= ee +O {v(logp, loga) + /(log p, log log p,)}. ......(85) 


Hence, if logx = o(logp,), we have 


lo: 
dg log2 ~ a,log3 ~ aslog5 ~... ~ anlogn ~ Pe iiieey (86) 


17. The relations (86) give us information about the order of a, when 
» is sufficiently small compared to p,, in fact, when » is of the form p,‘, 
where e—0. Such values of > constitute but a small part of its total range 
of variation, and it is clear that further formule must be proved before we 
can gain an adequate idea of the general behaviour of a,. From (81), (82) 


* f #0 (¢) is to-be understood as meaning that | f| >> X¢, where X is a constant, and 
f # O($) as meaning that |f|/p+o. They are not the mere negations of f=0() and 
f= 0()- i 


ROP. 7 
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and (84) it follows that 
es ee “ {s AEH a HoBM + vlog p, log log p»| , 
Me log 


Slee > log B 40 {(*8 Alog 4 Ries log p. + (log p log log}, 
ke (1 es 1 ma) log 2 7 log x 
"8 l+a 


provided that o (y)log « < log A <log p.. From this we can easily shew that 
if (u) log p< log’ <logp, then 
0 (Ps # , Hlog ps 4 (log pr log SEP, 


ar<€ (gies Mone ns 17 + 


bb (log aye oe -..(88) 
lo, logp, _ (log p, log log a 
log Aflog py y—1 Og H , MIR P. 8 Pi log tog P 
ar 2(2 17 1404 i + flog nye ie 
Now let us suppose that 
108 Pa 
lop are / es ie): 
Then we can choose y so that 
e log lo 
= 0 {06% 4/(“oen dy 
log log 7 
pe #o {log JM OE We 
Now it is clear that log u = O (log log p,), and so 
log 9 (“= log P\ o {vier log gbep 
H ps log 
and HlegP _ 9 es prlog lee} 
(log 2)° log 
From this and (88) it follows that, if 
log ~ 
log a #¢ on) (icp a) ; 
then aA< (gies Moga. -1y7+ 0 jvce eer loge log a, 
O) 
Eng ng RL Ee (89) 


an > (QENMEP 1-114 O pacer: log log a 
Fi loga 


Now we shall divide the primes from 2 to p, into five ranges thus 


2 


Pr 
pyt ele (tp) o{.(e 2) e{e (plop) 
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We shall use the inequalities (89) to specify the behaviour of a, in ranges 
I and IT, and the formula (85) in ranges IV and V. Range JII we shall 
deal with differently, by a different choice of » in the inequalities (88). 
We can easily see that each result in the following sections gives the most 
information in its particular range. 


18. Range I: log A# O +/(log p, log log p,)*. 
Let A = [(2e 8": _ 1-9), 
and let (QRO8ANCE Ps 1-1 gy, 
where —4 <«,< 4, be an integer, so that 
(QOBNIOB MY \mt ee ADL eh ceeccstsecscsseeeens (90) 

when « >0, and ( DOEMOERS NEMS A = aye Us Rtbeaeles tenn (91) 
when e, <0. By our supposition we have 

(log p, log log p,) _ 

raan eee OCD) wiueass uehesa teeta (92) 


First let us consider the case in which 


V (log p, log log p,) 
ea#O { log ar % 


(log p, log log p,) 
so that cee eee SOCeD se cakesheussevteusc vies (98) 


It follows from (89), (90), and (93) that, if e,> 0, then 


& <A+1— e+ 0(e), 
Ee MG ee (94) 


Since 0 < e, <4, and @ and A are integers, it follows from (94) that 
Ge Te a SAE cic or BANG (95) 
Hence =. 
Similarly from (89), (91), and (98) we see 
Bor sea) ae bh he tiae ihn: (97) 
Since —}<«, <0, it follows from (97) that the inequalities (95), and there- 
fore the equation (96), still hold. Hence (96) holds whenever 


V/(log p, log 1 H 
AKO { Apa ee ee) eae (98) 


* We can with a little trouble replace all equations of the type f= O(d) which occur 
by inequalities of the type |f|< Xp, with definite numerical constants. This would 
enable us to extend all the different ranges a little. For example, an equation true for 

log a # O J (log 21) 
would be replaced by an inequality true for logh > K./(log Pi), Where K is a definite 
constant, and similarly log A=o,/(log p,) would be replaced by log < EJQog py). 


ToD 
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In particular it holds whenever 


PG eee ee (99) 
Now let us consider the case in which 
(log p, log log Po 
aQ= of ies meee (100) 


so that ¢,=0(1), in virtue of (92). It follows from this and fo and (90) 


that, if «> 0, then 
a<A+1+0(1),} 


re oer j Mahila A eek (101) 
Hence a@.<Atl, a 2A; 
and so n= A Or NAL. ciecccecceteeeeeeeeeeene eee (102) 
Similarly from (89), (91), and (100), we see that, if e,< 0, then 
ea Sar aT ee (103) 
Hence asA, a zA—l; 
and so GSAS OP Nis eas ce onde daae crass acd ea (104) 


For example, let us suppose that it is required to find a, when > ~ pe. 
We have . 
(glee Mose: _ 1-1 2. (238 — 1)" +0 (1) = 11-048... +0(1). 
It is evident that A=11 and e,#0(1). Hence a, =11. 


19. The results in the previous section may be rewritten with slight 
modifications, in order that the transition of a, from one value to another 
may be more clearly expressed. Let 

log (1+1/2) 
Neepi t,. assadiianiadtese deers (105) 
and let +e;, where —}<«,<}, be an integer. Then the range of # which 
we are now considering is 


> log p, 
bud iA (pte) Shai tnccetiah x (106) 
and the results of the previous section may be stated as follows. If 
log log Pa x 
ct fn, / (SEE. Noses eeitthes (107) 
then DRS [Bl aiecer ess eeiscetes Seite aaies a's ontss (108) 
As a particular case of this we have 
aa=([a], 
when ¢,#0(1). But if 
Z log log py : 
= 0 {o, /(seoee at) See (109) 
- then when «, >0 @,=[#] or [e+ ie feat ah neers aces (110) 


and when ¢, <0 ape [elior [PSU sesaieivsiteened eoiees (110’) 
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20. Range II: log = O(log p, log log p,), 
log a, | 
xn Parery eabaaeands A 
log # on/ (ise log =) 


From (89) it follows that 


_ glee logy: 4 \~ M (log p; log log p:)} 
a= (2 1) +04 i nan Cane (111) 
logAflog m4 y-1 log p, 
ae S is =lepalegn to ) 
Hence ay log n= cet nae O Vlog pi log log py). ..seseee (112) 
As an example we may suppose ue 
dy ~ gil nd. 
Then from (112) it follows that 
= ep ANCE PY) + O/(log log p,). 
: log pi 
21. Range Ui: logy =O wal (iss eed: )| . 
log d # 0 (log p,). 


Let us suppose that =O (1) in (88). Then we see that 


log a: +00 +0 fee Blog py 


V(log p, log aaa | (118) 


Tog 2log® (log 2? log ® 
log wlog® ah lo 
or a logh= eet of B ; 5 +8 PEP + (log, log log po}. .. (114) 
Now 8 He O(log») =0 (ES), 
“e plog pr _ log p, 
logh 2 (Ee) ‘ 
(log p, log log gr) = O (iz By. 
= SPs 4 9 (lB: 
Hence a, log X= Tog 2 +0 (me ) Digu obags oss sale Retold (115) 
For example, when n ~ ele alt, 
log p,)* 
we have Oa = cee + 0 (log pt. 
22. Range IV: log = O(log n,)*, 


log » # 0 (log log p,). } 
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In this case it follows from (85) that 
aylogn= pee + ON log pr logr). .ceeeerereceees (116) 
As an example in this range, when we suppose that 
ee gioen:)* 
we obtain from (116) : 
_ (log ps) : 
a= Tog 2: +0 (log p,)". 


23. Range V: log A= O (log log p,). 
From (85) it follows that 
ay log n= el + O(log p, log log p)).  -seeeeeeeee (117) 


For example, we may suppose that 
us gf fog toss) 


___lbogp, 
Then * jog. (log Toxp, yt 0 /(ogp,). 
24, Let »’ be the prime next below A, so that X <d—1. Then it follows 
from (68) that 
{1 +ay) log x} — V{(1 + aa) log A} > — Vlog (AX). oe (118) 
Hence V{Ci + ay) log (A— 1} — V{(1 + aa) log A} > ~ 4/{2 log Ap. ...(119) 


B 1 LN 
ut log (1) <loga.— 5 <log (1- gyorg) 3 
and so (119) may be replaced by 


Wiajsuta)> we Ba 7. hee, (120) 
But from (54) we know that 
log p:] _ log p, log Pi 
T+avol+ [22] ee log 0’ > To ogy" 
From this and (120) it follows that 
Nee en cea Reka cen, ee (121) 


20 (log v)# 
Now let us suppose that »? (log A)? < $log p,. Then, from (12), we have 
ML + ay) —V(1 + an) > 0, 


or ORS Oyenisienteeeeets sa Seviedes ves Deeeweie (122) 
From (122) it follows that, if A? (log »)*< log p,, then 
Chg > Oy > Cy > Oy Doe POde crsecccncccsaneneees (123) 


In other words, in a large highly composite number 
ee ee 
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the indices comparatively near the beginning form a decreasing sequence in 
the strict sense which forbids equality. Later on groups of equal indices will 
in general occur. 

To sum up, we have obtained fairly accurate information about a, for 
all possible values of A. The range I is by far the most extensive, and 
throughout this range ¢, is known with an error never exceeding 1. The 
formule (86) hold throughout a range which includes all the remaining 
ranges II—V, and a considerable part of I as well, while we have obtained 
more precise formuls for each individual range II—V. 


25. Now let us cousider the nature of p,. It is evident that r cannot 
exceed ds; ie., 7 cannot exceed 


1 
ie >, + ON (log p, log log pi). sseeseceeeeeseeeee (124) 


From (55) it evidently follows that 


ap, log pr = O (log Pi Liseseealeuata ng sedans (125) 
ap, log p # 0 (log p.); } 


(1 +ap,) log p, = 0 eae . 
(Teeryicepsodoan | ae yah ee (126) 


But from (46) we know that 


p, log p, > 7 log p,., 
@ Lap iloe pe ne rate. (127) 
From (125)—(127) it follows that 
r log p, = O (og p,), 
rlog pe o(logp) fp comme (128) 
and ap, = a) (7), 
Op, #0 (1), en) 


26. Supposing that =p, in (81) and A= P, in (82), and remembering 
(128), we see that, if ry = 0 (log p,), then 


1 log p logu ru 
log (1 +— i ao 
og( + a) 2a Tog 2 ft + o( Re eae ditiete us (130) 
1 log P, logu mm 
and log (i sare a) < a,lor2 it +0 ( om +aea)} tee ioc (131) 


But, from (47), we have 
1 1 
log (1 + 5) <loe(t +ay ap): 
Also we know that 


I 
log P, = log p, + O (1) =log p, t +0 (cx) = log p, {1 + O(iarm) 
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Hence (131) may be replaced by 


log (1+ =) < aera) + Of Th tat) v belek BB2) 

From (180) and (132) it is evident that . 
1 log py { loge, TH yt 133 
log (1+ rare 140 (°8. tea )p (138) 


In a similar manner 


1 log p Pr { log B Th } 1384 
log (1+ p= ae flog? 1+0( eh ee) a ree (134) 

Now supposing that ry =o (log pm), \ 135 
ee Olen wy} coon (185) 


and dividing (134) by (133), we have 


{ 1 
ser ae (BH 4 ry ) 


T ry logp,/? 
log (1 + dp ? 
rl 1 {(282 (28H + / amt 
or Tae Be +a) Appt 5 
: (Pee No 
that is Te <a, == { + tate; og ait 
= ee Wo ), 
Hence dp, =ap, +1 + ; 7 logan) sda uedutse neue (136) 
in virtue of (129). But ap,<r—1, and so 
log fe, 
dpe or + 0(“ ‘ +e). fatatens (187) 
But we know that ay,>r. Hence it is clear that 
2 log w 
tar +0 ( lore Lchisloe fuels (138) 
From this and (136) it follows that 
7? 
me — 1+ 0 (ee Te csesseenes 
ap,=r—-1+ ( : tee) (139) 


provided that the conditions (185) are satisfied. 
Now let us suppose that r=o /(logp,). Then we can choose p such 
that ry = 0 (log p,) and 4 # 0(1). Consequently we have 


logy re 
“EE eo(l), i =o(1); 


and so it follows from (138) and (139) that 
at Od i) et re (140) 
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provided that r=o(logp,). From this it is clear that, if r=o/(logp,), 


then 
Dy > Pg > Pa Py Pee PD Dre veceereeneenecnne eens (141) 


In other words, in a large highly composite number 
242, 343 5%... m, 
the indices comparatively near the end form a sequence of the type 
we Dinan diicaGesie aie ke 
Near the beginning gaps in the indices will in general occur. 
; Again, let us suppose that r=o(logp,), * #0 V(logp,), and #=0(1) 
in (188) and (189). Then we see that 


ap, =7 +O (sep) 
=rt+0O (cen) 


provided that n=o(logp,) and r#o (logy). But when r #0(logp,), we 
shall use the general result, viz., 


Op, =O(1), Gp, #0(7), 
Pega a Sate Saas (148) 


which is true for all values of r except 1. 
27. It follows from (87) and (128) that 
ee z Pees 0 {98 Feces pr tallloaweleg logp. 
log G@ + =| 8 
Cp, 

log P, 1 A 
a > ed +0 PEELE Ey r+ J (log pi, loglog ph : 
log (0 * 1+ =) 


with the condition that ru =0(logp,). From this it can easily be shewn, by 
arguments similar to those used in the beginning of the previous section, 
that 


log p, log p, log p 8 & 
log +i) * bee? +0 (eee + +rp +/(log p, log log pf ..(145) 


provided that ru =o (log p,). 
Now let us suppose that r = 0 (log »,); then we can choose y such that 


1 
=o (722: » ##O(1). 
Consequently rz = 0 (log p,) and log » = 0(), and so 


J l 
ae =o (log p,). 
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From these relations and (145) it follows that, of r = 0 (log p,), then 
_logp,e | log mn, 
log(1+1/r) log 2’ 

that is to say that, if r = 0 (log p,), then 
log p, log pe log ps logP, (147) 


log 2 ~ log(1 +§) ~ log(1+$) ~~ log +1/r)’ 
Again let us suppose that r= 0 v(logp, log log p,) in (145). Then it is 
possible to choose » such that 


re= O vlog ps log Baa drat cstencaMatys (148) 
ru ¢ 0 (log p, log log p,). i 
Tt is evident that log w= O (log log p,), and so 


log POR 9 (!6 BIOEIOE) «0 yg plo og 


Th q 
in virtue of (148). Hence 
logp, — _ log 
fog(1 + 1)r) * log? + OV(logp, loglogp;), os... (149) 
provided that . r=O0 V(ogy log log p,). 


Now let us suppose that r = 0 (log p,), 7 # 0 (log p, log log p,), and p= 0(4), 
in (145). Then it is evident that 


log p, =O(7"), (log p, log log p,) = O (r), 


aa log m lg #9 (28) _ or 

Tp r 

logp, ___ logp, 
Hence we see that fog +1/¥) ~ Tog 2 HOG) isi devoxrtiedasaneea (150) 
if r=o(logp,), r xo (ogp, log log p,). 


But, if 7 #0(log p,), we see from (128) that 


= MOS Pre 
log(1+1/r) O (log x), | 


log p, 
fog +1) #0 (log ps). | 
From (150) and (151) it follows that, if r ¢ 0 /(log p, log log p,), then 


logp, _ _ log pm, 
log(1+1/r) log 2 tO); 
and from (149) and (152) that, if r=o (log p,), then 


logp, log 
log(l+1j/r) log 2’ 
in agreement with (147). This result will, in general, fail for the largest 
possible values of r, which are of order log p,. 
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It must be remembered that all the results involving p, may be written 
in terms of N, since p, = O(log V) and p, #0(log WV), and consequently 
log p,=loglog N+ O(1).  ....cceecec esses eens (153) 
28. We shall now prove that successive highly composite numbers are 


asymptotically equivalent. Let m and n be any two positive integers which 
are prime to each other, such that 


log mn =o (log p,)=o(loglog WV); .....eeeeeee eed (154) 
and let a= CL ee (155) 
Then it is evident that F 

gman = 2213181 51, BIO! eceeeeeeeeeces (156) 
Hence 8 logy = 0 (log mn) = 0 (log p,) = 0(a,logr); ........4 (157) 
so that 8 = 0(a,). 
Now a(= w)= awy(1+ 7H) (1+ 73)..(2 rw s (158) 
3. i 

But, from (60), we know that ° 


da log X = ay log 2 + O /(log p, log 2). 
# 
Hence 1+ bs = 14 28% +0151 (PE) } 


1+a, ay log 2 jog 9, 
Sem oofk Jl) 
mesp EIR +o BLE / 02). 0 (08 
=exp {im i *+0 Be ee Ki (7 =) esas (159) 


It follows from (155), (156), (158), and (159) that 
a(@w) -acyexp pier 


a, log 2 
ole: |log 2 + |83| log 3 +... + 18g] log @ (pom Dt 
vee Geen) 


log (mjn) ( mn 
=d(N)e slog2 mean) 


=d(W) ects (een + Om TY cecssen (160) 


Putting m=n +1, we see that, if 
log n= 0 (log p,) = 0 (log log V), 
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I at nf Em 
then d i (a + A oe d(N)e stage (e(2 +o (tes n/t) 


joreuoetal (aeeen)} 
=d(w)(1+ ) loge iasecs 160) 


Now it is possible to choose x such that 
n (log n)i #0 (log log N), 


] 
and 14 Ofntogn/ (By) }> 95 
I 
that is to say d [ar(1 + *t Gi Selina (162) 


From this and (29) it follows that, if N is a highly composite number, then the 
next highly composite number ts of the form 


W (log loglog 1) 
N+0 aeons \. epeanens tte (168) 


Hence the ratio of two consecutive highly composite numbers tends to unity. 
Tt follows from (163) that the number of highly composite numbers not 
exceeding z is not of the form 
{leg a J (log ara 
{ (log log log x)# 
29. Now let us consider the nature of d() for highly composite values 
of NV. From (44) we see that 
A(N) = Qt (Pu-= ied , 3 (Pel—wipd) 4 to" Pd, (Ltda). ...(164) 
From this it follows that 


(WN) = 2%, 8, 5 cece cee ewes (165) 
where is the largest prime not exceeding 1+a,; and 
Cn = 7 (Pra) + OCD) cesscccssscceccesceeneee (166) 


Tt also follows that, if @,, @, @s.,...,@a are a given set of primes, then a 
number @ can be found such that the equation 

a (N) =. oft. o8s..., o,Pu... @aba 
is impossible if WV is a highly composite number and @,>j. We may 
state this roughly by saying that as N (a highly composite number) tends 
to infinity, then, not merely in N itself, but also in @(N), the number of 
prime factors, as well as the indices, must tend to infinity. In particular 
such an equation as : 
O(N) ei. eh Sui uth ater (167) 
where & is fixed, becomes impossible when m exceeds a certain limit depend- 
ing on k. 


Sees SALe iy LGA 
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Tt is easily seen from (153), (164), and (165) that 
w= 0(a,)= 0 (logp,) = 0 (log log N) = O {log logd(N)}, } ...(168)* 
w #0 (a,)= 0 (log p,) = 0 (log log N) = o {log log d()}. 
Tt follows from (147) that if X= 0 (log p,) then 
loge, _—logas dogs log 
log(1~4) log(1—3) log(l~$) “ log(1~1/a)’ 
Similarly, from (149), it follows that if 4 = 0 ,/(log p, log log ,) then 


log(itaa) _— logp, 
log (1-1)X) "log 2 + On (log p, log log py). vee. cee (170) 


...(169) 


Again, from (152), we see that if ’ #0 (log p, log log p,) then 


log(+a) log», 
ig sip lend CON asia (171) 


In the left-hand side we cannot write a, instead of 1+a,, as a may be zero 
for a few values of 2. 


From (165) and (170) we can shew that 
log d(NV) =a, log 2+ O (a,), a a log 2 +0 (4); 
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and so logd (NV) =a, log 2 pelt gah 2 
But from (163) we see that 

log log d(N) = log p, + 0 Ree log p,). 
From this and (172) it follows that 


log 3 BE Lg (oes. log d (NY 
a, log 2= log d (N) — {log d (N)} "8? loglog@@) 4.173) 


30. Now we shall consider the order of dd(N) for highly composite 
values of V. It follows from (165) that 
log dd (N) =log (1 + @)+log (1 +a;)+...+ log (1 +4). ...(174) 
Now let a, ’’, X”, ... be consecutive primes in ascending order, and let 
X= 0 vlog m log log p,), 
r~# o (log p, log log »,). 
Then, from (174), we have 
logdd(N)= log(1+a) +log(1+a,) +... +log(1 +a) 
+log (1 +a) + log(l+ay)+...+log(1+ aq). ...(175) 
%* More precisely @~a2. But this involves the assumption that two consecutive 
primes are asymptotically equivalent. This follows at once from the prime number 
theorem. It appears probable that such a result cannot really be as deep as the prime 


number theorem, but nobody has succeeded up to now in proving it by elementary 
reasoning. 
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But, from (170), we have 
log (1 + a) + log (1 + a3)+... + log (1 +a) 


2 eae Pog fa- ya-pa-p..(a- 5} 
+0 ee log log p.) log {a -H(-).. (0 z i} ; 
es ye (176) 


It can be shewn, without assuming the prime number theorem*, that 
1 1 
a a ~ij(1-4 ah ee eee 
log {a 4(1-H (1-4)... Qa at log logp+y+0O (Cs ) ; 
where y is the Eulerian constant. Hence 


log (1-3) =) Sid (1~ 3)} =0 dog log p). 


From this and (176) it follows that 
log (1+ a) +log (1 +a)+... + log (1+ a) 


; = ~ (EB bog {a-HA-H...(1- i 
+ O {/(log py log log p,) log log 4} 
=~ HEB oe {a-Ya-H..(1-Z} 
+ O [,/(log py log log p,) log log log py}. see esses (178) 


Again, from (152), we see that 
log (1 ay’) + log (1 + aan) +... + log (1 + Gey) 


= eel °8 0: <3 ZQ- xn) (2 = =) 
+04n log (.- >) +2" log (1 - <7) +...+4a@log (a- =) 
=~ (EB og ¢ e 3) (1- =) ..(1- I) + Ole(s)—)} 
es — ea og 0: a =) ( Z =) - (1 2 5) +0 (opEes): -...(179) 
From (175), (178), and (179) it follows that 
log dd (7) =— we log {a ee ater ae (a > 5) 
+ 0 {/(log p, log log p,) log log log p.} 


— EB og {(1- 3) (1- 3)--(1- 2} + 0 (EL) 


* See Landau, Handbuch, p. 139. 
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ae ee og cr fa- Had -4) (t= 1)} + 0( ehh) 


log py! : 1\ log p._\ 
~ og 2 (198 ga +y+0 (=) +0(ce log p,/ 

loy Os Pr \ _log Pr. 
= gee g los loglog p, +y +0 (a jog =f +0 ie Eee) 


re ae 
Mies jleg log log log iy G (rates log w) : 


RAP hee 
in virtue of (177), (168), and (163). Be, if N-is a highly composite 
number, then 


=i Pr ke aa 
dd (M) = (log N yee2 ipo +1+ Occitan) (181) 
ae 


31. It may be interesting, #é note that, as far as the table is constructed, 
DDR OE ON 8 BNO ee 822M). B25 Fe 5 D8, 
7.2% 7.28... 7.29, 9, 9.2, 9.9% 2, 9.2" 
and so on, occur, aa ¥ flues of d (VY). But we know from §29 that k.2™ 
cannot be the vhlne of d(N) for sufficiently large values of m; and so 
numbers of the form /:.2” which occur as the value of d4N) in the table 
must disappear sooner or later when the table is extended. 

Thus numbers of the form 5.2” have begun to disappear in the table 
itself The powers of 2 disappear at any rate from 2 onwards. The least 
number having 2% divisors is 

2.3?.57.7.11.18... 41.43, 
while the smaller number, viz., 
22,34, 5°,77. 11.18... 41 
has a larger number of divisors, viz, 135.2%. The numbers of the form 
7.2" disappear at least from 7.2" onwards. The least number having 7.2" 
divisors is 
26, 3?.53.7.11.13... 81.87, 
while the smaller number; viz. 
2, 34.5°.7°.11.13... 31 
has a larger number of divisors, viz. 225.2% 


Iv 
Superior Highly Composite Numbers 


82. A number V may be said to be a superior highly composite number 
if there is a positive number ¢ such that 
a (WV N) a(n’) 
ae > Try sadeelagels pate hate 
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for all values of V’ less than WV, and 
dW), 4(W") 
Ne" (N's 
for all values of N’ greater than WN. 
All superior highly composite numbers are also highly composite. For, 
if N’ < NY, it follows from (182) that 


d(¥) >a (N’) (jr) >a (W’); 


and so N is highly composite. 


33. Now let us consider what must be the nature of NV in order that it 
should be a superior highly composite number. In the first place it must be 


of the form 
248, 309, 5% 9, cccsescssecsesnsesesceecees (184) 
or of the form 2.3.5.7 0 pr 
x 2.8.5.7 ...p, 
x 2.3.5... Ds 
. Michi! 
i.e. it must satisfy the conditions for a highly composite number. Now let 
N'= N/A, 
where X<p,. Then from (182) it follows that 
pen Le eee 
AeA ela? 
1 
or aK ( fe x) & saniitdet Guam (185) 
Again let N’ = Nn. 
Then, from (183), we see that 
TE Oi BEE, : 
Heer Death? 
or a> e eS Ka) asa tetnieelentci® (186) 
Now supposing that 4 ==, in (185) and >= P, in (186), we obtain 
log 2 
ie << nee ee ne (187) 
Now let us suppose that «= 1/x. Then, from (187), we have 
Pre QOS Py cccseseccsvsevecnaeesvennes (188) 


That is, p, is the largest prime not exceeding 2%. Jt follows from (185) that 
Ae eT” Se en es (189) 
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Similarly, from (186), CE SASS She thee deiae (190) 
From (189) and (190) it is clear that 
(= fAR SLT. | dicsinawiegetedias (191) 


Hence ¥ is of the form 
qe) BEET SECM cette (192) 


where p, is the largest prime not exceeding 2%. 


34. Now let us suppose that A =p, in (189). Then 
tty, (pA — 1). 
But we know that <p, Hence 
t < (pi —1y, 


we Pr Q a lees eRe: (193) 


Similarly by supposing that X= P, in (190), we see that 
ap, > (Pe —1)-1. 
But we know that r—1l>ap,. Hence 
r>(Pe*-1p, : 


or P,> Qa is a Lh ee eT Ore (194) 


From (193) and (194) it is clear that p, is the largest prime nut exceeding 
(1+1/r)%, Hence W is of the form 


QeDeaed cies Dp 
X2.3.5.7 0. 
X2.8.5 0.005 
Mn 5 eset am eta sorters Aaah BS (195) 


where », is the largest prime not greater than 2*, p, is the largest prime 
not greater than ($)*, and so on. In other words JW is of the form 

A+ 3G TSH +... 
and d (WV) is of the form 

ar) ay (gy GP cc eceneeeee (197) 
Thus to every value of # not less than 1 corresponds one, and only one, 
value of NY. 


Ce) i) 
Nie * (A ya? 
for all values of V’, it follows from (196) and (197) that 
gr (2) (a)* (2)* (gyro 
elliz)® 27) o(l/a)8 (8? ees QF ae 


35. Since 


d(N)< Nye 
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for all values of N and 2; and d(W) is equal to the right-hand side when 


Ne POPS eee (199) 
Thus, for example, putting «= 2, 3, 4 in (198), we obtain 
d(N)< /(3N), 
d(N)<8(BN/B5), 0 P cseeeeetetteteeee es (200) 
d(N) < 96 (3.N/30050)}, 


for all values of V; and d(N)=./(8N) when W = 2?.3; d(N) =8 (8/35) 
when V =2°. 32.5.7; d(.N) = 96 (8N/50050)' when 
N =2).3°,5°.7.11.13. 


36. M and N are consecutive superior highly composite numbers if 
there are no superior highly composite numbers between M and N. 


From (195) and (196) it is easily seen that, if MW and NV are any two 
superior highly composite numbers, and if Jf >N, then M is a multiple 
of NV; and also that, if M and WV are two consecutive superior highly com- 
posite numbers, and if Mf >, then Jf/N is a prime number. From this it 
follows that consecutive superior highly composite numbers are of the form 


Ty, Ty Ma, Wy Watgy Ty We yy, von y cece eenenees (201) 


where 7, 7, 7, --. are primes. In order to determine 7, az, ..., we 
proceed as follows. Let 2,’ be the smallest value of # such that [2°] is 
prime, 2,’ the smallest value of « such that [($)] is prime, and so on; and 


let 2, %, ... be the numbers 2, ay, ... arranged in order of magnitude. 
Then 7, is the prime corresponding to a, and 
Nom arp Fee ns cee Wins Sianciwancd vay ah eatnedaee (202) 


if ty <@< ayo). 


37. From the preceding results we see that the number of superior 
highly composite numbers not exceeding 


GSE Ge ee MEUM Std (208) 
is om (2%) + (b+ 7 (+... 
In other words if x, ¢@ < 24, then 
te Cad oa C2 ee oC.) ae (204) 


It follows from (192) and (202) that, of the primes 7, 72, 73, ..., Tn, the 
number of primes which are equal to a given prime @ is equal to 


erg ea ee nem te WE (205) 
Further, the greatest of the primes 7, 72, ™,..., 7 is the largest prime 
not greater than 2%, and is asymptotically equivalent to the natural nth 
prime, in virtue of (204). 
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The following table gives the values of 7, and «, for the first 50 values 
af a, that is till, reaches very nearly 7. 


= 
a, =5 m= —2— = 23219... 


2p 
T; =2 a = ~S— = 24004... 


~ Tog) 

Tv, =7 = ies = 28073... 
log 2 ania 
log (D ~ fee 
log 2 
_ lees 
log 2 
log 2 
log (3) 
. lug 3 
* log @) 
_ logs 
log (3) 
log 17 
log 2 


=3'4594... 


=3°7004... 


=3°8017... 


= 3°8188 ... 


= 39693... 
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Te=3 


Ty, =31 


Ts = 83 


Ly = 


Xe = 


Log = 


ty = 


ry 
u 


log 3 


ine 789283 
es =49541... 
ee Beara: 
me = 52094... 
we es = 53575 
TS 54262 
ss _ = 55545 
wea pee 
ae = 57279 
8: * = 58826 
ine = 58849 
log 11 _ 5.9139 


we = 60256 
‘ey = 60660 
i 7 = 61497 
1 = = 61898 
ey = 63087 
ict a = 63259 
10883 _ 6.3750 
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ty = 89 wipe er = 64737... 
Ty=2 fy = ey = 65790... 
y= 97 te = ee = 65999... 
r_= 101 ay, = oe 66582... 
Ds ee srr = 66724... 
ees ee ~ Bey = oT4I4 - 
mya fig ep = 67641... 
ae: iS are =67681... 
y= 113 fq BS? = 68201 : 
gel? nee ea = 69875 ... 
a ie 60886 ... 


38. It follows from (17) and (198) that logd(N)< F(a), where 
ook e pi = [re (3 a (id) } 
Fe)= sev sit [) Tate Oats | ate t, 


tor all values of NV and # In order to obtain the best possible upper 
limit for logd (V7), we must choose 2 so as to make the right-hand side a 
minimum, 


The function #(«) is obviously continuous unless (1+1/r)*=p, where 
rigs a positive integer and p a prime. It is easily seen tu be continuous 
even then, and so continuous without exception. Also 


Hp) all +r Ll { f*¥ar(t) ()* ar (é) 
P(a)=~ Slog N- ZI Mats [ Pats ..| 
+4 fr (2*) log 2-+ Glog $+...) 
=a (Q)+9(8) +9 (G84 lg A cceececeeseeanes (207) 


unless (1+ 1/1)}*=~p, in virtue of (17). 
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Thus we see that F(x) is continuous, and F’ (x) exists and is continuous 
except at certain isolated peints. The sign of F'(«), where it exists, is 
that of 

3 (P49 G49 4+... logy, 

and S(WY4I(B+IG E+ 
is a monotonic function. Thus F’ (a) is first negative and then positive, 
changing sign once only, and so F(«) has a unique minimam. Thus £'(2) is 
a minimum when « is a function of V defined by the inequalities 

f< log W(y <a) ane 
oles (208) 
Now let D(X’) be a function of .V such that 


(4) 


D(N) = 27) gyre ay cece (209) 
where w is the function uf V defined by the Gianedities (208). Then, from 
(198), we see that 


(294347437 +... 


CMDS) (NY), eee lon ideo (210) 
for all values of W; and d(¥)=D(N) for all superior highly composite 
values of V. Hence D(i”) is the maximum order of d(¥). In other words, 
d(X) will attaincits maximum order when N is a superior highly composite 
number. 

N: 
Application to the Order of d(N). 
39. The most precise result known concerning the distribution of the 
prime numbers is that 
nN=Ta a WOK 
aC |r (211) 
S(e)= w +O (ae enone, 


where is 
wh La (w) = fe eet i 
and « is a positive constant. 


In order to find the maximum order of d(V) we have merely to deter- 
mine the order of D(A) from the cquations (208) and (209). Now, from 
(208), we have 

log V = (2%) + 0 (3)t =3 (2%) + 0 (2°); 


and so 3 (2%) =log N+ o (log NY; oo. eee (212) 
and similarly from (209) we have 
wr (32) = RP au A ilsg Mil che csces suis (218) 


It follows from (211)—(213) nee the maximum order of d (NV) is 
gPillogN)+0 og Ne @Mee 6] (214) 
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Tp does nor seem to be possible to obtain an upper limit for d (WV) notably 
more precise than (214) withont assuming results concerning the distribution 
of pritavs which depend on bitherty unproved pruperties of the Riemann 
&-funetion. 

40. We shall now assume that the “Riemann hypothesis” concerning 
the &fanction is true, ie, that all the complex roots of §(s) have their real 
pet equal to $. Then it is known that 


S(e)=a—va—- = o+ Ole), Heawiee te atnornc( D5) 


where p is a complex root of &(s), and that 
(we) = Live) — 4 Li(/e) — 2 Li (w") + O (23) 


=f eee. ye eel ned 1 oP ve | 
ry loge (logak luge ~ p — (log 2)? (log ay)’ 
ves ee(218) 
since Se is absolutely convergent when 4 >1. Also it is known that 
=O {fe (log ty hy cic ccceeseeceeeeneenes (217) 
and so $(e)— a= OfVa(log ay occa. © (ia Mah (218) 


From (215) and (216) it is clear that 


OY Tet tad eB ve 
a(c)=Li(e)+ bee *-R@+of } wees (219) 
me 
Qe oe 
Ver® re 
(log 2) 
But it fillows from Tuylor’s theorem and (218) that 


S(@)-—«# ‘, 
oa + O(loga), ............(221) 
and from (219) and (221) it follows that 


a (ee) = 129 (a) — R(«) + 0 acest besiemee (222) 


where Rw= 


Li (@) — Li(a)= 


41. It follows frum the functional equation satisfied by £(s), viz, 
(2ar)-* T (s) £ (s) cos dirs 46 (1-8), eee (223) 


that (l—s)a- TD (’ a) (* + vs) 


2 


18 an integral function of s whose apparent order is less than 1, and hence 
is equal to 


rasmups gat, 
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[where p runs through the complex roots of {(s) whose imaginary parts are 
positive]. From this we ean easily deduee that 


s(l+s) a7 Er P\ea+9= m(1+°), rey (224, 


[where p now runs through all the roots]. Subtracting 1 from buth sides, 
dividing the result by s, and then making s+ 0, we obtain 


S ; STE aloe an ees aibis lacs (225) 
where y is the Eulerian constant. Henee we see that 
ae 1 ge! <! 1 1 1 
ee en =a (=+7=-) 
pis ee ee p) p ip 
= 2032 = /a@-+9~log 4m, Aenvee (226) 


It fullows from (220) and (226) that 
(log 4ar — y) +/a ¢ R(x) log 2) < (4 + y—log 4r) ve. ...(22T) 
It can easily be verified that 
log 4er — y = 1:954, 


4 Lene Oig | Cer (228) 
approximately. 
42. Now R(a)= cco ao ; 
rh 8 = 
where @)= 2 


so that, considering & (2) as a funetion of a eontinuous variable, we have 
1 _ Ava+ 28 (a) 8’ (x) 

V2 (log x) a (log 2 (log a? 

S'(a) a { 1 } 

* Cog a ae Ja (log #)*)’ 

for all values of x for which S (a) possesses a differential eoefficient. 


R'(a)= 


Nowjthe derived series of S (a), viz., 
is law 
5-522, 
is uniformly eonvergent throughout any interval of positive -values of x 


whieh does not inelude any value of @ of the furm a=p™; and S(«) is 
eontinuous for all values of # It follows that 


S(@)-8(a)= [8 @)da, 


for all positive values of a and a, and that S(@) possesses a derivative 


S' (2) =8 (a), 
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whenever @ is not of the furm p”, Also 


Si 0 Es 
S(x)=0 Vegas 
Hence F J 
th 1 t 
(ae thy= Ro =\d=R(a eee 229 
Rie +h) Ree)+ | 0 (=) ai R(a) +0 (5) (229) 


48, Now log N= (2%) +9 (8) + 0 (4)* 
=3(2*)+ (9) + 0 (er G+ 0G)" 
=3 (24) +O" + 0 (2), 
Siniladly log D(W) = log 2. (2%) + log (8) L3G)" + 0 (252), 


Writing X for 27, we have 


log WV =9(X) + Xeeaoe2 4 OX"), i) (280) 
log D(N) = log 2. (X) + log (3) Li {Xio# 3. Aou2} + O (XT), | 
It follows shat log N= X + OLXor@hor2}; 
and so X =log VW +0 [log Wyle Dhow?) eee (281) 
Again, from (280) and (231), it follows that 
log V=9(X) + (og Wos@re2 + Olog NB; (282) 


and log D(N)=log2. w (X) + log (8) Li (log N)s@Mor? +. 0 (og Wy} 


=log2 {nis (X)-R(X)+0 Pesci 
+ log (3) Li {dog Nyes Pies} + O {dog WF}, oe (238) 
in virtue of (222). From (281) and (288) it evidently follows that 
log D (NV) = log2.. L23 (X) ~log 2. R(X) + log (3) Li {log Ns Gos 
, ( Mog) ) 
(leg log 4) 
= log 2. Li flug N— (log N jeeGyfor2 + O (lug Nyty 
— log 2. & {log NV + O (log N )!e(9) Moz 2 
+ log (3) Li {(log Noe S/les 2} 4 {degree pl tamntoeee (284) 
in virtue of (231) and (282). But 
Li {log N— (log N es Qilee? + O og W ye} 


4 log N)!os @ilog2 ((log A” )t# (log NW ) 2108 @) flog 2)—1 
= itop vy = ee {es | og N) 

mee at) log log NV log log WV (log log iV)? 
sad (log JV jos O)/los 2 = 
= Li (log ) = lool + 0 (log NV); 


and 
Rilog V + O (log N yes Witoe?} — R (log N) + O {(log 1) tos (@) fog 2-3} 
= B (log N) + OU (log Ny*, 
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in virtue of (229), Hence (234) may be replaced by 
log D (Ny = lug 2. La (log ¥) + log (8) La (log Wyos @ Now? 


9 (log, Doe fox? ( v(leg ¥)_ 235 
wg eV ~ 2- Rellog ¥) +07 ayetug Wy 235) 
That is to say the maximum order of d (1) is 
BRL ICON TOV 1 AO) eA Aad oa (236) 
f (log Aloe Callow 2 
where @(N)= ae Li {(lug H ye Q) foe 2} — ea vo R (log NV) 
{ v(og ) 
idlog log 5} ° 


This order is actually attained for an infinity of values of WV. 


44, Woe can now find the order of the number of superior highly com- 
posite numbers not exceeding a given number NV. Let N’ be the smallest 
superior highly composite number greater than ¥, and let 

Pee a Cd a A 
Then, from § 37, we know that 


: ON SN CUEN, ccuslecenaaes (237) 
su that W’= O(N log ”); and also that the number of superior highly com- 
pesite numbers not exceeding NV’ is 

n= (2*) +0 (3)* +7 ($F +... 
By arguments similar to those of the previous section we can shew that 
og HPO og 9 

~~ log log ¥ ee aa 

(_v(og ¥) } F 
O- iorlor ne oe (238) 
Tt is easy to see from § 37 that, if the largest superior highly composite 
number nut exceeding WV is 


n= Lt (log Y) + Lt (log Nyos Giftoz2 _ 


ee oe 
then the number of superior highly composite numbers not exceeding NW’ is 
the sum of all the indices, viz., 


flo + Gy + Ug +... + Ay. 


45, Proceeding as in §28, we can shew that, if N is a superior highly 
composite number, and m and 7 are any two positive integers such that [n is 
a divisor of V, and] 

log mn = 0 (log log ¥), 
| LEM \na ey eee CRE 
then fe \= d( seataiteinn aa (239) 


M4 


Highly Composite Nunbers 123 


From this we can easily shew that the next highly compusite number is 
of the turin CY (og log log )) 
Fe (yO wae au 28: Sach beside caus 240 
Bey log log i 740) 
Again. let S’ and J be any two consecutive superior highly composite 
numbers, and let 
Sa (DFS ES 
Then it fullows frum § 35 that 


d(X) <($)" PGS coach Snctaa hes nace) (241) 


for all values of V except § and S’. Now, if S be the ath superior highly 


composite number, so that 
bn Qe <Xaai, 


where .c, is the same as in § 36, we see that 
Var,, - 
d(N)< (2) BTS = cei mw selireadts (241°) 


for all values of V except S and 8’. If V is 8 or S$’, then the inequality 
becoines an equality. 

It follows from $36 that d(S)<2d(S8’) Hence, if N be highly com- 
posite and 8S’ < V < S, so that d(S’)< d(W) <d (5S), then 

dd (S)<d(N)< dS), d(S')<d(N¥) < 2d (8). 

From this it is easy to see that the order (236) is actually attained by 
diN), whenever V is a highly composite number. But it may also be 
attained when 1 is not a highly Songs number. For example, if 


N=(2.3.5...p,)x (2.3.5... po), 


where p, is the largest prime not greater than 2", and p, the largest prime 
nut greater than (})*, it is easily seen that d (JV) attains the order (236): 
and WV is not highly composite. 


VE 
Special Forms af N. 
46. In §33—38 we have indirectly solved the following problem: to 
find the relations which must hold between 2, 2, 2, -.. in order that 
De (ay) 3 (oa) (4y" ) 
may be a maximmm, when it is given that 
3 (a) + 3 (a) +3 (@) +... 
is a fixed number. The relations which we obtained are 


log 2 2 _ bog ® _ lee (D_ 
log 2, log, logs, 
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This suggests the following more general problem. If NV is an integer of 


the form 
Qt Steed Cr ted re cece ee en eee (242) 


where ¢. ¢, ¢), -.. ave any given positive integers, it is required to find the 
nature of V, that is to say the relations which hold between #,, 2%, #,..., 
when d (J) is of maximum order. From (242) we see that 
\ F eal oy (ta) ‘ 
14 o7%) Gorera cece eee( 242) 
l+¢ L+o tee 


aya +a ( 


If we define the “superior” numbers of the class (242) by the inequalities 
a() , d(W’) 
We 7 (Ne? 
for all values of NV’ less than WV, and 
dW) . d(N’) 
eee 0 
for all values of WV’ greater than V7, N and NV’ in the two inequalities being 
of the form (242), and proceed as in §33, we can shew that 
Lt oy boy a§ CEE) 
(1 + co, yr toten® Jes} i a +0 ace)" 


gitdad Morey zy Tey peg) 2124 
oO) 


d(W)e Nel , os(243) 
for all values of 2, and for all values of A’ of the form (242). From this we 
can shew, by arguments similar to those of §38, that N must be of the 
form 


i ote, afey, etertes tefeg: 
sirlarentlenreds (82%) }ran{(HSees) i 
and d(N) of the form 
Lhe reg tea Peter beyy ee 
(ite jr lazen me) (+2 tat ae ={( Cae aa") ue t+ loet ay" af(? i Aneee) } 
a 1l+q l+at+e 
From (244) and (244’) we can find the maximum order of d (1), as in § 43. 


47. We shall now consider the order of d(N) for some special forms 
of ¥. The simplest case is that in which J is of the form 


2.8.5.7...p3 
so that log N=3(p), 
and d(N) = 27, 


It is easy to shew that 


(log N) 
Li (log N)- Rdog N)+O 
d(N)=2 {aories iE, Aa eee (245) 


In this case d(V) is exactly a power of 2, and this anivally suggests the 
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question: what is the maximum order of d(N) when d(N) is exactly a 
power of 27 

It is evident that, if d(N) is a power of 2, the indices of the prime 
divisors of N cannot be any other numbers except 1, 3, 7, 15,31, ...; and 
so in order that d(.’) should be of maximum order, V must be of the form 


g> ledt2) (ay t45 (ata) 8% (ata) + .. ; 


and d(N) of the form QF beat te (os) te last Poe, 


It follows from §46 that, in order that d(4) should be of maximum order, 
J inust be of the forin 


POD dep bB ob ase BP (246) 
and d(X) of the form Qe talte ante atm a, (247) 
Hence the maximum order of d (VV) can easily be shewn tu be 
+ $Qog ¥) i gs NV) 
ggbillng = aioe Wy RENCE AT (248) 


It is easily seen froin (246) that the least number having 2” divisors is 
2.3.4.5.7.9.11.13.16.17.19.23.25.29... to n factors, ...(249) 


where 2, 3, 4, 5,7,... are the natural primes, their squares, fourth powers, 
and so on, arranged according to order of magnitude. 


48. We have seen that the last indices of the prime divisors of V must 
be 1, if d(N) is of maximum order. Now we shall consider the maximum 
order of d(V) when the indices of the prime divisors of NV are never less 
than an integer x. In the first place, in order that d(N) should be of 
maximum order, V must be of the form 

er edt (ea) +3 (ast... 


‘and d (.Y) of the form 


(1 + nyre G 


(2+ a\F (2) (3 4 n\F la 
pale ae) 


It follows from § 46 that ’ must be of the form 


erriasmrltnes {T75)"} +9 { (52) fe. (250) 
ene e ee anees [3] 
and d(N) of the form 
raf2t Q-bny % of (BER 
(+ nyttiita (G ay wt Irn) (34m) tees) ‘an i ...(251) 


Then, by arguments similar to those of §48, we can shew that the maximum 
order of d (iV) is 
(1) FAG 10 FI ees (252) 


126 Highly Composite Numbers 


Aun ry. flog(@a+2) slp. ied ii 2 ent ‘| 
where OO) = {eG e) ee Gls ® HE 


Ay. inet n 
5) ul log Girl 
Gee (Flug) +0; peclon A) 
vO \n log log W)’) ° 
n log (+log 7) E (Ces ieg* gN yi 
If 1>3, it is easy to verify that 
2 ein +2) _ . 
"Tog (n+ 1) a 
and so (252) reduces to 
NY 
(+1) Liv(pu) log N}— Rtn) tog +0 {agTae NTS ore (253) 


provided that n>3. 


49. Let us next consider the maximum order of d(N) when W is a 
perfect nth power. In order that d(1) should be of maximum order, .V 


must be of the form 
gn (a) fd (a4) eS (223) + oe 


and d (2’) of the form 
(L+n)* 


ef le aS 1+ _ 
Vl4n G +2n sce 


It folluws from § 46 that V must be of the form 
germ (CE) Pee (254) 
and d (NV) of the form 


any wf (188) of (eS 
(L + nyrtoem™ (1t2ny te) } asm iia - ..(255) 


Hence we can shew that the maximum order of d (IV) is 


Pitre’) wQog¥) 
ae 1) {(0)n) log 1~ BfClfu) tog 14 OL og ioe NT, Sogn (256) 


provided that 2 > 1. 


50, Let 1(N) denote the least common multiple of the first NW natural 
numbers, Then it can easily be shewn that 


UA) = QMowNflos2) , 3 fox ¥fiogs}, 5 MoeNBS mL. (257) 


where p is the largest prime not greater than NV. From this we can shew 
that 
EM) = cP OSES DSM, (258) 
and so {2H )} = 22) (gyre) gyeah 
From (258) and (259) we can shew that, if Nis of the form J (M), then 
DCN 2 PRUCE NY ERO eae cos ce htin soleus (260) 
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where 


log (9) /(log ¥) blog (8) v (log V) oy not f (log J’) } 
= lee nets : Jug2 (log log VP Ral eA )+0 {(log log)’ & 


Is folluws from (258) that 


o(¥) 


1 (VY) =evtd WN (log) ; 


and froin (259) that = (U(.N))} = 24 O40 CN08 ND, 
51. Finally, we shall consider the number of divisors of V!. It is easily 


seen that 
De (263) 


where p is the largest prime not greater than V, and 


AY ¥ NX 
om [¥] +[E]+[E]+-— 
It is evident that the primes greater than $V and not exceeding WV appear 
once in N!, the primes greater than }N and not exceeding 4 appear 
twice, and so on up to those greater than N/[V.V] and not exceeding 
NifvN]—1), appearing [/N]—1 times*. The indices of the smaller 
prinies cannut be specified so simply. Hence it is clear that 


: x 
Wier” yer aN)49 Ut Wt8 (Gea) 22, Be 5a. ater, (264) 


4 


where w is the largest prime not greater than VV, and 
N N NV 
a—-1l+[VN]= [F| ov [#| a [F | ages 


From (264) we see that 
d (N 1) = 220) (3) (GF. ty [VN] —1 factors 
= 2 3 
x @O toe (tay) + log (l+a,)+ .. tlog (Itagy)} 
= 270V) (8) 719) (4) |) to [NV] —1 factors 
x @? iw lox ra.) 
az QLiUN) (a) e") (fy) .. tu [V/V] factors 


Se OUI I rN tees Sass ct nt Bela oa (265) 
—_ ape Vv NV 
-— BO gH {aig pl’ 
eT fr 
we see that LN 1) CMeN BN eee ee (266) 
where CH=(141P (144 (14+4ph (1 +47... 
From this we can easily deduce that, if V is of the form M1, then 
log V 2 log Vlog log log ¥ __ log Vv % 
d (AV) = Cog log yyt (loge log 4°}% {log lag xy Steaua (267) 


where C is the same constant as in (266). 


* Strictly speaking, this is true only when V2 4, 
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52. It is interesting in this connection to shew how, by considering 
numbers of certain special forms, we can obtain lower limits for the maxi- 
mum orders of the iterated functions dd (x) and ddd(n). By supposing that . 


N=27, 81... pes, 


#(2 08 0) 


we can shew that dd (n) > 485% 


for an infinity of values of n. By supposing that 
N= 2% 383 |, prem, 


: _|logp 
where iS fe EI -1, 
we can shew that ddd (1) > (log 1)!6 les log log” 


for an infinity of values of n. 


16 
ON CERTAIN INFINITE SERIES 


(Messenger of Mathematics, XLV, 1916, 11—15) 


1. This paper is merely a continuation of the paper on “Some definite 
integrals” published in this Journal*. It deals with some series which 
resemble those definite integrals uot merely in form but in many other 
respects. In each case there is a functional relation. In the case of the 
integrals there are special values of a parameter for which the integrals may 
be evaluated in finite terms. In the case of the series the corresponding 
results involve elliptic functions. 


2. It can be shewn, by the theory of residues, that if a and @ are real 
and a8 =}, then 


a 3a 5a 
(a+tyeosha (Yat t) cosh 3a 3 (25a+t)cosh5a 
8 38 58 
* (g@=DeoshB WS —z cosh3e * W5G—Hcosh5e 
Tw 
FCO eee (1) 
Now let 
mt ( aes Baers Saerine a } 
cs (cosh a cosh 3a cosh5a gecile 


{ Be~8 3 Bein’ 5 Bi e~28ing ) 
~ jeosh 8B cosh 38 Foal aa Pt (2) 


Then we see that, if ¢ is positive, 


[oe F(n)dn= 
Jo 


mt 


4 cosh {(1 —2) y(at)} cosh {1 +2) VAD} (3) 


in virtue of (1). Again, let 


fy=—ge/(Z)S5(-1) fu $8) va 9 V8} 


x ermine Bi (y= 1, 8,5, 0 V1, 8 By oede veeeee(4) 
Then it is easy to shew that 
ca ae a = wi at . 
i om f(a) dn = Fh = 4) Wad)yeosh (14a) yep) 7) 


Hence, by a theorem due to Lerch, we obtain 


RG Gene ae eat bn ad (6) 


* (No. 11 of this volume (pp. 53 —58); see also No. 12 (pp. 598—67).] 
+ See Mr Hardy's note at the end of my previous paper [Messenger of Mathematics, 
XLIY, pp. 18—21. See also Appendix, p. 338.] 
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for all positive values of n, provided that a@=j% In particular, when 
a= B=tq, we have 


singan  3sin gan 


5sin 48 3n 


coshda  cosh$r | cosh gar a 

J T (pw? — v*) 

=— — SE (1) et) gota fn # )-c08 = 25 

dn s/n BED . [ vy) . Br 
oven TH) 
+(u— v) sin —S ] 
Guede FB) FORTS. By). ed. (7) 
for all positive values of . As particular cases of (7), we have 
sin($m/a) 3 sin Gra) 5 sin 2fia/a) _ 

cosh 42 cosh ga cosh jar 


1 


5 ) 
higa coshfra  cosh8ca °" 
Jon = wf ~ 25. ~ Si 
=ta Va(e7 te"? ¢ Teg 18 eg 


é 
=lavu ( 
ae cos 


troy, .(8) 
if @ is a positive even integer; and 
sin(gr/a)  3sin($ar/a) | 5sin Gera) | 
coshed ar cosh $2 cosh Sar aa 
sig va( 1 3 5 


sinh $ara * Sah ara * Sah bra fy ) 
=ha va(e ti ae vert y pHa ow dima yg) 
if a is a positive odd integer; and so on*. 


3. It is also easy to shew that if a8 = 7, then 


{ be 2a 3a s 
(at+t)sinha (40+) sinh 2a ‘i (9a +2)sinh 3a 7" 


x te ec 28 aie 38 See } 
(8-t)snhB (48—t)sinh2@ ° (98—-t)sinh38 °" 
1 T 
== Den aaa ee (10) 
From this we can deduce, as in the previous section, that if «@ = 7°, then 
aera Qaesine Baeiina 
sinha sinh 2a" sinh3a °" 


‘ Be nS 9 Bi gain 3 fot ging 
sinh 8 sinh2@" snh3B 
1 J] T 
=i ke t/ (5) 
* BE {u(L—t) ofa tv (1 +1) VB} entre tetatiotayien 


(#=1, 3, 5, 2.05 v=1 8, 5), (11) 
* {Formule (9), (14), and (19) are incorrect; see Appendix, p. 339.] 
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tor all positive values of 2. If, in particular, we put a =8 =7, we obtain 


1 cosan . 2eosdrn 30s 977 | 


a a i iS cee ee ee i 
do sinhaw sinh 2a sinh 37 


ey 


1 Saal: or (wb v*) » (py? — 2*)) 

— . SS ec seve J = 
avian) 4 ae pe) COS es +(u—y)sin See ead 
(w=, 3, 5, ...; v=1, 3, 5,...) woven (12) 


for all positive values of xn. Thus, for example, we have 


1 cos(2a’a) 2eos(Sr’a)  Acos(189r'n) 
de sinh + sinh 27 sinh 37 


= 40 u( 3 2 


% 
: += + + ) 
sinhtwa sinhfavu sinh iva 


- Wh ol =25 — 2 
Hhada(e tr ge dems er timas p-itmas ye (18) 
if a is a positive even integer; and 


1 _cos(2m/a) , 2cos(8a/a) 3 cos (18r/a) a 


dy sinha =~ sinh 2 sinh 37 
I 3 5 
=ta vel - + —— 
cosh tara cosh $rru ° cosh 37a ‘ 
— Fee» = | = 
sta va(e7 eT — ere _ ge tira y gotta Py 1d) 


if w is a positive odd integer. 


4. In a similar manner we can shew that, if a@ = 7°, then 
aeine Iaesina Baerin« 
ce 
e—1 et] " ga] 
tee 2 sind a ind 
Be Be 3Be i 


‘ea eee 
% gpm inare r° enh? 

a ous. * wt 

a Fe +2, wary A 


1 a \HE 2 VE? , . : 
+ J) x oF {uw (1~2) Ja ty (1 +4) /Bperermenintativtayn (15) 


R aes 
for all positive values of mn. Putting a= 8 = 7 in (15) we see that, if n>0 
then 


1 cos7n 2cos4tern 3cos9arn 
at at aely ot ely 


* ¥ C08 ne? 1 Be! ie 
“|, e=al “tam 2 te 
go Ee shy (2n) B=1 v=1 
x vos STEN yy gin (HY 
[iu y) cos ie ae +(u~v)sin eae (16) 


*T shewed in ray former paper [No. 12 of the present volume] that this integral can 
be calculated in finite terms whenever xa is a rational multiple of x. 
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As particular cases of (16) we have 


1 cos (w/a) | 2s = B cos (Qm/a) 
Bat e7-1 = e"—1 
9 
=| Reoetne ie) ast i = é 
0 


+ aly + gma] +.. : ..(17) 
if @ is a positive even integer ; 


1 a3 cos (3 ‘a) 2 2 sania) 4 3.cos (9a/a) 
8r et — 1 =] 1 


* poos(awatla 1 2 3 
Ef ree ade) ante Abs 


Port a), (18) 
if a is a positive odd integer; and 


a7 
1 cos (2r/a) | 2cos(8r/a)  3cos (18r/a) | 
8r °F —1 ai eral 
_ [* ecos(2ret/a) ( 1 ade), 5 ) 
=| a ae da+} pala aap arent eR 2 »-(19) 


if @ is a positive odd integer. 


It may be interesting to note that different functions dealt with in this 


paper have the Same asymptotic expansion for small values of x. For example, 
the two different functions 


1 cosn  2cos4n 3.cos9n Ea 
8x e*™—-1° em—1 °° m1 
f° 2cos na? 
and | Nera da 
have the same asymptotic expansion, viz. 
1 ve nt ns 
a oe a abe * 
24 ~ 1008 + 5336 T7580 tet cette (20) 


* This series (in spite of the appearance of the first few terms) diverges for all values 
of 2 
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SOME FORMUL.E IN THE ANALYTIC THEORY 
OF NUMBERS* 


Messenger of Mathemetica, XLV, 1916, 81—84) 


I have found the following formule incidentally in the course of other 
investigations. None of them seem to be of particular importance, nor does 
their proof involve the use of any new ideas, but some of them are so curious 
that they seem to be worth printing. I denote by d(#) the number of 
divisors of #, if x is an integer, and zero otherwise, and by ¢(s) the Riemann 
Zeta-function. 


aG SBT Ie +2 +P @)+... pane ais Q) 
9 (8) = 1]-*d Rms Je (Q 8 fs (5 9 
a Fas TIED — B78 FEB) oy ee (2) 

where n(s) #1 — 3-*§ + 5-7-7 4.0... 


(B) (1) + 02(2) 4+ (3) +... +n) 
= An (log 2)° + Bn see +Cnlogn+Dn+0 ot t,.. (3) 
1 _ y-38 8 e 
aie é’(2), 


where A=—, B 

on 
+ is Euler’s constant, 0, .D more complicated ee and ¢ any positive 
number. 


(C) a (7 +a (5) +a(5)+ = {a(@)+a()+a(§)+ ee i 


3 Od Cay = CANO (oye insoles cose (5) 
where (s) is absolutely convergent for . (s) >, and in particular 
Bees | 
3 camo {o" log G= =) VIE(S)E B (8). vesseseseees (6) 
1 1 1 1 
(D) dt d@ta@t tig 
es A, A, A, 1 
ote tae as f a nyt "i + Usgayet Ho (log nef orth) 
where A, =i =O ve" p) log Gs i} 


and Ag, A, ... 4, are more hn ane constants. 
* [See Appendix, p. 339.] 
+ If we assume the Riemann hypothesis, the error term here is of the form 0 (nity, 
; + Mr Hardy has pointed out to me that this formula has been given already by 
Liouville, Journal de Mathématiques, Ser. 2, Vol. 11 (1857), p. 393. 
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More generally 
ALU) +0(2) 443) +... +0) 
=n (A, (log nyt + Ag (log nj’? +... + Aa} +O (nit), ...(8) 
if 2* is an integer, and 
ds(1) + d*(2) + d*(3) +... + &(n) 


4 ie 3 1 
=n {4s (log nj8- + Ae (log ny? +“ +0 ae spall: .(9) 


* dogny * 
if 2° is not an integer, the 4's being constants. 
(E) DCL) d (2) d (3)... En) = 2" BIOETH ee (10) 
where C=ayt+ 5 {logs (a + *) -3 (2-7 + 38-" + BY +...) 


Here 2, 3, 5, ... are ae primes and 


on) yl 4 ae Ks 
n = + ga as as (og Ae ae 
(r= - 1 
cae (y Pome Sai eG ties wre] 3 
where Cl +s)=tty— ms tons 1st 


: 1 no ao 5 
or rly, = Lint {(log 1th (log 2yr +... + 2 (log v)" — cay (log rh. 


®) di (we) = Su (n) d (= *) d (2) =p (8)d (=) d Gj). ee (11) 


where 8 is a common Rein of u and »v, and 


Cae 
Oa 

(G) If Dy (ny =d (0) +d (Qv) +... + d (nv), 
we have Dy (n) = %p (8) d (5) D, (5) Qu Hetariaecahelwtas (12) 
where 8 is a divisor of v, and 

D,(n) = a(v)n (logn + 2y-1) +8 (e) n+ A,(m), -..- (13) 

: $20. Bis) SAM __ Oye (+s) 
he “dey Por" pasty)” 
and A, (n) = 0 (nt log n)f. 

(A) d(@v+e)+d(Qv+e)td(B0+e)+...4¢d(nvtec) 


= a, (v) n (log n + 2y — 1) + Be (v) MAde (2), ...14) 
$ (2) _£ (6) ele) 
1 v €(1+ 8) 
32) _ 8 ene) 4 (i+), o-8 rca 
E(s) " 6. +8) oa (el) 


where 


» e(l+s) 
* Assuming the Riemann hypothesis. 


+ It seems not unlikely that a,(z) is of the form O(a?**), Mr Hardy has recently 


shewn that 4, (2) is not of the form o {(n log ny'loglogn}. The same is true in this case 
also. 


ea] 
2a Dd * 2 Be lays 6 
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a,(n) being the sum of the sth powers of the divisors of » and ¢,'(n) the 
derivative of o,(«) with respect to s, and 
Aye (0) =O (1 lug n)*, 


(1) The fortula: (1) and (2) are special cases of 
Gis b(s— 1) (sb) S(s-a— db) 
€(Qs—a—b) 
= 17> oy (1) oy (1) + 278 oq (2) 64 (2) + 3-8 og (3) 05 (3) +005 (15) 
n(s)nis—a)y(s—b)n(s—u-— db) 
(1 — 278-44!) 6 (2s —a —b) 


= 1-8 o4(1) 65 (1) — 37 ¢ (8) 05 (8) + 5-8 a (5) oy (5) — .... -.(16) 
It is possible to find an approximate formula for the general sum 
Ga(1)} oy (1) + oa (2) oy (2) +0 + oq (N) OF (RD). reer (17) 


‘The general formula is complicated. The most interesting cases are a=0, 
b=0, when the formula is ue «@=0, b=1, when it is 


73 see) (log > 2c) ees ei dhaagdonadseee rates (18) 
sit on RE (8) 
res aT ey EG) 


and the order of E'(n) is the same as that of A,(m); and ¢=1, b=1, when 
it is 


See GE (aul ec ea lars (19) 
where E (n) =0 {x2 (log ny}, B(x) # o (n? log n). 
(J) Ifs>0, then 
o,(1) 75 (2) 75 (8) a5 (4)... og (m) = GOP (NI, eee (20) 
where 1>@>(1—-2-) (1-8) (1-5)... - #), 


@ is the greatest prime not greene n, and 
a te 
a PSE NP Bi MB 


(K) If G4 qty pe gtt..pagt Er (ny, 
1 


so that Sis)y(s)= Sr (n) 27, 
1 


then ees 1-98 (1) + 27898 (2) + BB) Eee veces (21) 


(1) $72 (2) #29(3) +... 92 (n) =F (log n +0) +0 (n*%,...(22) 
where C= 4y—14 § log 2— log x + 4log 1 (8) — 22 £2). 


These formule are analogous to (1) and (8). 
. * Ibis very likely that the order of 4,,,(2) is the same as that of Ay (nr). 


18 
ON CERTAIN ARITHMETICAL FUNCTIONS 


(Traasaetions of the Cambridge Philosophical Society, xx1t, No. 9, 1916, 159—184) 


1. Let o,(n) denote the sum of the sth powers of the divisors of n 
Gnueluding 1 and n), and Jet 
o,(0)=4$6(—8), 
where ¢(s) is the Riemann Zeta-function. Further let 
E,9(2) = 0,.(0) a, (n) + 0,(1) a, (2-1) +... to, (n)o5(0). ...(4) 
In this paper I prove that 
PO+DEG 41) Fr +) Fs+1) 
P(r+s+2) C(r+s+42) 


at + fa) +o ” +60 =) NG p4a1(N) + O{niOtstD} (2) 


Xy,8 (n) a Orpen (1) 


whenever r and s are positive odd integers. I also prove that there is no 
error term on the right-hand side of (2) in the following nine cases: r=1, 
s=1; r=1,5=3; r=1,8=5; r=1,s=7; r=1,s=11; r=3,8=3; r=8, 
8=5; r=3,s=9; r=5,s=7. That is to say =,,,(2) has a finite expression 
in terms of 494: (2) and o+4,-1(n) in these nine cases; but for other values 
of r and s it involves other arithmetical functions as well. 
It appears probable, from the empirical results I obtain in §§ 18—23, 
that the error term on the right-hand side of (2) is of the form 
Ofnkotst1+9}, 
where ¢ is any positive number, and not of the form 
OLE OPEL wre sasha tssbied est senias Ate (4) 
But all I can prove rigorously is (i) that the error is of the form 
O fnkots4eDy 
in all cases, (ii) that it is of the form 
O {ni ts+y 
if r+s is of the form 6m, (iii) that it is of the form 
OLAS eta rss ee ahs seowssiye ee (6) 
if r+¢ is of the form 6m +4, and (iv) that it is not of the form 
OAME TOY» s desnus Ceett sates anesee (7) 
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It follows from (2) that, if r and s are pusitive odd integers, then 


Port UP stl Cri eistd) | 8 
Bo) reesnay eueewsayy ee) 
It seems very likely that (8) is true for all positive values of » and s, but 


this I am at present unable to prove. 


2. If S,,. (0 /o,-241 (2) tends to a limit, then the limit must be 


Let YMG tHEOH) Es+)) 
Tir +s+ 2) Sir+s+2) - 


For then 
Lim SAN) yp. BeoM AB Olt + Eas) 
Ramo pagar (2) nme Org (1) tO rputs (2)+.. ob oypyer (2) 


=,,2(0) += Seat %,,,(2) a+ 


an Trpsti(O)+ Trogir (LL) B+ reser (ve e+. 
S85 
= Li 
oot Oned 
hei 2a oes ¢ 
where ei (—n tee et Top te (9) 
Now it is known that, if + >0, then e 
o Trtleet+h 10 
Spe OR ceeeeetnenanecse nae (10) 
as #—»1*, Hence we obtain the result stated. 
3. It is easy to see that 
, (1) +4/(2) +0, (8) +... +0, () 
Uy tb Ue Hy HUH... Un, 
where m= 1+ Oe Bre + [FT 
From this It is easy to deduce that 
rtl 
Or (I) +07 (2) +o. ta4(n) ws EPL) ceeesecees (11)+ 
and 
Tirtl1) P@+l 
o,(1)(—-1)° + o-(2)(n—2)' +... t0,(n-1)1~ feo Sire ljarth, 
provided r>0,s20. Now 
as (n) > n°, 
and ay (n) <n (1 42-84 3-4...) = nPS(s). 
From these inequalities and (1) it follows that 
pred Gl) Ce (12) 


— nett Dr es +2) 


* Knopp, Dissertativn (Berlin, 1907), p. 34. 
+ (10) follows from this as an immediate corollary. 
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if r>0 and s>0: and 


=A a(r) P(r +) T(st+]) 


Lim we Sac Te +542) 


CHD ES) eee (13) 


if r>Oands>1. Thus n-7-*"%,,(n) oscillates between limits included in 
the interval 
T@+)T+]) Tir +1) T(s+1) 
Tovera) 9° “peyeray SOF D EO 
On the other hand n-** o,45:: (n) oscillates between 1 and (7 +s+1), 


assuming values as near as we please to either of these limits. The formula (8) 
shews that the actual limits of indetermination of n“"~*" =, ,(m) are 


T(r +) (+1) CQ +1) f(s41) 
Tor+s+2) C(r+s4+2) 7 
LOtYE G+) E+ Sst DE~+s4+1) 


Pirt+s4+2) EG +849) (i) 
Natnrally 
(r+ 1) E(s4t1) | S(r +1) F644) Sr +54) 
co+<* ea < Pecan <(r +1) £(s)*. 


What is remarkable about the formula (8) is that it shews the asymptotic 
equality of two functions neither of which itself increases in a regular manner. 


4. It is easy to see that, if x is a positive integer, then 
cot $6 sin nO =1+2cos +2 cos 20+...+2cos(n—1) 6+ cos n. 


Suppose now that 


(Foot 5 6 sind , @ain2@ | sin 30 y 
4 ig ee pie tS 


= (} cot $0)*+ C,+ C, cos 0 + C, cos 244 C,cos 304+..., 
where C,, is independent of 6. Then we have 


44 yt) 
Tee oe Pe 


ize 
es Ge ice) +(e) * af 
=3| 


& x 
d-a* T= =a +a} 
je Qe Ba 
Toe, ioe ioe? +} 


it 


+ 
dole es Die Pe 


* For example when r=1 and s=9 this inequality becomes 
164493... <1-64616... <1-64697...<1-64823.... 
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Again 
1 ge qun ger? gets 
C, = 9 l eae she l-gt ‘i ae qnte [— att t 
we ant) aw grt oe ene 
+yoe il eat ie eet oe ie 
1 2B arn} Le gin? er a 6 = ) 
“Sime Toe te eet tee 
Hence 
Gy : 1 “x gra 2? gre 
7 eect aa he aes 3-4) oats room)? 
1 x go we amd 
* a(2 be T aaah Tai) +(1 + Toeat 1 3) + 
grt a 
+(1 = Pee =) 
loon 
l-a" 2 
a ae? 
T (i Ie Ee i 
hat is to say eae Sule (16) 
It follows that 2 
1 wsin@  a#sin2¢ | asin3é 2 
(j,c0t 5 O+ ra ae [ue Tae +.) 
1..1,\? xcos@ «cos26 «cos36 
=(aae), Gree) Oe) 
+54r" it 0088) +5 ?a- cos 28) + (1-208 86) +.. +. 
ease (17) 
Similarly, using the equation 
cot? 18(1 —cosn@) =(2n — 1) +4 (n—1) cos 6+4(n —2) cos 264 +. 
+4cos (n—1) 0+ + cos 28, 


we can ae that 
fl 


si 


{B00 30+ 79 +755 (1~cos 8) +7 (1- 0828) +7 (1 — cos 38) +... + 


1 eee 
= (= cot?= iia 3 Srl 2 
= (go0t?5 6+ 75) +isti (5 +008 8) +5~" (5+ 0083 26) 
3'a3 


+ ize@ + cos 34) tof (18) 
For example, putting @ = 7 and @ = 47 in (17), we obtain 


1 7 fog a ae is 
(+ ae tp p-ieet) 
. 
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where 1, 2, 4, 5, ... are the natural numbers without the multiples of 3; and 
at av a a gz af y 
GH et oe (oe 


Vd fe Qa- 3a 508 
ed 2 
Cece? ating tye pty gt): 20 


where 1, 2, 3, 5, ... are the natnral numbers without the multiples of 4. 


5. It follows from (18) that 


ral ae 6 Oe ig 
(sary 5 2 St Sn) 
li lye 1/8&y be ,& ; 
= Gp tg 79S HS teh) AD 


where , is the same as in (9). Equating the coeffieients of 6" in both sides 
in (21), we obtain 


2—2)(n+5) , 
3 ° acest 5) Spa = "C8, Sr + ™CS5 Snag + *CyS: Snag toe + Ona Sn Say 


wees (22) 
shere i= 
where rC, Per 
e 
if m is an even integer greater than 2 
Let us now suppose that 
MHL N=D 
Dy, (B= DD MEM, rrccresccerncecarees (23) 
m=1 n=1 
so that ®,, 5(@) = Bs,r (x), 
la 3 ee 
and ,,.(2)=>—> + ae pt = Ss 88(-8), : 
S53 ve an wei , Stet : 4. Gaver (24) 
ben’ (Lap ley" a? 
Further let 
2a? 3a° 
eS ghee og eB ee ON 
P 248, =1 4(5= Stee ae \s, 
We yates ‘ie , Bat  Btat ‘ 
Q= 2M08,=1+240( + a tz—gt--): (25) 
R =~ 5048,=1-504(,"* = ta ) 
lee l-w* lw 


* If.c=g?, then in the notation of elliptic functions 
paline _ (2Ky ae - 
7 
12 goo! 
gene -( ZV a-B +e, 


si oF 2. 
2 = (2B) ci) 1-285 1-9. 


k= 


ce 
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Then putting .=4, 6, 8, ... in (22) we obtain the results contained in the 
folluwing table. 
Tapie I. 
1. 1-26, Leys P. 
2, 142408, pjpH dy. 
3% 1-8046,,1.07= 2, 
4. 14+4806,5 2) =F. 
3. L- 264d. = QR. 
6. 691+ G5520d, 4/0) = 44194 OR? 
Te 1-24big yg (y= ER. 
8. BELT + 163206, 13 .c) == 1617 G+ 200001. 
9, 18867 — 267286, 47 ry 88367 (EH + B50UL, 
10. 174611 41320080, 19 (2) = 53361 GF + 1212501224, 
LL, 77683 ~ 552, ct) = STIABGAR + 2050092", 
12, 236364091 + 1310400) .4, cc} == 49679091 (9 + 176400000C 22? + 102850002. 
13, 657931 ~ 2444, 957, = 392031 (VR + 26500012 Rt 
ld. BBU2TBULAT + 69600,, 9; (x)= 489698807 Y + 2507636250912? + 395-4590000Q 204. 
V5. 172316825520) — 1718648, v9 (27) = 815806500201 Gt + 881340705000 Yt Rt 
2602105000005, 
16. 7709321041217 + 326404,, 3, (2) = 7644121 782174 +. 5323905168000 P 2? 
+ 1621003400000G724, 
In general BE (— 5) 4+ Po s(t) = TH n Qt Ry, ccc (26) 
where Ky,,, is a constant and m and x are positive integers (including zero) 
satisfying fhe equation 
dia +Gr=s+1, 
This is easily proved by induction, using (22). 


6. Again from (17) we have 


ne eg OE Oe : 
ats S,+ S-...) 


e- i1' 3h 5! 
1 é: ae Os oF 
= Jet S— 5, Pie) +7 Ps @— Gp Pis@t-.- 


Bz 4 


Equating the coefficients of @ in both sides in (27) we obtain 
oan 
Zin+1) 


+3(E Coe S48 —-). (27) 


Shan ise 2, a (2) = 1SS)-1 + ®OS9Sn—s a ™C Sus +...+ 76, Sn; 7 


if n is a positive even integer. From this we deduce the results contained in 
Table IT. 
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Tasce II. 
1. 2888, 2 (*)=Q-L2. 
2 7208, 4 (2)=PY-R. 
10086, 5 (2) =Q?- PR. 
7208, 5 (w= Q(PG- &). 
L58deby, ry (2) = BQ + IN HP YK. 
655200), yo (vt) = P (44108 + 250.2") — 69122. 
1448, =F BE +4? - TPR). 
In general @, (2) = TK nynL Qe R, cceccecceercccees (29) 


where 1¢2 and 2144m+6n=s+ 2. This is easily proved by induction, 
using (28). 


Pp ge 


7. Wehave 


dP P?~Q 
a= WO, .(@)= 45", 
d PQ-R 
aw a = 2400, ,()= @. sae Tessa ceive (30) 
dk PR-@ 
° a ‘ilies = 5040, y (x) = “3 a 
Suppose now that *<s and that r+sis even. Then 
d r 
®,.,() = (« Be Cee ae eee (31) 
and ®,,._-(#) is a polynomial in Q and &. Also * 


ap dQ aR 
da’? de’? ” da 


are polynomials in P,Q and R. Hence ®,,,(#) is a polynomial in P,Q and R. 
Thus we deduce the results contained in Table ITY. 


a 


Taste IIT. 
17286, 5()=3PQ—2R- Ps, 
17282, 5 (2) =P2Q—2PR+Q 
1728%,,; (2) =2PQ?— PR- QR. 
86405, (a) =9P2Q?- 18 POR+5Q3-+4R?. 
1728.1) (2) = 6 PQ? — 5P2QR+-4PR?-5 QR. 
6912b5 4 (x) =6P29—8PR+3G2— Pt. 
3456¢g,g (7) = P3Q - 3P°R+3PQ?—QR. 
3184, 9 (00) = 6 P20? 2P8R ~6POR+O3+ Re. 
|. 20736%,, 5 (7) = 15 PQ? 20P2R + 10 P84) - 40R — Pi. 
0. 414720,;(2)=7 (PQ 4P3R +6 P8Q? -4 POR) +3934 4R2, 


SECON ORS, COs BO tm 


a 
so % 
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Tn general D, (2) = TN yap Pi QR, cececesesereneenceeee (32) 
where 0-1 does not excecd the smaller of r and s and 
W+dnt+6n=r+s4+1 
The results cuntained in these three tables are of course really results in 
she theory of elliptic functions. For example Q and R are substantially the 
invariants g, and g,, and the formule of Table I are equivalent to the 
formule which express the coefficients in the series 


yok ail, gael, git | Saegee 
pM) =a t So + “os + [200 t “E160 


in terms of g, and g.,. The elementary provf of these formule given in the 
preceding sections seems to be of some interest in itself. 

8. In what follows we shall require to know the form of ©, (#) more 
precisely than is shewn by the formula (29), 

We have 2G (— 8) + Dog (@) = SK rn QU Br, cocci (33) 
where s is an odd integer greater than 1 and 4m+6n=s+1, Also 


ad Ua ayo Ne - 7 JOR m 

5 (Q™ BY) = (+5) Pe R He 
Differentiating (33) and using (34) we obtain 

Dy oi (@) =a (8 + D PSE(—8) + Poe (@)} + TK nQ™ Rh", ...(35) 


where s is au odd integer greater than 1 and 4m+6n=s+3. But when 
s=1 we have 


Gp Ree 5 Quen). (84) 


9. Suppose now that 
Py, s(t) = {45 (— 1) + By, Ca) RE (— 8) + Dos (x)} 
C+D (gy EOHD EG HY E41) £64) 
r+s : U(r+s+2) C(r+8+2) 
x {20(—7 8-1) 4+ Dy rsa (@)} (87) 


Then it follows from (33), (35) and (86) that, if 7 and s are positive odd 
integers, 


Fis (#) = BK pQm Re, oe eeecceeee cee eeed (38) 
where 4m + 6n=r+5 42, 
But it is easy to see, from the functional equation satisfied by £(s), viz. 
(2)-* T'(s) €(s)cosdars=$f(1—9), oe (39) 
that BE (OV SO cc neh co shay eee (40) 
Hence @?~ R? is a factor of the right-hand side in (38), that is to say 
F(a) =(Q°— BY) SKinn QU, ccccsceccssceen (4d) 


where 4m +6n=r+6—10. 
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10. It is easy to deduce from (30) that 


" a log (Q) = Ba Py cicccoelincetesercnase (42) 
But is is obvious that 
Poot tog iad —a)(1—0°)(1 — a) 13 Ssaecaits (43) 
and the coefficient of « in Q'— FR? is 1728. Hence 
Qo — R? = 1728e{(1 — 2) (1 — a8) (1 a) P eee (44) 
But it is known that ; 
{l—2)(1—#)(1—2°)(1—a')... P= 1-804 50—Tatt+ 90"... (45) 
Hence Q — R? +1728" (1 — 3a 4+ 5a — a8 t ee (46) 
The coetticient of #’~? in 1~3e+4 5a5—... is numerically less than 4/(8y), 


ancl the coefficient of 2’ in Q— Ris therefore numerically less than that of 


ein 
17280 {/(8v) (1 tet a + af +...)}8. 


But wl bet at alt Pape at eat, (47) 
and the coefficient of #” in the right-hand side is positive and less than 
felis Flies 
v(ptutRt a 
Hence the coefficient of «” in Q — FR? is of the form 
vO) =0 (0). 
That is to say QP BPS DOV) a cee eereetteeteeen (48) 
Differentiating (48) and using (42) we obtain 
P (QS — RYH LOA). iccecceeececseeeeee (49) 


Ditferentiating this again with respect to « we have : 
A (PQ) (QB) + BQ(G-B)=E0 (2, 
where A and B are constants. But 
Pi Q=— 288 &, »(2)=—288 {aay peat aay lig 
day "ap 

and the coefficient of « in the right-hand side is a constant multiple of - 
vo,(v). Hence 

(P? — Q) (Q* ~ B") = 2 Ove, (v) a” 0 (v7) 2” 

=O) {o, (Lt a Qt... ta (jor=TO(v)0, , 

and so QQ = RY H=SO PYG ec cccccetecneecen es (50) 

Differentiating this again with respect to # and using arguments similar 
to those used above, we deduce 


RQ — BY) = DOWD) a cece cece eens (51) 


EOE Sam rregee ey ek, : 
ose rBetet oer Sh AG A ghisle © 
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Suppose now that m and 2 are any two positive integers including zero, 
and that m+n is not zero. Then 


Qn RQ —R) = Q (FB) QR" 
= FO (v”) we {EO (0) wr y¥" {3 0 (v9) a} 
= = 8) (v°) wv 8) (ve) wd oO QV) nd 
==0 (ysmtonrsy a, 
if m is not zero. Similarly we can shew that 
QrR (QR) = B (Qi Be Qn Re 
4 Ss 6) (pimtents) 2, 
if n is not zero. Therefore in any case 


(Q? = RY) QM RHE O (VM MG a ccccccecnecccecseeees (52) 


11. Now let r ands be any two positive odd integers including zero. Then, 
when 7 +8 is equal to 2, 4, 6,8 or 12, there are no values of m and n satisfying 
the relation 

4m 4+6n=r+s-—10 
in (41); consequently in these cases 
By 5 (02) me Oy > es cneonstesd avanctd sdaedianeds (58) 


When r+s=10, m and » must both be zero, and this result does not 
apply; but it follows from (41) and (48) that : 


Fy (0) = SOV). cececccccesccsecersseeeees (54) 
And when r + ¢ 214 it follows from (52) that 
Frye (@) = BOHN) a. oe ccc cneteeeeceeee (55) 


Equating the coefficients of 2” in both sides in (53), (54) and (55) we 


obtain ' 
2 _Trt Tet DE 4+) E(84+) 
ee a (r +842) E@+sray Hem 


4 2O RHO 9) aes (n)+ Bne(n), (56) 


where E,,.()=0, r+s=2, 4, 6, 8, 12; 
B,4(n) =O(n), r+s=10; 
E,,,()= O(n), r+s>14. 
Since oy424: (2) is of order »+*+, it follows that in all cases 


Cr+) Pet) S(r+)Do(s4+) 
Tess) GF pa #9) Orasq (2). ...(57) 


R.GP. ‘ 10 


Zra(n)~ 
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The following table gives the values of 2,,5(n) when r+s= 2, 4, 6, 8, 12. 
TABueE IV. 
5er3 (2) (2) - 6201 () 

12 


lL 3y1(2) = 


2 3y,3(a)= 775 (2) = jones (2) . 


o;() 
120° 
10g (n) ~ Bias (n) 
252 . 


3. 3a,3(2) = 


4, 31,5(2)= 


lag (x 
3s, 3(2) =) d, 


pe 


Loy (2) —30n0; (22) 


6. 3,7(2) = 480 


=I 
¥ 
~ 
= 
2 
tt 

| 


821 ays (2) (a) - 27302011 () 
9 Syn(=— 65520 


12. In this connection it may be interesting to note that 
(1) 04 (n) +0; (8) o4(n—1) +44 (5) 05 (2-2) +... 
+0, (2241) o2(0)=ghg o5(2n+1). ...(58) 
This formula may be deduced from the identity 
Ie, Se Bt Ga? 5a? 
opt inet rapt ~~ Ceatieaticat -) 
which can be proved by means of the theory of elliptic functions or by 
elementary methods. 


18. More precise results concerning the order of E,,,(n) can be deduced 
from the theory of elliptic functions. Let 
a= 


Then we have 


Q = $8 (q) {1 ~ (hk 


R= fb? (q) (be? — *) (1 + $k} ob neintadean ahs (60) 
= $"q) 1+ 3 RY} VO — ORR 
where $(q) =14 2q + 2g + 2¢° +... 


But,if = f(qq)=g* (1-g) A -g)-9)..., 
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then we know that 
2h fig) = kth? p(y) 


2 F(-g)= ek Ha(D| 
2 @) = Ck! }d@) | , 
ab f(g) =HeT $(Q) 

It follows from (41), (60) and (61) that, if ++ is of the form don +2, but 


not equal to 2 or to 6, then 
fi (rbsm a) (- q) ies) pe (Pf) beth (62) 


OC ROP a a. KD) 


and if 7 +s is of the form 4m, but not equal to 4, 8 or 12, then 
f See Le -g) — 16F* (4! A(rts~8; Ke SE aC 8) 
PreQ) = pinion Gey PQ — 6A GI 2 Bn ere oy 


, (63) 


where H,, depends on 7 and s only. Hence it is easy to see that in all cases 


F,<(¢) can be expressed as 
sean mf LE i ra 


« fe io wl meas, (64) 


where a, b, ¢, @, e, h, k are zero or positive integers such that 
a+b+e+2(d+ey=[(3 +54 2)], 
ht kh=2(rt+s+2)—3(3 (r+ 542] 


and [a] denotes as usual the greatest integer in z. But 


eo 8 oF ir . 
f@=G- geeg'+ 
8 - Poo 
f Og “tr a 
s ze ur MciSenaxceenaaed (65) 
£2 - gig Fa ge lg™ +... 
(g*) ek 
LO og ~ 293 ag ~ 595 +. 


where 1, 2, 4, 5, ... are the natural numbers without the multiples of 3, 
7 


and 1. 5,7, 11, ... are the natural odd numbers without the multiples of 3. 


Hence it is easy to see that 
n-Matbtd-d-e B, .(n) 


is not of higher order than the coefficient of g® in 


BG) 8G) 6 (A) 6.0?) 6 GH G8) 4 GY OOO), 


10—2 
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or the coefficient of g®" in 
pera (q’) grtarh C7) ¢° (q°) ¢’ (q") $° (¢?) ¢* (¢). 
But the coefficient of g’ in ¢*(g*) cannot exceed that of g’ in ¢?(q), since 
PQA GP (—Q)HIPG)I  ceeeeseeeeeeeeres (66) 

and it is evident that the coefficient of g” in ¢(q*) cannot exceed that of g’ 
in #(q*). Hence it follows that 

nate +s+2)) E,, a (n) 
is not of higher order than the coefficient of g®" in 

$4 (9) $7 (9) $° (Hs 
where A, B, 0 are zero or positive integers such that 

A+ B+ C=2(r+5+2)-2[g(r+e4+2)], 

and ( is 0 or 1. 


Now, if 7+s214, we have 


A+B+O>12, 
and so A+Bzil. 
Therefore one et least of A and B is greater than 5. But 
@) -30() GERD aca ee tente teehee: (67) 
Hence it is easily deduced that 
$4 (GQ) GBP) P°(G) = ZO AF BIT G, seeceenee (68) 
It follows that 
Eg (1) = Ont t83BOH DD cccceeeeeee (69) 
ifr+s>14 We have already shewn in § 11 that, if r+s=10, then 
Erpjg (1) = OM). viccererccccesecerensseeecaees (70) 
This agrees with (69). Thus we see that in all cases 
Byjg(m) = O {nt tty, ie esccceeeeceeeeeae ees (71) 
and that, if r+ is of the form 6m, then 
Bip g (2) = O{NR OTS Dy, i ieeeeereceree nnn es (72) 
and if of the form 6Gm-+ 4, then 
Bip, g (0) = OfRECT DY, ee cceeeeeeeeeee (73) 


14. I shall now prove that the order of #,,.() is not less than that of 
ntcts), In order to prove this result I shall follow the method used by 
Messrs Hardy and Littlewood in their paper “Some problems of Diophantine 
approximation” (JI)+. 


* See §§ 2425. 
+ Acta, Mathematica, Vol. xxxvu, pp. 193—238, 


On 
Let q= er, = rs eriZ, 
where pa* peas 
“at + br’ 
and ad — be =1. 
Also let 


Then we have are S, (4, r= /PR(YV, PL, 


where w is an eighth root of unity and 


3. (v, 7) = 2sin av. gt Il (1—g") (1 — 2g cos 2arn + g*”). 
1 


From (75) we have 


log $, (v, T) =log (2 sin rz) +f logg — 3 a 


It follows frum (74) and (76) that 


log sin wv + bloge + dlogg+loga— ¥ 
1 


= log sin t+ 4 log V+ 4 log g' — wibuV — ee 


at br’ 
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(1 + 2 cos 2nrv) 
nda 


g" (1+ 2cos2umv) 


n(l—g™) 


(1 + 2c0s InwV) 
n(—y*) 


Equating the coefficients of v'*! on the two sides of (77), we obtain 


(a+ br) {et s)+ ot 7f+2 + 


=K(-9+ 20, 


aa 


ecg 
Fae -¢ 


ee Bry 
= 9's 


eat 


149 


(TB) 


(76) 


(77) 


(78) 


provided that sis an odd integer greater than 1. If, in acre we put s=3 


and s=5 in (78) we obtain 


lg? 23g 3g? ) 
+b {1 + 240 ( ‘ ‘: .) 
ert l-g img img )f 
= {14240 (C4 e+ 
1—g'4 
and 
1%? g 3%qh 


(a tbr)? fi ~ 504 G 


s+ + 
=F ar tne 
= {1 504 (2 + 


95 y 


1-g? 1-94 : 


It follows from (38), (79) and (80) that 


(a+ bry to? Fr, 5(q°) = Fyn (Q?. 


It can easily be seen from (56) and (37) that 


F,,3 (2) = z Ey, g(n) a. 


+} 
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Hence (a+ bryrts? 5 E,,,(n)qv= By) evens (83) 


It is important to observe he 


£,, (pa FDtECD_sa—)4ta-9) 


Tet )DP 4+) +1) S(s+) 


T(r +s+2) Er+et2) 


if ++ is not equal to 2, 4, 6, 8 or 12, This is easily proved by the help of 
the equation (39). 


£0, .ss+.(84) 


15. Now lei 
r=utiy, tae (u>0, 7y>0, 0<tK< 1), 
so that g = erty = tert; 
and let us suppose that p,/g, is a convergent to 
eee 
Oy + ly + 
so that Mn = Praga — Pana = £1, 


Further, let us suppose that 
4= Pn: b= Gus 
C= MmPr-: d=— NnQn-s 


so that ad — be = 7,2 = 1. 
Furthermore, let y= 1f(end’ns) 
where Qn = nts Qa t+ Ina, 


and a’y;, is the complete quotient corresponding to an4.. 


Then we have 


| a 2z 
ee eer ee eg eee (85) 
dan 9 ati 
and id l|=e", 
co + dr d 1 
me nan(D)=3 (Se) “Eb bee onl 


= Y = 
7 Cg en? + ony? 2dr 
and (7) is the imaginary part of T. It follows from (88), (85) and (86) that 
= E,,,(n) g@™| = (Gey" $ En a(n) 9 
| ar, 2 ne gq | 


= (Gey GE (1) |e” —| By, 6(2) |e — | By, (8) Jer — 3 
7" 7,8 "8 | B,, 6(3) aaa ge 


wre leted 2h) ECT ne prey 2 
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We can choose a number A,, depending only on r and s, such that 
E,,s(1) "> 2( B,..(2) + H,4(8) le + 4} 


forX 22). Let us suppose A, >10. Let us also suppose that the continued 
fraction for u satisfies the condition 


AG > YT nd PORNO GH As essosdessiedacceeteys (88) 


for an infinity of values ofn. Then 
2 \ ya \ rb 
TBs (n) 2 3! B61) | (93) re K@uay*, (89) 


where K depends on + and s only. Also 
GaG nar = UY, 
pl hae lek 
TINE fay log (1/)) 7 VI — 8)’ 


Tt follows that, if x is an irrational number such that the condition (88) 
is satisfied for an infinity of values of 7, then 


EE, 4() GP > KL OI cee (90) 


for an infinity of values of ¢ tending to unity. 
But if we had E,,e(n) = 0 {nto ty, 


then we should have 
| 3 Ey, 5(n) g | = 0 {(1 —£y-Fe +842}, 


which contradicts (90). It follows that the error term in ¥,,, (x) is not of 


the form 
a {nibs | 


The arithmetical function r (n). 


16. We have seen that E,,s(n) =0, 


if r +s is equal to 2,4, 6,8 or 12. In these cases 3,,,(2) has a finite expression 
in terms of oy454:(2) and o%4..4(n). In other cases %,,,(n) involves other 
arithmetical functions aswell. The simplest of these is the function + (n) 
defined by 


Er (n)ar=o((1 2) (L—a8)(L— a8) Jo ccc (92) 


These ‘cases arise when 7 +s has one of the values 10, 14, 16, 18, 20 
or 24, 
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Suppose that ++ has one of these values. Then 
1728 3 E,, «(n) a 
1 ee 
(Q — B?) E,,s(3) 
is, by (41) and (82), equal to the corresponding one of the functions 
1, B, O QR, OR. 


Tao other words 


2 2 2 J) 328 am 
E By (0) a= By (I) 37 (n) 0 i Ser aia io 
saa (98) 
We thus deduce the formule 
Fins (0) = Byg (VL) TR), cccceeteeceeeceeeneeeees (94) 


ifr+s=10; and 
Ores (0) E,, 5 (n= Ey, (1) {er+s-n (0) 7 (®) 
+ Opgg-n (1) T(m— LT) 4... FOr sn (2-1) 7 (1)}, ...(95) 
if +s is equal to 14,16, 18, 20 or 24. It follows from (94) and (95) that, 
ifr+s=e' +9’, then 


EOE = AV Reis vuntarks (96) 
and in general E,,.(m) Bye (0) = Eye (m) By g (MM), cceceeccseeeaes (97) 


when r+ has one of the values in question. The different cases in which 
+ +8 has the same value are therefore not fundamentally distinct. 


17. The values of 7(m) may be calculated as follows: differentiating (92) 
logarithmically with respect to #, we obtain 


Snr (n) a= P Sr (0) a vccsesseareseeeqeeee(98) 
1 1 
Equating the coefficients of a” in both sides in (98), we have 


r(n) =. fo (1) r(m— I) +042) 7 (2-2) +1. Fon n— 1) 7 (I). 


If, instead of starting with (92), we start with 
3 x(n) a" =0(1—3a + 528 ~ Ta +...) 
1 
we can shew that — 
(n—1) 7(n)—3 (2 — 10) t M—1) +5 (n — 28) 7 (W— 8) —7 (n— 55) r (w= 6) 
+... to [$ {1 + (8 — 7)}] terms =0,  ............(100) 


where the rth term of the sequence 0, 1, 3,6, ... is $r(r—1), and the 
rth term of the sequence 1, 10, 28, 55,...is1+4r(r—1). We thus obtain 
the values of 7 (2) in the following table. a 
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Taste V. 
| 
‘ n 7 (n) i n 7 (n) 
| : 
Pee | eae: 
1 +1 4 16 + 987136 
2 -24 | ov ~ 6905934 
3 4252 / 18 42727482 | 
4 ~1472 | 19 + 10661420 
5 +1830 er) ~ 7109760 
' 6 | - 6048 21 — 4219488 
| i Oy — 16744 i a — 12830688 
8 i +-84480 23 + 18643272 
H 9: 113643 «| at +21288960 
' io ¢ —1159920 | — 25199225 
yl ; 4534612 | 36 + 13865712 
' 12 — 370944 , — 73279080 
13 ~ 577738 » 28 +24647168 | 
li +401856 | 39 + 128406630 
15 | +:1217160 { 30 — 29211840 


18. Let us consider more particularly the case in which r+s=10. The 
order of EF, ,() is then the same as that of r(n). The determination of this 
order is a problem interesting in itself, We have proved that E,,.(n), and 
therefore 7 (n), is of the form O(n’) and not of the form*o(n®) There is 
reason for supposing that t(n) is of the form O (n'* **) and not of the form 
o(n*). For it appears that 


i ae) =; pa ee (101) 
This assertion is equivalent to the assertion that, if 
n =pipepe er or, 
where p,; ps, ... p» are the prime divisors of n, then 
sin (1 + a,) 6p, sin (1+ :)@,  sin(1+4,) O, 


pm SU sin 4p, sné@é,, “" sind, ° (02) 
where cos 8) = kp r(p). 
It would follow that, ifm and »’ are prime to each other, we must have 
T(ANVHT (NYT) veeecccreerveree essen er (108) 
Let us suppose that (102) is true, and also that (as appears to be highly 
probable) : 
{Ar (PRS DUS Cavs oe ascenevnoweney teceines (104) 


so that 6, is real. Then it follows from (102) that 

n-"?|r(n)|<( tau) +a)...(L+a,), 
that is to say fr (m) jen? dn), cccccccccccccccssscsesseess (105) 
whtre d(n) denotes the number of divisors of x. 


Te) 
ae 
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Now let us suppose that n = p*, so that 


~4 _sin(1 +a) 4, 
no r(a= ein bee 


Then we can choose « as large as we please and such that 
sin (1+ a) 6, 
| sin @, 
Hence [O(W)[ BW ieccccreesteeeeees seers (106) 
for an infinity of values of n. 


21. 


19. It should be observed that precisely similar questions arise with 
regard to the arithmetical function y(n) defined by 


Sy (m) ate fi (apt) f%2 (a0) FOC), eee ceeveee (107) 
where f@)=a% (1-2)(1-2)(1-#)..., 


the a’s and ¢’s are integers, the latter being positive, 


sty (G10, + GoGo +... + A; Cr) 


a. a, 
mye), 


is equal to 0 or }, and u( 
Gy Cr 


where | is the least common multiple of ¢,, a, ... cy, is equal to 0 or to a 
divisor of 24. 


The arithmetical functions y(n), P (2), v.("), O(n) and © (n), studied by 
Dr Glaisher in the Quarterly Journal, Vols. XXXVI—XXXVIU, are of this 
type. Thus / 


x (n) m= f*(o"), 

P (n) at = fi (a?) fi (a), 

Ma (1) a = f(a) f? (a?) f(a), 
O(n) a =f (@), 

O(n) ar = f* (a) f* (w"). 

20. The results (101) and (104) may be written as 


& Ea (n) 1 
pipet Ai ee 2 Pe FS 
aor E,,;(1) 0 ay eee co (108) 


PMS =~ Ms “Ma "Ma “M8 


where op < prteH, 


and 268, s (1) = E,, 5 (p). = 
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It seems probable that the result (108) is true not only for r +s = 10 but 
also when » +9 is equal to 14, 16, 18, 20 or 24, and that 


[Ei (n)| dirts~}) 
fa BE HEEN DCW) ode vessesvereseeneesse 109 
'B.(1) <n d(n).. (109) 
, ¥ | By, (x) 3 +s-+1) 110 
for all values of 2, and z, (1) Sa RE hateawstenseasalacs coe eas (110) 
for an infinity of values of x. If this be so, then 
E,,9(n)= O fnbetericey By (nyo (ntti. (111) 


And it seems very likely that these equations hold generally, whenever 
rand s are positive odd integers, 


21. It is of some interest to see what confirmation of these conjectures 
can be found from a study of the coefficients in the expansion of 


w {CL — at) (1 — ale) (1 — a8). Je Safa (n) 2", 
1 


where a is a divisor of 24. When a=1 and a=3 we know the actual value 
of a(n). For we have 


4 a 
Shy (2) a = oP — oP — oP + oP + oP — BP oy ee (112) 
1 


where 1, 5, 7, 11,... are the natural odd numbers without the multiples 
of 3; and 


Safa (n) a = a! — B® $ BaP — Ta be eee (118) 
i 


The corresponding Dirichlet’s series are 


Yom) (1+5-)(1 47 4) (1 — 11) (0 — 13). 
where 5,7, 11, 13,... are the primes greater than 3, those of the form 12n +5 
having the plus sign and those of the form 12” +1 the minus sign; and 


Z fa (n) 1 is 
= nb = 730-04) aes) ) 


where 3, 5, 7, 11,... are the odd primes, those of the form 4n—1 having the 
plus sign and those of the form 4n +1 the minus sign. 


32) _ I (114) 


It is easy to see that - 
PU (MSL, [fra (M)] SVM coer ccesscecesen sees (116) 


for all values of x, and 
fabs (m) f= 1, lay (MW) FA ecececesceseseseeees (117) 


for an infinity of values of x. 
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The next simplest case is that in which a=2. In this case it appears that 
SN Tiny. ceded naie, (118) 
, «6 


1 

A, = +5) 0-7) 0-11 Hd iT)...’ 
5, 7, 11, ... being the primes of the forms 12n—1 and 12n +5, those of the 
form 12n 45 having the plus sign and the rest the minus sign; and 

I, = naan wise cient 
2 (1 18-88 (1 — 87-88 (1 — 61-8 (1 + 73 )P 
18, 37, 61, ... being the primes of the form 12n+1, those of the form 
mé + (6n —8)° having the plus sign and those of the form m*+-(6n)* the minus 
sign. . 


where 


This is equivalent to the assertion that if 
n= (5%, 7% 118m 1707, 1 B49, B74, 611, 73% 
where ay is zero or a positive integer, then 
aby (n) = (— 1) eeteastaartdestaat (1 + ys) (1 + de) (1 +e) ..., -..(119) 


where 5, 18, 17, 29,... are the primes of the form 4x +1, excluding those of 
the form m?+(6n)?; and that otherwise 


. Ws (MN) S Or eteeoehievacducuaios dtuvasaes (120) 
It follows that 2k) a > (121) 
for all values of 2, and | es (90): | ST anes aes ese cet (122) 


for an infinity of values of n. These results are easily proved to be actually 
true, 


22. I have investigated also the cases in which a has one of the values 
4, 6,8 or 12. Thus for example, when a= 6, I find 


where T= (3) 0)? 


3, 7,11, ... being the primes of the form 4n—1; and 

‘ i os ; 
(120, 5-8 + 58) (1 —9e,,. 9-7 1) 
5, 18,17, ... being the primes of “the form 4x +1, and Cp =u? — (20), where wu 
and v are the unique pair of positive integers for which p = u?+(2v). This 
is equivalent to the assertion that if 


ns (8%, 7%, 11en,,.)8, 5a, 138. 17% 


TH, = 


* wbo(n) is Dr Glaisher’s d (2). 
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eheh Walt) Siu (L +a.) 95 sin(L + tn) Or: sin (L +i) Orr ee (124) 
HN sin 6, stn 8, sin 6,, 
where tan}, = Ss (09<8,<7), 
and that otherwise v,(2)=0. From these results it would follow that 
rk) 21.) ET (125) 
for all values of n, and le (n), Bn 


for an infinity of values of n. What can actually be proved to be true is that 
‘abe (ny! < 2nd (n) 
for all values of n, and abe (n)| Bn 


for an infinity of values of x. . 


93. In the case in which a=4 I find that, if 
n= (58,114 1747, P. 747, 1349 19%, 
where 5,11, 17,... are the primes of the form Gm—1 and 7, 13, 19,... are 
those of the form 6m +1, then 
(7) 
sin (1 + a,) 6, sin (1 + as) 2B ..(127) 


ya (n) = (= )srairtairt ... a 
vn sin 6, sin 0,5 
ud 
where tan 0, = es (0<@ <7), 


and w and v are the unique pair of positive integers for which p=3w'?+(1+43v); 
and that ys, (n)= 0 for other values. 
In the case in which a= 8 I find that, if 
n= (2% 54%, 11% ,,,)%. 747, 13%, 19% ,,., 
where 2, 5,11,... are the primes of the form 3m—1 and 7, 13, 19,... are 
those of the form 6m +1, then 


re(m) ae ap. 808 (1447) 9, sin 3 (1+ Gs) O13 
Cay eae aa sage cemseye (128) 


where @, is the same as in (127); and that y,(n) = 0 for other values. 

The case in which a= 12 will be considered in § 28. 

In short, such evidence as I have been able to find, while not conclusive, 
points to the truth of the results conjectured in § 18. 


24. Analysis similar to that of the preceding sections may be applied to 
some interesting arithmetica] functions of a different kind. Let 


ge (Q=14+25 Sr, (DY Qe ess ee dis en cathatinnnde (129) 


where b (gq) =14+ 2g + 2q'4 27H ..., 
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so that 7,(n) is the number of representations of m as the sum of s squares. 
Further let 

3 a ka RO ere \= q Ceo ) : 
38,0)9"=2 (725 - stat ite axe a(ptat tet ; 


a ws ge bog QF Be ) 
(2-1) Be E84 (0) we(Gi tice ppt) G8) 


when ¢ is a multiple of 4; 


ye 98-1 Fg ‘ 
(28-1) BS Re (nygras(7—t + ia + Mes gt =) « (132) 


when s+2 is a saetale of 4; 


aie) Qs-1 92 382 3 
E, 38x (2) q a0 ()a+iputicet) 


sq ge ¢ 5s g? 
Q (4 ~ ~ + + —-—. —...}, .. (1 
*\T-q I-@" 1-4 ), 088) 
when s — 1 is a multiple of 4; 
2 179 ee Be-1 gs :) 
se On ” = 28 ee meer 
#38, (aq? (FA Tat at 
Py Limtg Big? | 581g? ) 
-2(—-+-——, sed, (184 
a(3 roofiee , ++(184) 


when s+1 is a multiple of 4. In these formule 
B=}, Bas, Bak, B=, Bu= de 
are Bernoulli’s numbers, and 
E,=1, By=1, £,=5, E,=61, H,=1885,... 
are Euler's numbers. Then §,,(n) is in all cases an arithmetical function 


depending on the real divisors of ; thus, for example, when s+2 is a 
multiple of 4, we have 


(2? — 1) BeSag(m) = 8 {ern () — Boga (EM)},  veeeeeees (135) 
where o,() should be considered as equal to zero if # is not an integer. 
Now let Toe (1) = Sap (%) + Cag (NM). veereerecreneesneneenees (136) 
Then I can prove (see § 26) that 
bag (TM) BO is ndeidess Ives eascawesene ciaveawernaas (187) 
if s=1, 2, 8,4; and that 
bog (10) = O (m8 SIE) ict ee eee eteen ee (138) 
for all positive integral values of s, But it is easy to see that, if s>3, then 
EInt Bay (0) < BMA, cocccccccce secre eeenees (139) 
where H and K are positive constants. It follows that 
Fog (1) WH Bog (1) cee cecsccsceeceeneeeeneeneeee (140) 


for all positive integral values of s. 
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It appears probable, from the empirical results I obtain at the end of this 
paper, that 


og (BY = OFMEOU AD a ccesesenenteeeee ee (141) 
for all positive integral values of s; and that 
og Ht) FOLNEEAU case ce sev neseaseseens (142) 
ifs>5. But all that I can actually prove is that 
~ Gag) O (nt ITA) of cas hacsaccacissevvnten (148) 
if s>9; and that Gag (RYE OG EA) © save enveces voces cnn sed onsindens (144) 
if ¢ 35. 
25. Let Sos (Q) = Be (2) g? = {Tog (0) — Bag (72)F GT. vce cseeeveee (145) 
Then it can be shewn by the theory of elliptic functions that 
falQ=O5(Q) S — BaCRBY  coccccccersnes (146) 


1gn<}(s-D 


that is to say that 


el py AEDES oS Belg): 
fa)" PEG se oiy y enfin gy) (147) 


where o(g) and f(g) are the same as in §13. We thus obtain the results 
contained in the following table. 


TaBLe VI. 


1 AM=9 AM=%, felgh=0, A(g)=0. 
2 Bf (g)=16 173, Fa (= 87 (@°) 
3 61fia(g)=728/"(—9) FQ, Ufa (g) = 25678 (~ 9) 9 (4?) 


4. 1885/e(@)—=2441672(—9) f*(qh-208 FeO, 


. 


Be SMa) = C1GPS (ge tae x = 


8. 50521 fy (q)= 1103272, f% (~9) f2 (g?) 821888 pe ; 
7. 69Uo4 (g) = 165767 ( — g) -— 32768/% (9%). 
It follows from the last formula of Table VI that 
$8 65, (m) =(— 1)" 72597 (n) — 5127 (bn), oe eee, (148) 


where 7 (n) is the same as in § 16, and + («) should be considered as equal to 
zero if # Is not an integer. 


Results equivalent to 1, 2, 3, 4 of Table VI were given by Dr Glaisher in 
the Quarterly Journal, Vol. xxxvi1, The arithmetical functions called by him 
x(n), O(n), Wn), O(n), U(n) 

are the coefficients of g” in 


tee , £2@) BA-OF@®, POR, f(-9@)f*(¢. 
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He gave reduction formule for these functions and observed how the functions 
which I call é0 (7), én (m) and (n) can be defined by means of the complex 
divisors of n. It is very likely that 7(m) is also capable of such a definition. 


26. Now let us consider the order of ey (n). It is easy to see from (147) 
that fo (q) can be expressed in the form 


3 2 
BKeroat ~ oy {EE py ey (4) f#(g?), -- (149 
ararelT (OP 4 coy | VFR) IHD IMG), ---49) 
where a, b, ¢, h, k ave zero or positive integers, such that 
a+b+c=[3s], htk=2s—3 [$s]. 
Proceeding as in § 13 we can easily shew that 
n-tl8sle,, (2) 
cannot be of higher order than the coefficient of gin 
fA (q) GB(G) BOQ, cseceseetesesesesteeeeees (150) 
where C is 0 or 1 and A+B+0=2s-—2[3s]. 
Now, if s>5,4+B+C34; andsoA+B>3. Hence one at least of A 
and B is greater than 1. But we know that 
$(g) = 20 (0°) g”. 
Tt follows hat the coefficient of g** in (150) is of order not exceeding 
Qe At B+Oi~rte, 
Thus CEC eel OF Cena) (151) 
for all positive integral values of s. 


27. When s>9 we can obtain a slightly more precise result. 
If s>16 we have A+ B+C>12; andso A+B >11. Hence one at least 
of A and B is greater than 5. But 
d= 2002 
It follows that the coefficient of g# in (150) is of order not exceeding 
nh AtBHC)~1, 
or that COT) Lo Ok Ca 1h) (152) 
if s>16. We can easily shew that (152) is true when 9<s< 16 considering 
all the cases separately, using the identities 
PH DIOP EH OFF OY, 
f@) _ pac ; 
PAD (PCM)? 
Ee f° (9) V7 
16 (— 4 we Pe NE 2 fot 
POF O= EN EES PO. 
‘B 8 pe 4 
FB LOM pepe @.- 


and proceeding as in the previous two sections. 
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The argument of §§14—15 may also be applied to the fanction ¢,;(n). 


We find that 
PO C7 Ye ROY a) eee (153) 


I leave the proof to the reader. 


28. There is reason to suppose that 
xy (2) = O {nk 6-9} 7 


Wena. “gh Gs sedbuatemen ae taste sco’ (154) 
One (2) 0 {nt BU} ‘ 
if s>5. I find, for esample, that 
G19 | ee (155) 


Tow "iyo 


wnete he Guys dd sy? 
8, 7, 11, ... being the primes of the form 42 —1, and 


IL- 1 
2 (Lm 2g. 9-8 + 5) (1 — Boy 13 + 1B). 


2 


5, 13,17, ... being the primes of the form 4 +1, and 
Cp = ur — (40), ; 
where w and v are the unique pair of positive integers satisfying the equation 
w+ (4oP = p? 
The equation (155) is equivalent to the assertion that, if 
m= (3%, 747,11... P28, 5% 1B 8M, 


where ap is zero or a positive integer, then 


Co(%) _ 7 4\q, 81D 4 (1 + Gy) Os sin 4 (1 + ais) Ory 
ite (1) § " sin4é, ~ sin 46, very +ee( 156) 
where tan tym (06 <item) 


u and v being integers satisfying the equation w+v=p; and é)(n)=0 
otherwise. If this is true then we should have 


2 a He 7 (MY eae ciestecueti shots Gt: (157) 
Cry (1 z 
for all values of n, and Fe a | Seu ave ae ania lethal: (158) 


for an infinity of values of n. In this case we can prove that, if n is the 
square of a prime of the form 4n —1, then | 
€y9 (2) =n 


(1) 
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Similarly I find that 


522) 041) qn (ee) ash ctist 


w 1+ Qe. po? + pr, 
p being an odd prime and ¢,'<p*. From this it would follow that 


é2(1) | * 
for all values of 2, and ea fal) STs ion daha saat auarwentedes 
1 €1(1) | 
for an infinity of values of n. 
Finally I find that 
= 6 (72) se éy, (1) m1 eerie 1 ) 
Tow TBR OL Ee, pet prey 


p being an odd prime and ¢,?< p’. From this it would follow that 


1 220)) nid (n) Sh idaeel eshte Mentonkdots 


j@6(1)| 
26 (22) 
@w (1) 


for all values of , and 


for an infinity of values of n. 
In the case in which 2s = 24 we have 
SP ey, (90) = (— 1)" 2259 (n) — 5127 (0). 
T have already stated the reasons for supposing that 
| 7 (n)|<n¥d (n) 
for all values of n, and |r(2)| 207 


for an infinity of values of x. 


BET ice c eee eet e enon serene eens 


(159) 


19 
A SERIES FOR EULER’S CONSTANT y 


(Sesseager af Mathematics, XLVI, 1917, 73—80) 
1. In a paper recently published in this Journal (Vol. xiiv, pp. 1—10), 


Dr Glaisher proves a number of forrnule of the type 
8; \ 


where Sy = 1" + 2-4 BP FHM LL, 

and conjectures the existence of a general formula 
yah, — (r+ lr $2)... (2r) 

x is + f 8, 

Br +3) +4)... 2r42) 5 Sr 45) rt 6).. 

where A, is a rational number. I propose now to prove the general firmula 

of which Dr Glaisher’s are particular cases: this formula is itself a particular 


re tye 


case of still more general formule. 
2 Let r and ¢ be any two positive numbers. Then 


1 1 
i a’ (1— a) log (1-2) de= i: af! (1 — a) log M(x) de 
0 0 


1 : r 
=| #7 (1-2 lg T+) dz -| vO (lL ~—a#) log ada. ...... (1) 
) ) 


But few (1 -— 2) log I (1 — 2) dx 
0 
: 1 =] at a 
-[2 (l— #)t fw +S54+8,5 +...| de 
_PGtnr@), Pe+nl®S  PE+nl) & ( 
Tdsrt+)’* P@sree) 87 Peres) gto 4) 
Similarly | * gf (1 — a1 log P( +a) de 
0 
_TQO+9P@, Pe+)rms P@+Hl ys @ 
"= Tdereo '° TO4r4g-2 T@4r+t.3 °°!" ) 


And also 
“ah(1 a) AO TE hater nce eo ECE | 
[rd -arvgaden 5 on d-arnde= Brera 
Oro PaO Cer LP Py, la 
p< T(r +4) ire rete = Tir +i) i jog @™ +B) 
12 
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It follows from (1)—-(3) that, if r and ¢ are positive, then 


r r(r+1) 5 r(r +1) (+2) 
CEN RACES CESS Shc T CCHS Cr) ae 
t t(¢+1) t(t-+1)(¢+ 2) = 
+TesHl TED LIS teehee Desa 
Yat-1 (1 ~ gt 
= [Sac eosttaemetees (4) 


Now, interchanging r and ¢ in (4), and taking the sum and the difference of 
the two results, we see that, if 7 and ¢ are positive, then 
rtt 4 htes De 2s Cty 2) 
Verto’ Berto +ts ltt t 2) 
a [’ arnt 4 gel — Qgrtt-r 
215 l-« 


S3+... 


r(rt+1)—-t@4+1) 
uid Qr+i(r+iti) 
r(r+1)(r+2)(r+8)—€¢4+1) 42) 438) 5 7 fees 
TAG si +t4+ 1) tet 2) (74 t4 3) Set 4] a 


The right-hand sides of (5) and (6) can be expressed in finite terms if r 
and é arc rational. If, in particular, 7 and ¢ are integers, then 


i: ar 4 gt) — Qartin 1 a 1 4 1 
is l-« a ae are eee re ae | 
eee Oi: «sen 
t ¢4+1 5 t420° °°  r+t—-l’ 


ie gt! gfrt 


and do=(14htd+e+..+ 2-4) 


|, I-a 
1 
-(1 +$+444+ a tgaq): 


3. Let us now suppose that ¢=rin (5) Then it is clear that 
(r+1)(r4+2) 4 (r+1)(r +2) (7 +3) (r+ 4) gs 


YF 341) Ory 2) 2 Br Fl) (Sr +2) Ort 8)(Or+h epee 
ES Lar (1 ~ a") = 14777 
= SS an = [PE ae, sagen (7) 


ifr>0. If we suppose, in (7), that r is an integer, we obtain the formula 
conjectured by Dr Glaisher, the value of \, being 
is 1+ ] 


po =]-1i44- Beet 
. isa” 1—4+4 dt te: 
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Again, dividing both sides in (6) by r—fand making t¢~>7, we see that, if 
yr >O0, then 


tl 


1 1 
seen G f + pp 


ae 1) (r+ 2) (r 43) 


55 (i+; z L + Ne + 
SQr4 eae pO OPEL FED eer 
a log ar 1 1 1 
Sef dts toa tro tra Tes 8 
ii l-z ee Strat t r+2 *G+3)° (8) 
Thus for co we have 


=14 92% St t+ath +) pe+ 


4. If we start with the integral 
ix (1 ~ a) log P (1 - 5) a 
U 


and proceed as in § 2, we can shew that, if x and ¢ are positive, then 
r (r+) 
wees re 


; v(rt+1)(r+2) j 
QF HOLt+)  tIGs Oats rte t 
—t gry HTT) og ANH) og 

“Tee 86 Fst  BCFOOFIF DG Ftt2) 

2 (l—2) 
-[ Layo ae —keg 5 Fists (9) 
where L-*— 2 4 3-4 MH, 

From (9) we can easily deduce that, if r and ¢ are positive, then 
Trt) +E(Et)) g, | rr + (r+ 2)(r +8) 4bE+ E42) E43) 9, 
2(r+t)(r+t+1) (rt tyr 4t4 1) (r4t4 2)(r 4443) 

_ Lgt) 4 atl Qartin Tv. 
=4f = da — log 5 3 seeees (10) 
roto a, rire l)(r+2)—t(E+1)(¢+2) 9, 
aud iweo + Sesh@ste Desay tT 
goog 
=a, jog teceeetee coves (11) 
As particular cases of (10) and (11), we have 
loge + r+i1 Si + (r+) (r+ 2)(r +3) g! _ filter 
+2 @raly™ + arth Gr+2) Gras)” =| lea 
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Lvs (rt+l)(r+2) fl 1 ] 7 
a see Gra site) 


FED (TH+ 2)(r$3C4+4) 
5 (Qr + 1) (Qr +2) (2r+ 3) r+ 4) 


«(2 1 1 1 


and 


2 i Ss + 
“ yp tpi trade sata) 


1 1 1] 
a Gain @aae se ieeee ea wecules (13) 
provided that r>0. Thus for example we have 


8, Se . 
Lang 5 +2( 2 2.3¢4.6°6.77 : 


7m Sf 8, S, 
iB 7rateaGtt +H + eZ tg+gtitpt.. 


5. The preceding resulis may be generalised as follows. Let £(s, «) 
denote the function represented by the series 


w+ (a+ Lyi + (a+ 29+ (e+ 8+... (@>0) 
and its analytical continuations, so that {(s,1) = £(s) and €(s, 4) = (2*— 1) £(s), 
¢(s) being the Riemann ¢-function. Then 


i #1 (1—-a) f(s, 1~2)dz= fe 211 — eC (s, 2) da 
lo 


1 1 
= | a (1—a)£(s, 140) de+ | aL ada vce (14) 
0 ov 
provided that r and ¢ are positive. But we know that, if{2|<1, then 
b(@1-a=t@+s Setter ES) +2) a4 ...5 (15) 
DOS os sa, Gé-s) T(r) 
and that [ Mas a (18) 


provided that ¢>s. It follows from (14)—(16) that, if r and ¢ are positive 
and ¢ > 6, then 


s(s+1) — or(r+1) 
2) OTR ED Ot +f 
s(s+1)_t(t+1) 
I Ged@sery ier?) | 


~Po+org-s) 
~ TPOrG=sto ° 


{e431 ces 1)+ 


~{r@- 5 ee4at 


sserbchete (17) 


een te 
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As particular cases of (17), we have 
s rt+t ee 4 Sst) (94 2) 2 FU) (+2) +44 LE + 2) 
tirsee 3: (th (r++ 1 (7 tt4+2) 
_1 T+) jP@=s) , TG -s)l 
“2 TG—-stDl Te Tir) J? 
s(s+1)r(v7+1)-—t(¢4+1) 
2} (+t) (7+t+1) 
4 FY (6+2)(643)7r+D 0+ 2)(r+3)—t(t+ L(+ 2)(t4+3) e(s+4)+ 


£(s+3)4+... 


. (18) 


C(s4+2) 


and 


4) (rt Oettt Li +t+2)(7+t43) 
1 P(r+t) (Te-s)_ Ti(r-s)) 
5 retest aGh Tay pee (19) 


provided that 7 and ¢ are positive and greater than s. From (18) and (19) 
we deduce that, ifr is positive and greater than s, then 


s(stlj(s+2) r(rt+) (+2) 
ett ga ae eed) 
_1TQ@nl@—s) 
~3 PwPQ@r—s)’ 

s(sti) r(rtl) G+ ] 3) £(s +2) 


C(s+B)4+... 


ee eee (20) 


and 


2100 Qe (2r441)\n 0 rt] 
4 SE 4134 2) (s +8) r(rt+ lr +2) r+ 3) 
4! Sr Gr +1) (27 + 2) (Or +8) 


1 1 1 
x (c+ atepa tiga) fOro+~ 

11 (2r) Pwr —s) far (1 - 2%) 

5 POT or | Fd cessscseee (21) 


6 Ifwe start with the integral 
- V1-a/yo 1—=) de. 
[ x ( wy t (s, 5) B 


and proceed as in § 5, we can shew that,if r and ¢ are positive and t>s, 


then 
Les r(r+1) 


b()+ po past it~ ve Giger tt Dt 
s(s +1) t(¢+1) 
+60)-fyphe+D+ ie Gere Do To 


_C@tt)TG-s) 
“T@OlG@—st’ 
where £,(s) is the function represented by the series 
1 24 3-4-4. 
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and its analytical continuations. From (22) we deduce that, if r and ¢ are 
positive and greater than s, then 


s(sti)r(rtl+éittt+) 


L+HGO)+-Gr> Giggs BEtD+ 


1 Te@4+d (Pé-s) Tos), : 
=a reoreh | r® * Te) f; eee) 
and i — & (s+ 1) 
s(s+1)(s+2) rr +1) (7+ 2)-t(E+ 1) (E+ 2) 
tag MiRAa CED 
_1 Te@+a (Ta-s) TP—s)) ; 
33 eed ne). See sie 


As particular cases of (23) and (24), we have 


s(s+1) r(r4]) 


2G td CCA) por ae cag Meee), (95) 


Or (Qr +1) Pi@ryT(Qr—s)' 
a - 
md fg bheen 
sist 1) (342) r@t+i@+2) fi, 1, 1 
oa Op (r+ 1) Or +2) G+egatesa) Saleh Gi 


JIL QT (r—s) pa #) 7 
“OT G)TQr—s)Jo l-@ : 
provided that is positive and greater than s. 
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ON THE EXPRESSION OF A NUMBER IN THE FORM 
ccc’ + by +e + due 
(Proceediags of the Cambridge Philosnphical Society, X1x, 1917, 11—21) 

1. It is well known that all positive integers can be expressed as the 
sum of four squares. This naturally suggests the question: For what positive 
integral values of a, b,c, d can-ull positive integers be expressed in the form 

AB bY HOE MUL eee cceeec teen en eres (11) 

I prove in this paper that there are only 55 sets of values of a, b, ¢, a for 
which this is true. 

The morc general problem of finding all sets of values of a, b, ¢, d, for 
which all integers with a finite number of exceptions can be expressed in the 
form (1'1), is much more difficult and interesting. I have considered only 
very special eases of this problem, with two variables instcad of four; namely, 
the cases in which (1°1) has one of the special forms 

Ck Cae ee) 0) SEES (1:2) 
and a Cal ei ed Calls op (13) 

These two cases are comparatively easy to discuss. In this paper I give 
the discussion of (1-2) only, reserving that of (13) for another paper. 

2. Let us begin with the first problem. We can suppose, without loss of 
generality, that 


ODE SO ik eee eessed dessa ds (21) 
If a> 1, then 1 cannot be expressed in the form (1°1); and so 
Gee eae hs tate Oe Senora (2:2) 
If bd >2, then 2 is an exception; and so 
Vb SiO) ducts eatin sphaeaioss Vaauiarees (2:3) 


We have therefore only to consider the two cases in which (1:1) has one or 
other of the forms 
e+ y+tost+ dui, a + 2y +2" + du’. 
In the first case, if c > 8, then 3 is an exception ; and so 


LSS 9). Ca exiots soeet sand eabateninass (2°31) 
In the second case, if ¢c > 5, then 5 is an exception; and so 
VOR Oe Wot esdecinus ye tet ec (2°32) 


We can now distinguish 7 possible cases. 
(241) ®@+ytet dus 
Ifd >7, 7 is an exception; and so 
TM ci thcineel Ss eartulons (2-411) 


5 
wee 
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(2°42) eb y+ 22? + due 
If d >14, 14 is an exception ; and so 
Ded SVS cbs s cee naneccanns ened edie’ (2-421) 
(2°43) 2+ yt 3224+ du 
If d>6, 6 is an exception; and so 
DiS SeOk Uehara iedste oe ae ts, Sue-e piee (2431) 
(24h) ot + Dy + 22? + dur. 
Ifd> 7, 7 is an exception; and so 
ST RNIN, dali cl se (2441) 
(245) a + Qe? + Bak + dui. 
If d>10, 10 is an exception; and so 
BAU. cee ceeeccesessestsceseenseees (2°451) 
(246) + 2y? + 427 + dui. 
If d > 14, 14 is an exception; and so 
Ae ey Ai Piectte 2 ob adsl wna cheaeese ee (2461) 
(247) P+ Dy? + Bae + du’, 
If d >10, 16° is an exception; and so 
SMSO: ewes einense eeapedea ent (2-471) 


We have thus eliniinated all possible sets of values of a, b, ¢, d, except 
the following 55: 


TAT 1, 2, 8, 5 1,34, 8 
,1,1,2 1,2, 4,5 1,2, 5, 8 
1, 1, 2,2 1, 2, 5,5 1,1,2, 9 
1, 2, 2, 2 1,1, 1,6 1,2,3, 9 
TPA ars 3 1, 1, 2,6 1234 9 
1, 1, 3,3 1, 2, 2, 6 1, 2,5, 9 
1, 2, 2,3 1, 1, 3, 6 1, 1, 2, 10 
1.15288 1, 2, 3, 6 1, 2, 3, 10 
1, 2, 3, 3 1, 2, 4, 6 1, 2, 4, 10 
11,1, 4 1, 2, 5, 6 1, 2, 5, 10 
1,1,2,4 elo, 1,1, 2,11 
1, 2, 2, & 11,2,7 1, 2, 4,11 
1,1, 3,4 1, 2,2,7 1, 1, 2, 12 
1, 2, 3, 4 1, 2, 3,7 1, 2, 4,12 
1, 2, 4, 4 1, 2, 4,7 1, 1, 2, 18 
Lg T05 1, 2, 5,7 1, 2, 4, 13 
1, 1, 2,5 1, 1,2 8 1, 1, 2, 14 
1, 2, 2, 5 1,233 8 1, 2, 4, 14 
1,1, 3,5 


On certain Quaternary Fornes 171 


Of these 55 forms, the 12 forms 


1,1,1,2 1, 1,2, 4 1,2,4, 8 
1,1, 2, 2 1, 2,2, 4 11,3, 3 
1, 2, 2,2 1,2, 4 4 1, 2,3, 6 
1141,4 1,1, 2, 8 1, 2, 5, 10 


have been already considered by Liouville and Pepin*. 

3. I shall now prove that all integers can be expressed in each of the 
55 forms. In order to prove this we shall consider the seven cases (2°41)— 
(2°47) of the previous section separately. We shall require the following 
results concerning ternary quadratic arithmetical forms. 

The necessary and sufficient condition that a number cannot be expressed 


in the form 
GPS B Ses adh tsdvons eae (1) 


is that it should be of the form 
B(Bp47) =O 2 oy HHO, Qe cee (3-11) 
Similarly the necessary and sufficient conditions that a number cannot be 


expressed in the forms 
ae pt 22, 


e+ p+ 3z, 
BP AG BYE D2 css sscessdov denser eases cere ee (3°4) 
a+ Qy? + 32%. Be 
BA Dy AAS eet se ctate jokttcadgea cece 3 
BA QYPE ASB, ccc eccc sec eee eee een ae eeeeee (3°7) 
are that it should be of the forms 
4A (16 414), ceccceccceseeteceeeees (321) 
OAC sOpi=bs SOc ssf bts ies ook bat Seretae (3°31) 
(But 7), 
4 (16y + 10), 
4 (16y + 14), 
254 (Q5u +10) or 25 (25u + 15)t 
The result concerning «°+y’+2 is due to Cauchy: for a proof see 
Landau, Handbuch der Lehre von der Verteilung der Primzahlen, p. 550. 
The other results can be proved in an analogous manner. The form 
a+ 422 has ‘been considered by Lebesgee, and the form #+ y*+ 32 
by Dirichlet. For references see Bachmann, Zuhlentheorie, Vol. rv, p. 149. 


* There are a large number of short notes hy Liouville in Vols. v—virt of the second 
series of his Journal. See also Pepin, ibid., Ser. 4, Vol. v1, pp. 1—67. The object of the 
work of Liouville and Pepin is rather different from mine, viz. to determine, in a number 
of special cases, explicit formule for the number of representations, in terms of other 
arithmetical functions. 

+ Results (3°11)—(3°71) may tempt us to suppose that there are similar simple results 
for the form az*-+-by?-+ce®, whatever are the values of a, b,c. It appears, however, that 
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4. We proceed tu consider the seven cases (2-41)-—(2'47). In the first 
case we have to shew that any number WV can be expressed in the form 
Nesatt ptr dur, ccccccceeeceeseneeees (41) 
d@ being any integer between 1 and 7 inclusive. 
If WV is not of the form 4°(82+4 7), we can satisfy (41) withu=0. We 
may therefore suppose that VW = 44 (Sz +7). 
First, suppose that @ has one of the values 1, 2, 4, 5, 6. Take u= 2". 
Then the number 
N-—dw=4 (8n+7 - d) 
is plainly not of the form 44($4+ 7), and is therefore expressible in the 
form a? + y°+ 2% 
Next, let d= 3. Ify=0, take u=2\ Then 
NM - du? = 44), 
Ifp>1, take w=2**1 Then 
N—-diwv= 4 (84-5). 
In neither of these cases is V — du? of the form 4*(84 + 7), and therefore in 
either case it can be expressed in the form 2? +y°+2. 
in most cases there are no such simple results. For instance, the numbers which are not 
of the form 2? +2y?+ 10z? are those belonging to one or other of the four classes 
25. (Bu+7), 25 (25p+5), 25\(25u4+15), 25 (252 +20). 
Here some of the numbers of the first class belong also to one of the next three classes. 
Again, the even numbers which are not of the form 2?+y?+ 102 are the numbers 
4* (16246), 
while the odd numbers that are not of that form, viz. 
3, 7, 21, 31, 33, 48, 67, 79, 87, 183, 217, 219, 223, 253, 307, 391, .. 
do not seem to obey any simple law. 
T have succeeded in finding a law in the following six simple cases: 
wp y+ 402, 
wee y+ be, 
Bt 24622, 
wey yet 82", 
we? 42724 62%, 
a + Dy? 4.82%, 
The numbers which are not of these forms are the numbers 
4 (8u+7) or 8u-+3, 
4* (Bu +3), 
9* (92+3), 
4. (16414), 16p4+6, or 4u+3, 
4 (8y+5), 
a (8u4+7) or 8u45. 
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Finally, let d=7. If w is equal to 0, 1, or 2, take w=2 Then V— cde? 

is equal to 0, 2.4471, or d4*?) Tf 25, take w= 2-1 Then 
NV — dut= 4 (Sp — 21). 

Therefore in either case VW —deé ean be expressed in the form *+ y+ 2. 

Thus in all cases WV is expressible in the form (41). Similarly we can 
dispose of the remaining cases, with the help of the results stated in § 3. 
Thus in discussing (2°42) we use the theorem that every number not of the 
form (3°21) ean be expressed in the form (32). The proofs differ only in 
detail, and it is not worth while to state them at length. 


5. We have seen that all integers without any exeeption can be expressed 
in the form 


me (AYA PYANU, eee ceeececeec ee eeees (51) 
when i m=1, len<i, 
and nee) fed, 


We shall now eonsider the values of w and » fur which all integers with 
a finite number of exceptions can be expressed in the form (5°1). 
In the first place m must be 1 or 2. For, if m> 2, we can chuose an 
integer py so that 
nu? = v (nod m) 
for all values of x. Then ” 
(mp +v)— nu? 
ne 3 
where « is any positive integer, is not an integer; and so mp+tp can 
certainly not be expressed in the form (5:1). 
We have therefore only to eonsider the two cases in which m™ is 1 or 2. 


First let us consider the form 


WE YPRO NU coccccececttee tees ee anes (5:2) 
T shall shew that, when 2 has any of the values 
1, 4, 9, 17, 23, 36, 68, 100, ..0cecee eee (5-21) 


or is of any of the forms 
4h4+2, 46+8, 8445, 164412, 324420, ..... (5°22) 

then all integers save a finite number, and in fact all integers trom 4n 
onwards at any rate, can be expressed iu the form (5°2); but that for the 
remaining values of » there is an infinity of integers which eannot be ex- 
pressed in the form required. 

In proving the first result we need obviously only consider numbers of 
the form 4 (844-7) greater than n, since otherwise we may take u=0. The 
numbers of this form less than » are plainly among the exceptions. 


6. I shall consider the various cases which may arise in order of 
simplicity. 
(61) 2=0 (mod 8). 
There are an infinity of exceptions. For suppose that 
N=8u+7. 
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Then the number N— nu?=7 (mod 8) 
cannot be expressed in the form + y°+ 2%. 
(62) n= 2 (nod 4). 

There is only a finite uumber of exceptions. In proving this we may 
suppose that NW = 44 (8447). Take u= 1. Then the number 

NV-nut= 44 (84 7) - 
is cougruent to 1, 2, 5, or 6 to modulus 8, and so can be expressed in the 
form 2+ y? + 2 

Hence the only uumbers which cannot be expressed in the form (5°2) in 

this case are the numbers of the form 4* (84+ 7) not excecding x. 
(63) 2=5 (mod 8). 
There is only a finite uumber of exceptions. We may suppose again that 
N=¥(Su+7). First, let +1. Takew=1 Then 
N—- mé=4 (8447) —n= 2 or 3 (mod 8). 
If \ =1 we cannot take wu =1, since 
N—-n=7 (mod 8); 
so we take u=2. Then 
N -— me =# (84+ 7) — 4n =8 (mod 32). 
In either of these cases N’— nu? is of the form a? + ptt. 

Hence the only numbers which cannot be expressed in the form (5-2) are 
those of the form 44 (84 4 7) not exceeding n, and those of the form 4 (8u + 7) 
lyiug between » and 4m. 

(64) 2=8 (mod 4). 

There is only a finite number of exceptions. Take 

N= (84+7). 
TfX21, take v=1. Then 
N—nwl=1 or 5 (mod 8). 
Ifx~=0, take w= 2. Then 
N — nu? =3 (mod 8). 
In either case the proof is completed as before. 

In order to determine precisely which are the exceptional numbers, 
we must consider more particularly the numbers between # and 4n for 
which X=0. For these u must be 1, and 

NV — nw = 0 (mod 4). 
But the numbers which are multiples of 4 and which cannot be expressed in 
the form 2° + y° +2? are the numbers 
4* (8y +7), (« =I, 2, 3,...,v=0, 1, 2,3, ...). 
The exceptions required are therefore those of the numbers 
WPAE (SPAT). oviniidde ssatensdadee (6°41) 
which lie between 2 and 47 and are of the form 
BRMO hich Pagina candle Matas toate (6°42). 
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Now in order that (41) may be of the form (6°42), « must be 1 if a is of 
the form 8k + 3, and « may have any of the values 2, 3, 4, ... if n is of the form 
8k +7. Thus the only numbers which cannot be expressed in the form (5'2), in 
this case, are those of the form 44 (844+ 7) less than n and those of the form 

n+ 4« (89 + 7), (v=0, 1, 2, 3,...), 
lying between x and 4m, where « = 1 if 2 is of the form 84 + 8, and « >1 if 
n is of the form 8% + 7. 

(65) 2=1 (mod 8). 
In this case we have to prove that 
(i) if 22 33, there is an infinity of integers which cannot be expressed 
in the form (5:2); 
(ii) ifn is 1, 9, 17, or 25, there is only a finite number of exceptions, 

Tu order to prove (i) suppose that V=7.4. Then obviously u cannot 

be zero, But if u is not zero v° is always of the forin 4" (8x +1). Hence 
N—me=7.44—~n. 4° (8+ 1). 
Since n 2 33, must be greater than or equal to «+2, to ensure that the 
right-hand side shall not be negative. Hence 
N — nu? = 4¢ (8k +7), 
where b= 14. 44-*-2— ny —2 (n+ 7) 
is an integer; and so NW —nu* is not of the form a? + y* + 2%. 

Tn order to prove (ii) we may suppose, as usual, that 

N=4) (84 +7). 

If vA=0, take w=1. Then 
N —- nw? = 84+ 7—n= 6 (mod 8). 
TfA21, take u=2'-* Then 
‘ N — nw? = 4-1 (8k +3), 
where b=4(ut+1)—}(n +7), 
In either case the proof may be completed as before. Thus the only numbers 
which cannot be expressed in the form (5-2), in this case, are those of the 
form 8u+7 not exceeding n. In other words, there is no exception when 
«=1; 7 is the only exception when x= 9; 7 and 15 are the only exceptions 
when n=17; 7, 15 and 23 are the only exceptions when n = 25. 
(66) n=4 (mod 32). 
By arguments similar to those used in (6°), we can shew that 
(i) if » > 182, there is an infinity of integers which cannot be expressed 
in the form (5:2); 
(ii) if 2 is equal to 4, 36, 68, or 100, there is only a finite number of 
exceptions, namely the numbers of the form 4 (8447) not 
exceeding n. 
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(67) n= 20 (mod 32). 

By arguments similar to those used in (6°3), we can shew that the only 
numhers which cannot be expressed in the form (5°2) are those of the form 
44(8u+ 7) not exceeding », anc those of the form 4? (8% + 7) lying hetween 
aand 4n. : 

(68) 2=12 (mod 16). 

By arguments similar to those used in (64), we can shew that the only 
numbers which cannot be expressed in the form (5°2) are those of the form 
4) (84 + 7) less than n, and those of the form 

n+ 4*(8v +7), (y= 0, 1, 2, 3,...), 
lying hetween x and 4, where « = 2 if vis of the form 4 (8% +3) and «> 2 
if n is of the form 4 (8 +7). 

We have thus conipleted the discussion of the form (5°2), and determined 
the exceptional values of V precisely whenever they are finite in numher. 


7. We shall proceed to consider the form 
DP YEH PVA NUR. eeeccecccecceceeeeeeees (71) 
In the first place » must be odd; otherwise the odd numhers cannot be 
expressed in this form. Suppose then that n is odd. I shall shew that all 


integers save a finite number can be expressed in the form (7-1); and that 
the numbers which cannot be so expressed are 


(i) the odd numbers less than 2, 
(ii) the numbers of the form 44 (16 +14) less than 4n, 
(iii) the numbers of the form n + 44(16u + 14) greater than n and less 
than 9n, : 
(iv) the numhers of the form 
on + 4* (16v + 14), (v= 0,1, 2,3,...), 
greater than 9n and less than 25n, where ¢ = 1 if n= 1 (mod 4), 
c=9 if n=3 (mod 4), «= 2 if m®=1 (mod 16), and «>2 if 
n? = 9 (mod 16). 
First, let us suppose V even. Then, since n is odd and WV is even, it is 
clear that u must he even. Suppose then that 
u=2, N=2M. 
We have to shew that M can be expressed in the form 
TH Hie Ont ae aibe sd nleran bene’ (72) 


Since 2n =2 (mod 4), it follows from (6°2) tbat all integers except those 
which are less than 2m and of the form 44 (84+ 7) can be expressed in the 
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form (7-2). Henee the only even integers which cannot be expressed in the 
form (7:1) are those of the form 44(16u + 14) less than 4n. 

This completes the discussion of the ease in which NV is even. If V 
is odd the diseussion is more difficult. In the first place, all odd numbers 
less than » are plainly among the exceptions. Seeondly, since » and WV are 
both odd, w must also he odd. We can therefore suppose that 

Na=n+2M, w=1+8A, 
where A is an integer of the form $4(4/ +1), so that 4 may assume the 
values 0, 1, 3, 6,.... And we have to eonsider whether »+2M@ ean be 
expressed in the form 

22 + y+ 2*)+n(14+ 8A), 
or M in the form BYP AZANIA, ooceeccccce cette eect eee (7'3) 

If M is not of the form 44 (82+ 7), we can take \=0. If it is of this 
form, and less than 4n, it is plainly an exeeption. These numbers give rise 
to the exeeptions specified in (iii) of seetion 7. We may therefore suppose 
that J/ is of the form 4 (84+ 7) and greater than 4n. 


8. In order to complete the discussion, we must consider the three cases 
in whieh x = 1 (mod 8), n = 5 (mod 8), and n=3 (mod 4) separately. 
(81) n=1 (mod 8). 
If > is equal to 0, 1, or 2, take A=1. Then 
M~ 4nd = 4 (By +7) — 4n 
is of one of the forms 


8v+3, 4(87¥+3), 4(87+6). 


IfX23 we cannot take A=1, since Mf —4nA assumes the form 4(8» +7); 
so we take A=3. Then 
M—4nA = 4 (8u+7)—12n 
is of the form 4(8»+5). In either of these cases M—4nA is of the form 
a+y?+2% Henee the only values of M, other than those already specified, 
whieh cannot be expressed in the form (7-3), are those of the form 
4* (8v +7), (v=0, 1, 2,..., «>2), 
lying between 4n and 12x. In other words, the only numbers greater than 
9n whieh eannot be expressed in the form (7:1), in this ease, are the numbers 
of the form 
n+4 (8v + 7), (v=0, 1, 2,..., «> 2), 
lying between 9n and 25n. 
(82) n= 5 (mod 8). 
IfA+2, take A=1. Then 
M —4nA = 4 (844+ 7)—4n 
is of one of the forms 
8y +3, 4(8¥+2), 4(8 +3). 
R.C.P. 12 
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If X= 2, we cannot take A = 1, since Jf — 4nA assumes the form 4 (8» +7); 
so we take A=3, Then 
M —4nA =4 (844+ 7)—12n 
is of the form 4(8v+5). In either of these cases M—4nA is of the form 
@+y?+2% Hence the only values of M, other than those already specified, 
which cannot be expressed in the form (7°3), are those of the form 16 (84+7) 
lying between 4n and 12n. In other words, the only numbers greater than 
9n which cannot be expressed in the form (7°1), in this case, are the numhers 
of the form n+ 4 (16 +14) lying between 9n and 25n. 
(83) n=8 (mod 4). 
IfvA+1, take A=1. Then 
M — 4nd = 44 (8p +7) —4n 
is of one of the forms 8v+3, 4(40 +1). 
IfX=1, take A=3. Then 
M — 4nA = 4 (8% + 7) — 12n 
is of the form 4(4y+2). In either of these cases M—4aA is of the form 
eH + 2 
This completes the proof that there is only a finite number of exceptions. 
In order to determine what they are in this case, we have to consider the 
values of Jf, between 4n and 122, for which A=1 and 
M—-4mA=4(8n4+ 7-2) = 0 (mod 16). 
But the numbers which are multiples of 16 and which cannot be expressed 
in the form «* + 4° +2? are the numbers 
4* (8p + 7), (x= 2,3, 4,...,¥=0, 1, 2...) 
The exceptional values of M required arc therefore those of the numbers 


4m + 4E (BY AT) ceecceceeceee reece eee aeees (8°31) 
which lie between 4n and 12n and are of the form 
ACG OT Von ted cs i tO lapel (8°32) 


But in order that (8°31) may be of the form (8°32), « must be 2 if » is of the 
form 8k + 3, and « may have any of the values 3, 4, 5,... if m is of the form 
84+. It follows that the only numbers greater than 9n which cannot be 
expressed in the form (7°1), in this case, are the numbers of the form 
On + 4* (1Gv + 14), (v=0, 1,2...) 
lying between 9n and 25n, where «= 2 if 2 is of the form 84+ 8, and «>2if 
n is of the form 8k + 7. . 
This completes the proof of the results stated in section 7. 
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ON CERTAIN TRIGONOMETRICAL SUMS AND THEIR 
APPLICATIONS IN THE THEORY OF NUMBERS 


‘Transactions of the Cambridge Philosophical Society, sxu, No. 13, 1918, 259—276) 


1. The trigunomcetrical sums with which this paper is concerned are of 
the type 


QrrAn 
¢, (n) = X cos ———, 
» 3 


where X is prime to ¢ and not greater than s. It is plain that 
0 (n) == a, 
where a is a primitive root of the equation 
af ~1=0. 


These sums are obviously of very great interest, and g few of their 
properties have been discussed already*. But, so far as I know, they have 
never been considered from the point of view which J adopt in this paper ; 
and I believe that all the results which it contains are new. 


My principal object is to obtain expressions for a variety of well-known 
arithmetical functions of n in the form of a series 


& dees (1). 
¥ 


A typical formula is 


a ne 4 2in) 


a(n) = ae ea 


1? 2 28 

. where ¢ (n) is the sum of the divisors of ». I give two distinct methods for 
the proof of this and a large variety of similar formule. The majority of my 
formule are “elementary” in the technical sense of the word—they ean (that 
is to say) be proved by a combination of processes involving only finite 
algebra and simple general theorems concerning infinite series. There are 
however some which are of a “deeper” character, and can only be proved by 
means of theorems which seem to depend essentially on the theory of analytic 
functions. A typical formula of this class is 


C1) + $02 (m) + fey (n) +... = 0, 
a formula which depends upon, and is indeed substantially equivalent to, 
the “Prime Number Theorem” of Hadamard and de la Vallée Poussin. 
* See, eg. Dirichlet-Dedekind, Vorlesungen itber Zahlentheorie, ed. 4, Supplement vu, 
pp. 360—370. 
12—2 


v het OLE Sw us Tie + tes. 
ee & 


vette ee Leet 
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Many of my formule are intimately connected with those of my previous 
paper “On certain arithmetical functions”, published in 1916 in these Prans- 
actions*. They are also connected (in a manner pointed out in § 15) with a 
joint paper by Mr Hardy and myself, “ Asymptotic Formule in Combinatory 
Analysis”, in course of publication in the Proceedings of the London Mathe- 
matical Society}. 


2. Let F(u, v) be any function of u and 2, and let 
(21) D(n)= = F(6, 8), 
3 


where & is a divisor of n and 88’=7. For instance 
DQ)=F(LD; D(2)=F(1, 2) + Fi); 
D(3)=F(1,3)+ FB); DAD=FU,H)+F (22474); 
D(5)=F(1,5)+ F (5,1); D(6) =F, 6) + F (2,3) + FB, 2)4+F(6,1);....... 


It is clear that D(x) may also be expressed in the form 


(22) Din)= ZFC, 9). 
8 
Suppose now that 
e-1 
(2°3) s(n) = % cos arth 
© 0 
so that ys(n)=s ifs is a divisor of n and 7,(n)=0 otherwise. Then 
t + 
(4) D(n)=¥ in (n) Fo, 2}, 
14 vy, 
where ¢ is any number not less than n. Now let 
(2°3) erases aedn 
Aa 


where A is prime to s and does not exceed s; eg. 
6, (n)=1; ¢,(n)=cos nr; ¢y(n)= 2 cos Zn7; 
a,(n) =2cos4nr; 6; (n)= 2 cos gna + 2cos dur; 
y(n) = 2 cos kna; ¢,(n) =2 cos #na + 2 cos $n + 2 cos Sn; 
s(n) = 2 cos dno + 2cos ena; cy (n) =2 cos Zn + 2 cos gn + 2 cos Sz; 


Cy (n) = 2 cos ina + 2cosdnr; ....... 
It follows from (2°3) and (2°5) that 
(26) nu (0t) = S0a(n) 
where 6 is a divisor of s; and hence§ that 
(7) ox(n)=2 4 (8) n(n), 
* [No. 18 of this volume]. + [No. 36 of this volume]. 


Ce a 
t = is to be understood as meaning 3, where [¢] denotes as usual the greatest integer in ¢. 
1 


§ See Landau, Handbuch der Lehre von der Verteilung der Primzahlen, p. 577. 
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where 6 is a divisor of s, 66’ = s, and 


shlt) 1 


er Bey’ 
¢(s) being the Riemann Zeta-function. In particular 
6 (2) =m (1); 0:(2) = m2(2) — my Cm); O(n) = (2) — mm (+); 
0, (2) = 92) — m(2)3 65 (2) = 9s (1) — (a); - 
But from (2°3) we know that 9;(n)=0 if 8 is not a divisor of x; and so 
we can suppose that, in (2°7), 8 is a common divisor of n and s, It follows 
that 


(28) 


jes(n)i< XS, 
where 6 is a divisor of n; so that 
(29) e,(n) =O(1) 
ifn is fied and y-> 2. Since 
Ns (”) =, (n+); ¢(n)=6,(n +8), 
the values of ¢,(n) for n=1, 2, 8, ... can be shewn conveniently by writing 
a(n)=1; @(n)=—1,1; q(n)=—1,-1,2; 
cy(n) =0, — 2, 0,2; e,(n) =—1,-1,-1,-1,4; 


e,(n)= 0,0, 0,—4,0,0,0,4; o (n)= 0,0, —3, 0, 0,—3, 0, 0,6; 


y(n) = 1,—1,1,-1,—-4,-1, 1, -1, 1,4; ...... 

the meaning of the third formula, for example, being that c.(1)=—1, 
¢;(2)=—1, ¢, (8) = 2, and that these values are then repeated periodically. 

It is plain that we have also 

(291) e, (nr) = O(1), 
when v ts fieed und n> ©. 

8. Substituting (2°6) in (2:4), and collecting the coefticients of ¢,(n), 
6o(n), 6; (n), ..., we find that 

(31) ; 

D(n)=e,(n) 3 =F ( 4 +¢,(7) Se F (2, 5) + ¢,(n) s = F(8», z=) shy 
where ¢ is any number not less than x. If we use (2'2) instead of (2:1) we 
obtain another expression, viz. 

(32) 
Din=y (mete (2, »)+a(noz F(z, 2) +e) P(E av) tees 


where ¢ is any number not less than n. 
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Suppose now that 
F,(u,v) = F(u, v)log u, F, (u,v) = F(u, v) log a, 


Then we have 


D(n)logn= = F(6,8)logn= ® F (8,8) log (68) 
= TF,(8, S) +E F.(8,8), 
3 


where 8 is a divisor of n and 85’ =n. 


Now for & #,(6, 8’) we shall write the expression corresponding to (311) 
é 
and for & F, (8, 8) the expression corresponding to (32). Then we have 
& 


(33) D(nylogn=e,(0) 3 282 F (v,4 an ca(n) © EF (2, 5) 


+ (0) 3 983" F (3, #)+.. $er(n) 3 82 P(2, 4 


‘ 


K log 2 nm, log 3» n 
+ ¢0(n)%~ "B= F(S 1 2n)-+ o6(n) eo F(#., 80) + 


where 7 and ¢ are any two numhers not less than n. If, in particular, 
F (u,v) = F(v, wv), then (3°3) reduces to 


t 
BS) ED(n)logn=e,(n)z BY F(,, *) 


stn $282 # (a0, 8) tac SE? (8.3,) +> 


where ¢ is any numher not less than n. 


4. We may also write D(n) in the form 
(41) D(n) -3 F (3,8) +3 F(8',8), 
=21 =L 


where 8 is a divisor of n, 66’=n, and uw, v are any two positive numbers such 
that w=, it being understood that, if u and v are hoth integral, a term 
F(u,v) is to be subtracted from the right-hand side. Hence (with the same 
conventions) 


D(n)= 3m (n) Fo,” 2) +35 n(n F(, v). 


Applying to this formula transformations similar to those of §3, we obtain 
(42) Din)aq, (a "FP (. *) +05(r) Se -F (2 3 M ms) te 


+0,(n)3+ iF (? Beets Lr (2, \ 


where wv and v are positive numbers such that uv=n. If wu and v are integers 
then a term F(x, v) should he subtracted from the right-hand side. 
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If we suppose that 0 <u<1 then (42) reduces to (3-2), and if 0<v<1 it 
reduces to (3°1). Another particnlar case of interest is that in which u=v. 
Then 


(43) D(ny=o,(n) 3 {PF (. DaeR(e, »)! 


wn J n n 
pa Qv.— ee 
+ C2 (2) om fr (2, 3) +F(E, 20) Foe. 


If n is a perfect square then F(/n, /n) should be subtracted from the right- 
band side. 


5. We shall now consider some special forms of these general equations. 
Suppose that F(u, v)=v*, so that D(n) is the sum o, (x) of the sth powers of 
the divisors of n. Then from (3:1) and (3:2) we bave 


1) Bo, (n) ates a a ate pyite-s 


(32) 0 (2) =e, (n) z v8 +e» (n) 3 (2v)"? + 05 (n) 5 (By) +..., 
1 
where ¢ is any number not less than n: from (3°3) 
\ 
(5°38) o;(n) logn =e (n) 2 v8 log p+ ¢2(n) S (2) log Qu +... 


. log 2y ) 
+n? {e (n) 3 98? ee Y + ¢2(n) = = ayy t a 


where 7 and ¢ are any two numbers not less than n: and from (4:2) 


(54) os(n)= 6, (”) 3 vy! + 65 (2) ae + oa(n) (3y)87 +... 


t ( si + 65 (n) ie (By at me 
where uv=n. If wand v are integers then u* should be subtracted from the 
right-hand side. 


+f fo (n) > — +0, (n) Se 
1 


Let d(n) =0)(n) denote the number of divisors of x and o(n)=0,(n) the 
sum of the divisors of x. Then from (5°1)—(5°4) we obtain 


(5°5) A(ny=a (EL soln) St told Ft 
(5°6) o (n)=c,(n) [4] oe ($t] +c, (2) (F2] +. 


(5°7) $d (n) log n =o, (n) 18” aor 82 wn 2 


a ELEY soon hh LL eam (td ald 
d(n) Buchs aragr +62(n) 25, +9, +, (n) 2a tea, Bes 
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where t=n and we=n. If wand v are integers then 1 should be subtracted 
from the right-hand side of (5°8). Putting «== yn in (5°8) we obtain 


day Way wn 1 
(59) dd (n) =, (n) 2 = + 02(n) x Jp + (n) & apt 


unless » is a perfect square, when 4 should be subtracted from the right- 
hand side. Tt may be interesting to note that, if we replace the left-hand 
side in (5°9) by 

[4 +34 (n)}, 


then the formula is true without exception. 


6. So far our work has been based on elementary formal transformations, 
and no questions of convergence have arisen. We shall now consider the 
equation (5°1) more carefully. Let us suppose that s>0. Then 

ie 1 Baer 1 1 

s 25 Be 

2 gym = = pet? (i) peaslstl) +0 (a). 
The number of terms in the right-hand side of (5-1) is [¢]. Also we know 
that c, (x)= O(1) asn—w. Hence 


ale) = (e+) sao fF $ te bis +220 40 0 (284), 


SFL 


eee t->00, we suis 


(6:1) o, (n) =n (s+ 1) (ane + (>) + ain) + oh, 


ifs>0. Similarly, if we make t—> oo in (5°3), we obtain 


r x 
o; (2) log n = ¢,(n) vlog » + ¢5 (2) 3 (2vY-? log 2v +... 
& log 2; 
+ni {a (n) 3 Me? ~ee + ¢(n) & E erat ae 
logkvy logk 4 
But 3 ema i te+l)-gae (s+1). 
Tt follows from this and (6-1) that 
(62) : 


os(n) ete +log nt = o(n) 5 3 vlog» + ¢n(n) & 5 (20) log r+. 


soe een fee! , ENR? , nD ; 2h 


jst Jat geri 


where s>0 anditzn. Putting s=1 in (6:1) and (6-2) we obtain 


(68) 2 (ma ne a et, 
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(6'4) a(n) cS 


+¢,(n)[#] log 1 +¢,(n) [$2] log 2+... 
+¢,(n) log [2]! +e (n) log [42]! + 


+ log} = ue 1 {2 tog 1 + og? +...f 


where é>n. 


7. Sinec 

(71) o5(2) =n o_.(n), 
we may write (6-1) in the form 

a(n) a(n), (nr), o,(n) 

etd) ae 7 gen T ga Fo 
where s>0. This result has been proved by purely elementary methods. 
But in order to know whether the right-hand side of (7:2) is convergent or 
not for values of s less than or equal to zero we require the help of theorems 
which have only been established by transcendental methods. 


(7-2) 


Now the right-hand side of (7-2) is an ordinary Dirichlet’s series for 
1 
ao_s(u)x Fert “ 
The first factor is a finite Dirichlet’s series and so an absolutely convergent 
Dirichlet’s series. It follows that the right-hand side of (7-2) is convergent 
whenever the Dirichict’s series for 1/¢(s +1), viz. 


st (2) 


pits? 


(73) 
is convergent. But it is known* that the series (7-3) is convergent when 
s=0 and that its sum is 0. 

Tt follows from this that 

(74) (mn) + fe. (2) +4e,(n)+...=0. 

Nothing is known about the convergence of (7:3) when —4<s<0. But 
with the assumption of the truth of the hitherto unproved Riemann hypo- 


thesis it has been proved+ that (7°3) is convergent when s>—4. With 
this assumption we see that (7°2) is true when s>—4. In other words, if 


-—t<s<}, then 
(78) ome t—s) (Os SO, 20 4} 


=wt(1+s) fe +2) + am) + a . 


8. It is known? that all the series obtained from (73) by term-by-term 
differentiation with respect to s are convergent when s= 0; and it is obvious 


* Landau, Handbuch, p. 591. + Littlewood, Comptes Rendus, 29 Jan, 1912. 
¢ Landau, Handbuch, p. 594, 
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that the derivatives of o.,(n) with respect to s are all finite Dirichlet’s 
series and so absolutely convergent. It follows that all the derivatives of the 
right-hand side of (7-2) are convergent when s=0; and so we can equate the 
coefficients of like powers of s from the two sides of (7'2). Now 


(81) SHS + .., 


1 = 
cet] 
where y is Euler’s constant. And 
o_() =ES4=R1—sklog d+ s20y 


where 6 is a divisor of n. But 
Z log § == log 8 =4 = log (63) =} a(n) logn, 
3 3 3 
where §6’=n. Hence 
(82) o_3(n)=d(n) —dsd(n) lognt.... 
Now equating the coefficients of s and s* from the two sides of (7-2), and 
using (8°1) and (8'2), we obtain 
(88) a(n) log 1+ 4e,(m) log 2 +40, (n) log 3 +...=—d(n), 
(84) ¢,(n)(log1 + $e.(n)(log2)?+-40,(n)(log3)?+...=—d(n)(2y+logn). 
9. I shall now find an expression of the same kind for (n), the number 


of numbers prime to and not exceeding n. Let p,, po, ps, ... be the prime 
divisors of m, and let 


(91) s(n) = n° (1— pr") (L — pe) (L— ps“) 
so that ¢,(72)=$(n). Suppose that 
F (u,v) = pw (u) v’. 
Then it is easy to see that 
D(n) = $5 (x). 
Hence, from (3'1), we have 


2 us 2 pw (2p 
(92) EP) =o (0) HO + xm) EE 4 ., 


where ¢ is any number not less than ». If s>0 we can make foo, as 
in §6. Then we have 


a $e(n) = 2 rae ) i 2 
(9°8) 2 = 6, (0) EE +0(n)3 BO 4... 
But it can easily be shewn that 
9-4 S fa (nv) A u(r) 
OH) P@0-pAl-p yd" 


where 1, Po, Ps, --- are the prime divisors of x. In other words 


(9°3) S$ p(nv) _ w(n) ni 


1 b(n) f(s)" 
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It follows from (9°3) and (9°5) that 
da(ny(st+1) palm), w(2)a(n) | w(B)e(n) 
g6) Ses Soe ee ee 
oe ee Gan(1) * dur)” “beni (B) 
In particular 


OT) FOM=aM— soy Roy 
y(n) o, (1) Cw (2) 


* NT) G1) BH (ee 


10. I shall now consider an application of the main formule to the 
problem of the number of representations of a number as the sum of 
2, 4, 6, 8, ... squares. We shall require the following preliminary results. 

(1) Let 


5 het 2s~1 4? Bly 


(101) = D(njah= X=; as woe td oe 
We shall choose 
F (u,v) = 8, u=1 (mod 2), 
F(uv=-, us2(mod4), ” 


F (u,v) =(2-1)e, vw =0(mod 4). 
Then from (3:1) we can shew, by arguments similar to those used in 
§6, that 
(O11) Din) = nt (1-8 + 3-8 4 5-8 $8 (n) + 2-8 oy (B) + BF 03 (22) 
+4-8 64 (m) + 57% 05 (2) + 678 Cys (2) 4.778 6; (R) FB Cg (2) $j 


if¢>1. 
(2) Let 
(10-2) SD(n)at= Xap ee a, 
We shall choose 
F (u,v) =v, u=1(mod 2), 
F (u,v) =v, u = 2 (mod 4), 


F(uv)=(1—-2"%) 07, «= 0(mod 4). 


Then we obtain as before 
(10°21) D(n) =n (1-9 + 8-8 + 5-8 +...) {1% (n) ~ 2 e, (nm) +. 38-8 (0) 
— 47% 65 (1) + 5-8 05 (1) — 67 Oye (22) + 778 C; (2) — 88 ag (B) +o 
(3) Let 
js wv ga-2 Fira 377) ae 
10°3 = a= X,= 
GMs) DO = As Tere ae Pe 
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We shall choose 
F (u,v) =0, u = 0 (mod 2), 
F(uv)=v', uv=1(mod 4), 
F(uv)=~—v, uw=3 (mod 4). 

Then we obtain as before 

(10°31) 
D(n) =n (17 — 9-* B=...) (1 (2) — 8 , (2) +B 5 (n) — ...}. 
(4) We shall also require a similar formula for the function D(n) 


defined by a : 
si £ Sm] ys ate a 
(10°4) Spa\esr,= foe 


l-g 1-8’ 1-2" 


The formula required is not a direct consequence of the preceding 
analysis, but if, instead of starting with the function 


Qanr 
c,(n)= = cos 7 
a r 


we start with the function 
Qarnr 


s(n) = 5 (— 14> sin, 
a r 


where is prime to and does not exceed 7, and proceed as in §§ 2—3, we 
can shew that 
(10°41) 
D(a) = $n (1 — 3 4-5 — ...) (1 8 (00) + 2 85 (m) + 8-8 Bae (H) +... 
Tt should be observed that there is a correspondence between ¢,(n) and 
the ordinary &-function on the one hand and s,() and the function 
n(s)=1°-3 7 4+5--... 
on the other. It is possible to define an infinity of systems of trigono- 
metrical sums such as ¢; (7), s(n), each corresponding to one of the general 
class of “ L-functions*” of which {(s) and 7 (s) are the simplest members. 
We have shewn that (10°31) and (10°41) are true when s>1. But if we 
assunie that the Dirichlet’s series for 1/n(s) is convergent when s=1, a 
result which is precisely of the same depth as the prime number theorem 
and has only been established by transcendental methods, then we can shew 
by arguments similar to those of §7 that (10°31) and (10°41) are true when 
s=l. 
11. I have shewn elsewhere+ that if s is a positive integer and 
1+ 37, (2) a? =(1 + 20+ Qat + 209+ ...)%, 
then Tog (10) = Soy (22) + Cog (22), 


* See Landau, Handbuch, pp. 414 et seg. 
t Transactions of the Cambridge Philosophical Society, Vol. xxi, 1916, pp. 169—184. 
[No, 18 of this volume; see in particular $§ 24—28, pp. 157—~162.}, 
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where @,,(7”)=0 when s=1, 2,8 or 4 and is of lower order* than 62,() in 
all cases; that if s is a multiple of 4 then 


. 3 —s Bo 4 ¥ - Fe Stash i 
(11:1) (1-8 + 8-4 BO +...) 26. (n) Gani’ 
if s is of the form 444 2 then 
a 
2 = Giga aed wee ES ———— 4 
(11-2) (17 + 8-84. 5 4...) B89 (0) a (ety 
if s is of the form 4441 then 
(113) (1-844 5...) BBy (nda = 7 (Xt 2 *X,), 
except when s=1; and ifs is of the form 4443 then 
(11°4) d-s— 34 57? =...) E 8ag(n) 2 = = (X,— 3 *X), 


(1 ST 
X,, X2, Xs, X, being the same as in § 10. 


In the ease in which s=1 it is well known that 


(11-3) Sa (morat (2. - Poe Es...) 


~2 1-2 


=4( x + rd 4 a 
~ “\4ae 14a reat): 


Tt follows from ae 10 that, if s is a multiple of 4 then 


(11:11) 8:5 (2) = 1-* & (nm) + 27% 0, (2) + 37 04 (n) + 47? 0 (2) 


ras 
eyie 
+ 5-® 6,(2) + 6-8 O(n) + 7-8 G (n) + 87 Oe (2) + «645 
if s is of the form 4k + 2 then 


(11-21) 855 (n) = as {1-* 0, (72) — 2-¥ 04 (mn) + B® ¢9 (n) —4-* 0 (2) 


+ 5-* 65 (2) = 6-8 Cy (2) + 7-8 C7 (n) — 87 Cig (2) + «..f5 
if s is of the form 44 +1 then 


(11°31) dy(n) = —8¢, (n) + 278 8, (n) — 37 3 (nm) + 4-4 85 (2) 


eit 
+ 5-® 5 (2) + 6-8 Bio (n) — Tc; (2) + 8 81, (2) +... 
except when s=1; and ifs is of the form 44+3 then 
(11°41) 8s =F a ei c, (n) — 2-* 8, (n) — 37 ¢g (n) — 4-* 8, (n) 
+5-* 6, (n) — 6-* So (n) — 7-8 ; (n) — 87* yg (2) + ...}. 


* For a more precise result concerning the order of eg, (7) see § 15. 
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From (11°35) and the remarks at the end of the previous section, it follows 
that 
(1151) 12 (2) = 8 (n)= w [e,(n) — $0 (n) + 4e5(n) —...} 
= {hs,(n) +456 (2) +h 50 (rn) +}, 
but this is of course not such an elementary result as the preceding ones. 


We can combine all the formule (11°11)—(11°41) in one by writing 
(116) -83() = oe {178 Gy (2) + 27? Gy (22) + 37 Gg (2) + 47° Cg (2) 
+5705 (1) +678 O49 (0) +7 Oy (1) +87 O45 (2) +..4}, 


where s is an integer greater than 1 and 
Cr (n) = c,(n) cos $ars (7 — 1) —8,.(n) sin $78 (x — 1). 


12. We can obtain analogous results concerning the number of repre- 
sentations of a number as the sum of 2, 4, 6, 8, ... triangular numbers. 
Equation (147) of my former paper* is equivalent to 


(121) (1— 20 + 2at— Qa? +...) 


2 2 (2) £ =" (#?) 
3 = s —nyn 
=1+ 2 8,(2)(-2) + ( (2)1 <n 4-1) Es(=@) P(x)’ 


where X,, is a constant an 
f(@)=(1—2) (A - 24) (1-2)... 

Suppose now that “=e, gx ele, 
Then we know that 

(122) Ya(1— 20+ Qut— a+...) = Qa (lta +a%+a%+...), 

(128) V(ha)ar f(@) =a’ fw), Jaa f(a!) = a’ f(a"), 
Finally 1+ 38, (x)(—#)" can be expressed in powers of a’ by using the 
formule : 


(12-4) a {Es -2)+2- + + at : 


=(-ayficd-2) 45+ 


where a8 = 7° and s is an integer greater than 1; and 


‘ Ls 28 3 
12° 9 rf 
a Scicrrmaee 


a Laie af 


=a 5 ) 
=(— B)/(2 28) + =— - a + 
AYN (28) fn (-28) + 5 two} 
where a8 = 7}, s is any alate integer, and a is the function represented 
by the series 1-*—3-*+5-*—... and its analytical continuations. 


* Loe. cit., p. 181 [p. 159 of this volume}. 


On vertain Trigonometrical Sums - 191 


It follows from all these formule that, if s is a positive integer and 
(126) A 4+ete tart P= dry (nat = 28, ve ao” + Seng (1) a, 
PMCs fr" (a) 
J* (2) ign eis- a PP (a)? 
where X,, is a constant, and f (2) is the same as in (121); 
(1261) 
(14 487% +4 B84) EB as - 
if s is a multiple of 4; 
(12°62) 
(184 8-4 5 + 28) a" = 
if s is of the form 4442; 
(12°63) 
(I-84 54 1) B8n(n) ot OH pie ( 


then Le’. anal 


Kn (- oy 2). 


(hn Le Wg? Bera# 
— gis “ 
Say (etree) 


way a (ie Bat Beta ) 
ane l-w (1l-#@ *1l-# °°" 


Dtgt Retgl 5 at 

as a z 
l+a lta! 14a? 
at gett 51 t 

cn f Ty 
1-2? 1—a% 1-2 ) 
if s is of the form 44+ 1 (except when s=1); and 
(12°64) 

(1-8 — 8-8 + 5 =.) BS (2) = 


2 a Ptgt Beagh et yt 
aA #( ‘ope ee 
Lat? l+a? 12 
yt at Se i aml at 
e at DePuy ft i) 


“fat 1-2? 1-2 


if ¢ is of the form 4448. In the case in which s=1 we have 


at 4 at fs ) 
ive ita ipa 


2 2 3 
= + ( a 2 x -...) 
l-a 1-2? 1-2 


It is easy to see that the principal results proved about ¢,(n) in my former 
paper are also true of e’,,(n), and in particular that 


n(n) = 0 
when s=1, 2, 3 or 4, and Tog (n) ~ 8, (n) 


(12°65) 38.’ (n) 2% = (= 


for all values of s. 


13. It follows from (12°62) that, if s is of the form 44+ 2, then 
(1-* + 87" + 5 +...) 85 (2) 
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is the coefficient of #” in 
2(bry _,, (iat te Se ) 
(s—1)i” ge pee Ley 
Similarly from (12°63) and (12°64) it follows that, if s is an odd’ integer 
greater than 1, then (1-* —3-*+ 5-*—...) 8x, (1) is the coefficient of * in 

s eigt asayh ger yl N 
4 (in) art (= Cap aa ee +...) 


(1311) 


o> (-1!  \+at l4a  l4e 
Now by applying our main formule to (12°61), (18'1) and (13°2) we obtain: 
(13°3) 
(gry 


8'o5(2) = (@-1 (n+ 4s) [1-* a (n + 48) +87 6, (n +48) + 5-0, (nm +48) +...] 


if s is a multiple of 4; 
Lap\8 
(18-4) 8’5 (2) = ca (n +48)? (1-* G, (2n + $s) + 8-8 05 (Qn + $s) 
+5750; (2n +45) +...} 
if s is twice an odd number; and 
(185) 8's (n)= an (n+ $8) {1-# ¢, (4 + 8) — 37>" 0 (4n + 8) 
+5-%¢5(4n +8)—... 
if s is an odd number greater than 1. : 
Since the coefficient of o in (1+2+a?+...) is that of a+ in 
Gtotatt...y 
it follows from (11°51) that 
(13°6) ry (n) = 8y (n) = a fo, (dn + 1) — $0, (4n +1) + $05 (4n+1)—...}. 


This result however depends on the fact that the Dirichlet’s series for 1/7 (s) 
is convergent when s=1. [ 


14. The preceding formule for o, (7), daz (7), 8’ (nm) may be arrived at by 
another method. We understand by 


pe 

(141) ie sin (nak) 
ae sin a7 

the limit of kesin (22/k) 


when a—>n. It is easy to see that, if n and k are positive integers, and & 
odd, then (14°1) is equal to 1 if & is a divisor of x and to 0 otherwise. 
When & is even we have (with similar conventions) 
sin nq 


(142) FianGn[y7 1° 
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according as k is a divisor of 2 or not. It follows that 


(8S) opa(a)mn {1 (ee in) : 2~( sin nw ) 


sinaw tan ba 


in a7 
43-5 (S2)+-(2 ni \+ 
sin bn, tan dro. 


Similarly from the definitions of 8,(n) and 8’,,() we find that 


(14d) {1-8 (By 8 45-8 + (7) | Bas (= Fy. = 5 {I 


sin zr sin nar sin nr 
926 woe) gan SRN gaa fien IO 
+3 (sx Gart+ i=) + (a (fnew + =a) = 


ifs is an integer greater than 1; 


“ sin ner sin nar sin na 
5 -(n) = 8 (n) = : ae fee ad 
aia Sel aay \(e: =a (e 7) > (oa a 


a 
*) 


4 1 (rz) 5 (2) +3 (27) 
*\cos$na/ * \costum/ © ® \cos dna. 


(146) 
48+ Bala) = EM ens gor fire (B EIDE 
(IP $89 + BF.) San (n) = CER (nt ba) {1 Graai 
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“( 


sin ar) 
sin 277. 


sin (taa+ 7) a set 


a Snide) Laos (se Ade) 
s 


sin} (n+ 48) 
ifs is a multiple of 4; 
(147) 


(443445 + 00.) Bos (n) = Ce ord py fl =f 


=) 
ind (n+4s) J 


sin(2n +45) a 


sin (2n + $8) _) 


sin 4 (n+ ds) 7 


ifs is twice an odd number; 


Biceeor Ho) ; 5~( sin (2n + 3s) 7 ) + wf 


sin} (2n+ 48) 7 


(14:8) 
Sp eS Oph eee ; aC tl 54 sin (4n + 8) 
(A844 54.) Beal) = SEE (nt Bo) {- (Saree) 


_p(antintoyn Los (are) - wf 


sin f (42 + 8)7r. 
if s is an odd number greater than 1; and 
149 ! Cn) = BM ny x (318 (42a + 1) 3 ")- sin (4n +1) 7 
CEO) tas ot) = @ (4n4+1) 9 i (Sredachs) 


4 ( sin (4n + Ua 
®\sind(4n 4+ ne 


sin} (4n +s) 


ae 


Tn all these equations the series on the right hand are finite Dirichlet’s 


series and therefore absolutely convergent. 
ROP. : 


13 
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But the series (143) is (as is easily shewn by actual multiplication) the 

product of the two series 
1 q (n) + 2-%¢n(n) +... 
and ne (1-8 + 2443-7 + ...). 
We thus obtain an alternative proof of the formule (7:5). Similarly taking 
the previous expression of &,(n), viz. the right-hand side of (11-6), and 
multiplying it by the series 
1-*#4(—8) 45% 4+(-T)SH... 

we can shew that the product is actually the right-hand side of (14'4). The 
formule for 5’x,(n) can be disposed of similarly. 


15. The formule which I have found are closely connected with a method . 
used for another purpose by Mr Hardy and myself*, The function 


(15-1) (1 + Qa + Qat + Qa? +...) = Drs (n) a™ 


has every point of the unit circle as a singular point. If # approaches a 
“rational point” exp (—2p7i/q) on the circle, the function behaves roughly 
like 
1 (Wy, 9) 
. o pe Saad 1 La 
Sas, {= (2pmi/g) — log «|*” 

where @y,qg=1, 0, or —1 according as g is of the form 44+1, 4h+42 or 
4k 4-8, while if g is of the form 4% then wy,q=— 2 or 27 according as p is of 
the form 44 +1 or 4k +3. 


Following the argument of our paper referred to, we can construct simple 
functions of # which are regular except at one point of the circle of conver- 
gence, and there behave in a manner very similar to that of the function 
(15:1); for example at the point exp (—2pzri/q) such a function is : 


o 78 (@p.9)° S 3— wrtfg pn 
(15:3) Tain" 1 gimprtla gm, 


The method which we used, with particular reference to the function 
; 1 
ee) (=a 0-3). 


was to approximate to the coefficients by means of a sum of a large number 
of the coefficients of these auxiliary functions. This method leads, in the 
present problem, to formule of the type 


Tap (m) = B22(n) + O (ni), 


the first term on the right-hand side presenting itself precisely in the form 
of the series (11:11) etc. 


=2p(n)ar, 


* “Asymptotic formule in Combinatory Analysis,” Proc. London Math.,Soc., Ser. 2, 
Vol. xvit, 1918, pp. '75—115 [No. 36 of this volume]. 
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It is a very interesting problem to determine in such cascs whether the 
approximate formula gives an exact representation of such an arithmetical 
function. The results proved here shew that, in the case of 7, (n), this is in 
general not su. The formula represents not 7.() but (except when s = 1) its 
dominant term 6.,(n), which is equal to 1%5(n) only when s=1, 2, 3, or 4 


When s = 1 the formula gives 26,(n)*. 


16. We shall now consider the sum 


(1671) o5(1) +0, (2) +... +0 (2). 
Suppose that 
(16°2) 
1S sin (2o-+ 1) rAjr} ays sin (2n +1) mr} 
7A) = = ( sin (7A,1r) 1) fie SURO x sin (wAjr) 


where A is prime to r and does not exceed 7, so that 
T,(n) = c, (1) + ¢,(2) +... +, (H) 


and U, (n) = T.(n) +49 (r), 
where $(1) is the same as in §9. Since ¢,(m)=O0(1) as roo, it follows 
that 
yee T,(n) = 0 (1), U,(n)=0 (1), 
asr— 2. It follows from (7°5) that, ifs >0, then 
(6: 3) 
o_s(1) + o_, (2) +... tog (n) =O 41 a + EO), = 4 Bw + 
Since s 1-78 eG) 
1 ¥ 
if s > 1, (163) can be written as 
+ (1631) ol) + 04 (2) +... tos(n) 
UL 
= £s41) {ung p+ eG) GD 4 Se acc, 


ifs>1. Similarly from (8°3), (84) and (11°51) we obtain 
(164) d(1)+d(2)+...4d(n) 


=—4T,(n)log2—47, (n)log 3 -427,(n) log 4—... 


(165) d(i)logi+d(2)log2+...4+d(n)logn 
=§ 2,(n) {2y log 2 — (log 2)*} + 47; (n) {2 log 3 — (log 3)'} + 


Pry 


(166) r2(1) +72 (2) +... +02 (ue) =o {n —$7, (0) +475 (n) -1T,(n) +... 


} 


5 


* The method is also applicable to the problem of the representation of a number by 
the sum of an odd number of squares, and gives an exact result when the number of 
squares is 3, 5, or ‘7. See G. H. Hardy, “On the representation of a number as the sum of 
any number of squares, and in particular of five or seven,” Proc, London Math. Soo, (Records 
of proceedings at meetings, March 1918). A fuller account of this paper will appear shortly 
in the Proceedings of the National Academy of Sciences (Washington, D.C.) (loc. ectt., 


Vol. tv, 1918, 189—193]. 
13—2 
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Suppose now that 


uy) 


T,,s (2) =e ( cos pila 28 cos “= 4 vo $F cos ae 
where » is prime to r and does not exceed 7, so that 
T, ¢(0) = 18 cy (1) + 2? ¢-(2) + ... +28 Or (2). 
Then it follows from (7°5) that 
(16-7) 0, (1) +05 (2) +... +5 (m) 
=(s+1) {ar 4... +n)+ Paul) + Fa) + Fa) 


ifs>0. Putting s=1 in (163) and (16°7), we find that 
(168) (n—1)o-4(1) + (n— 2) 74 (2) +... + (n—n) oa (m) 
mw fe (n— Dy Ve m) Us (n) Y, Ps(m) 
~ 6 2 2° ne zat ; 


sin? (rnd/r) _ } 
sin? (d/r) ; 


where y(n) =$= ae 


» being prime fo r and not exceeding 7. 


It has been proved by Wigert*, by less elementary methods, that the 
left-hand side of (16°8) is equal to 


(16'9) 19 Sigs gn (y—1 4+ log Qa) — gk + ws 2a e109) J, {4 /(uny}, 
where J; is the ordinary Bessel’s fanction. 


17. We shall now find a relation between the functions (16:1) and (163) 
which enables us to determine the behaviour of the former for large values 
ofn. It is pac shewn that this function is equal to 


An n Nn 
(171) = y (1+ a as [: =|" \+ 2 {| — [vn] & 9. 


s+1 
Now Veo + tab) + OEP +0(k) 
for all values of s, it being understood that 
+o)" 
Cae Ts 


denotes y + log (4 + 3) when s=—1. Let 
[=] =2-a+. [/n] =t=/n—-d+e 


v 


* Acta Mathematica, Vol. xxxvu1, 1914, pp. 118—140 (p. 140). 


On certain Trigonometrical Sums 197 
Then we have 
P+ Pt..¢ E ‘|= fst. 5 7G oi" +6(2) +0(S5) 
and vy [5] = nytt — dy + ey 
It follows from these equations and See that 
(172) o,0)+o,(2)+... +a (n= = = Se g(-: toy ei (2) ee 
+e CG a) +e —(/n +e) +0(? =). 


Changing s to —s in (17-2) we have 
(17-21) 


t 
8 fog (L) Fora (2) + 0. Fog (mE = XZ 
val 


+6 (2) -wat ely + o(—)t. 


* 


( po fay \ 842 
pes) wo + () + ep 


It follows that 
(17°38) 
n ae ais(2) +... +o~5(2)} — {o, (1) toy (2) +... + a9 (n)} 


=f S fe 500)- o(- d+)" ‘4h, nl + (/n +e) * 


— (n+ 6) (2 a +0(Z +h. 


yl 


Suppose now that s>0. Then, since » varies from 1 to t, it is obvious 
that 


yt nts 
2 ys} 
and so (@) (=) =0 (=) ‘ 
Also 3 fn S)-5(-8)] =n $4.9 be 6-9); 
274,()"- Fs cats) 2 (yn tere +0 (uly; 
3 tyme TS ta-9 4 het +0 0m; 


Winter = (nt b(—0) + MEN 4 9 (air; 


Ue i Mio 


(2) =n (vn + 6) E00) ™, nt oP 0 (al 


= 
+ 
2 


' 
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t Wo 
and 20 ( =) =0(m), 
where 
(174) m=28(s<2), m=nlogn(s=2), m=n*"(s> 2). 


It follows that the right-hand side of (17°3) is equal to 


+8 (Yn 6)? — nF (o/n + €)~$ 

co real tb dwt ETE Wet 
— & a 
Bin tote mint Is 9 (my, 
niu + ie Fer en bate 16 (34), 
It follows that 

(17-5) 

os (1) + a (2) +. + ee =n [o_s(1) + oL5 (2) +... + 79 (n)} 

“sl +8) +n’ €(s) - = $(1—s)+0(m)* 


if s >0, me being the same as in (17°4). Ifs=1, (17° 5 patted, to 
(178) (n 1) (1) + (0 — 2) oy (2) +. H(n — 2) O(n) 


= z n? — $n (y—1 + log Qnz) + O (s/n) +. 
From (16'2) and (17-5) it follows ve 
(17-7) og (1) +o¢(2) +... toy (n) = PO E(L+ 8) + dnt £( 


+ Ta —s)+n'C(it+s) i < zat) + nin + vo} +0 (m), 


for all positive values of s. Ifs>1, the right-hand side can be written as 
(17-8) 
U, U; U, 
Sed - sam ed ts) Nits ot 4 Sale Fe = +0(m). 


Putting s=1 in (17-7) we obtain 


(179) 04 (1) +04 (2) +... + 04 (0) =e t+ dn (y— 1 + log Qn) 


an (T.(n) | T; Ts (n) | Ti(n) 
+3 { g tg tg w+ O(n) 

* (See Appendix, p. 343]. 

+ This result has been proved by Landau, See his report on Wigert’s memoir in the 
Gottingische gelehrie Anzeigen, 1915, pp. 377414 (p. 402). Landau has also, by a more 
transcendental method, replaced 0 (./2) by O (n8) (Loc. cit. p. 414). 
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Additional note to §7 (May 1, 1918). 
From (72) it follows that 


oOo 4 
as {1-8 oy (1) + 2-Sa,_ (2) +... = 178 Em, (1) + 2D Moy (2) +o 
1 1 


g(r)* 
S(s)S(r+s—1)_ S Sem(x) 
or ECE =~. BS eat > 


from which we deduce 


5 (s) (8) Bee SA) on) ae 


& being a divisor of m and 8 its conjugate. The series on the right-hand 
side is convergent for s>0 (except when m=1, when it reduces to the 
ordinary series for €(s)). 


When s=1, m>1, we have to replace the left-hand side by its limit as 
s—>1. We find that 
(18) Cm(1)+$6m (2) + 6m (3) +... =—A(m), 
(m) being the well-known arithmetical function which is equal to log p if 
m is a power of a prime p and to zero otherwise. 


LM: 20. 
aglS? 
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SOME DEFINITE INTEGRALS 


: Proceedings of the London Mathematical Soctety, 2, xvi, 1918, Records for 17 Jan. 1918) 


Typical formule are: 


ened _ (2 cos FnyeFF* a pany i : 
() P rarpracs Cia+ 8-1) e (07 0), 
D(a+a) ay Qi (Asin kN Ye es aera) 
= me hae gdh PT grates (e-N)B—a-2)i (gp 
) es ey dz=+ T(A—a) é (or 0), 


(8) ee Tatar) T(@—2) ede 


2ril (a+ B) , 
“@ sing V)*8 
Here » is real, n= 2hr+N(0<N < 20) in (2), and n=(2h-1)7+¥ 
(0 < ¥ <2r) in (3). In (1) the zero value is to be taken if |m| 27, the non- 
zero value otherwise. In (2) a must be complex: the zero value is to be 
taken if n and YJ (a) have the same sign, the positive sign ifn>0 and J(a)<0, 
and the negative sign if »<0 and Y(a)>0. In (8) a and 8 must both be 
complex ; and ¢, (£) is 0, 1, or —1 according as (i) 7—n and ¥ () have the 
same sign, (ii) n<mand J (f) <0, (ill) n> and F(f) > 0. 
The convergence conditions are, in general, (1) 3 (a+8)>1,(2) &(a—8)<9, 
(8) R(a+8)<1. But there are certain special cases in which a more stringent 
condition is required. 


e pa Brat [en (B) eh (ata) tl ey (- a) ear (a+8) ‘1 


A formula of a different character, deduced from (1), is 


© Sane (h) Jae 4 2 cos $n\3o+8) bgt 
[" ese Jered) eet) 4 nie day = - (78h) AM O~*i J, 45 {4/(20 c08 $n} (or 0). 


Here OQ = ret + pret 5 
the zero value is to be taken if |n|27, the non-zero value otherwise; and 
the condition of convergence is, in general, that 


Rat B)>-1. 
The formule include a large number of interesting special cases, such as 
. dz gata 
ib al (tare eee 1)’ 
ie sin reda =(-1)* al gp 
0 & (a 1?) (a — 2). -) roo 


[Pete O) Tare 0) d= Susp (20), 
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The formula 
ba din 
-»Tlata)T(B—a)P(y+e2)T 6-2) 
= T(a+fB+y+6-3) 
iat 8-1 (Bty-Dl(yt+d-DP64+a-1)’ 
may also be mentioned: it holds, in general, if 
Rat P+y+8)>3. 


A fuller account of these formule will be published in the Quarterly 
Journal of Mathematics*. 


* [Sce No. 27 of this volume.] 
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SOME DEFINITE INTEGRALS 


(Journal of the Indian Mathematical Soctety, x1, 1919, 81— 87) 


I have shewn elsewhere* that the definite integrals 


he ()= is cos mtx ems dp 


coshra 


sin rte eT rUe fan 
sinh ev 


te()= | 
can be evaluated in finite terms if w is any rational multiple of 7. 


In this paper I shall shew, by a much simpler method, that these integrals 
can be evaluated not only for these values but also for many other values of , 
tand w. 


Now we have 
f= 2 
* dw (t)=2 | a as — cos wta e7 "da dz 
o 4/0 


cosh -r. 


~ fritw’ 
Bee | COSh TEU wate ay 
o cosh waz 


where w' stands for 1/w. 
It follows that 


Lo ~4ant?w’ td 
Pu (6) = ah ge intw Pit (UW). veces eadieeces lee (4) 
Again 
du (t+ w) = Se eee 


a cosh (ata/w) cosh wa + sinh rta/w sinh ra go THY a 
0 cosh rx 


= I Pa gr(tt oppo 


vw 
1 drt?fo i: in sin 2a . ate go rae 
xii wwe ve 9 sinhaz cae aade 
~ A gc ar (tr eppo 
vw 
Lojoy Arete drBjw [f° sin wie as 
{awe +we i Saree 108 Pan, 


* Messenger of Mathematics, Vol. 44, 1915, pp. 75-85 [No. 12 of this volume}. 
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In other words 
Pain pean (9) ee Se (2) 
It is obvious that 
china } 1 sie ASeesetatseieta’ (3) 
bw (t) Se bw (- t) 
From (1), (2) and (8) we easily find that 
be bul i= Te PL de (5 +i}. ree (4) 
It is easy to see that 
sok Jl eae Ais 
$v = Fi Fol) = 9753 bu (w)= he; 


t 


ere ~4drw. 
— ty (w)= é bw (0); > gw (wt a= (57 2/w~ ple : 


tw(wti)=bts——e "; dwo(hw)t vol) =$. 


2 ou 
Again we see that 3 
. ye iL drt fw | 
butt) + pult—t)= Fe pteest awe aseeees (5) 
and bw (+2) — be (t-2) = = Ja BSI ska ae hrstadiat (6) 
From (1) and (5) we deduce that 
at er eyihe g(t + w) + ett Eg (tw) err, (1) 


Similarly from (4) and (6) we obtain 
ttre tp w)}p aot 8 4 y(t — wy... (8) 
It is easy to deduce from (5) that if n is a positive integer, then 
uo (t) + (— 1 bu (E+ 2ni) 
= Fale Paeleiiie goers, gar CSN. | tae terms. »(9) 
Similarly from (6) we have 
ro (t) — hu (t £ Ane) 


2 ee grrr Bie, .— bret Sil*ho 


=F Gi .. ton terms : 
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Again from (7) we have 
APO g(t) + (— Lyd Ot mer (b+ Sn) 
ett (taper git (er suv he. batts Sule ton terms +. Q1) 
and from (8) 
etree fh + abn (2) + (yt grrenenls {3 + vr (t + 2nw)} 
wit (tw) he Aver duliju . ote (t+ Sul ign terms. . (12) 
Now, combining (9) and (11), we deduce that, if m and » are positive 


integers and s=t+ 2mw + 2nt, then 


duo (s) + (- Len Ot) gobrin (ett bu (t) 


ae ite | girs —wepfio _ pdm (x Sulihe 4 ae (s—Suyle ta am terms} 
(aye enn (e-Fe) 
Vue 
x aes Seg PUI Sg ARMS ON 5 a terms}. 


Similarly, combining (10) and (12), we obtain 
3 = Vo (s) + (~ ]ymntrt g-aem ett ae eee vw (H} 


is dre?}w ier —2wP yo ars — 4u)P po 4 ars ~ bw)*fo cstte an terms} 


+ (- L)yrntmn 2 e-ymm (a+t} 
= vw 


% jen bete ge: dr(eeBiPlo , o-ar(tesiw ty ny terms}, 


where s and ¢ have the same relation as in (18). 
Suppose now that s=¢ in (13) and (14). Then we see that, if w=in/m, 
then 
bu (t) {1 + (- J) eat (n+) ennmt} 


=e tee { gett wliwe _ rt Buyfo | ae(t—SuPtoto m terms} 


-] (me-F1) (+1) os -7)2, $u -37 
coe em le An(t-a)%fo an (t-Bi)%po0 +... ton terms} 
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fa Vu Df ¢ % + (- Lanter evmne) 


ge dr he iene -2wP po Pia depp ae ota terns} 


4+ (— Tyree em {e nin(t-Jhe , yar t-3}w oy rae 


ye 


where 4/w should be taken as 


Ae) | 7) 

é —), 

m 

In (15) and (16) there is no loss of generality in supposing that one of the 


two numbers m and 7 is odd. 


Now equating the real and imaginary parts in (15), we deduce that, if m 
and n are positive integers of which one is odd, then 


* cos Qém Tae 
2 cosh nt cosh wn 08 (=) dx 


=[cosh {(1 — 2) ¢} cos (m/4n) — cosh {(8 —n) t}cos (Qrm/4n) +... to n terms] 
“din { 1 a nt? an i 
+4/(2) [cos (2 - =) nt} cos G rs a) 


— cosh {(1 -2) nt} cos s (7-24) +... to m terms |; 


4 oam 4m 


and 


ea] fs 
cos 2ta . /arnia® 
2 cosh nt | —— sin ( ) de 
9 cosh ra 2 


= — [cosh {(1 — 2) é} sin (7m/4n) — cosh {(8 — 2) t} sin (Qarm/4n) 
+ cosh (5 —n)é} sin (25a/4n) —... to » terms] 
1 _ (wm ne om 
+/(2 (2) [cosh {( (a -=) nt} sin G seer + EE) 
— cosh \(2 -2) nt} sin G- pli) + orn) +... ton teers |, 


4 mm mm 


Equating the real and imaginary parts in (16), we can find similar 
expressions for the integrals 


i ° sinta a frma® de ie sin tx ae (22) ee 
9 sinh re ( n > Jy sinh re n ‘ 


J 
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From thesc formule we can evaluate a number of definite integrals, 
such as : 


f cos 2irta ceniies i+ V2 sin r® 
to cosh ra mu ~9.,/2 cosh at ’ 
fe cos 2arte ie aNlipcs= 1+ /2 cos 7? 
—~ = SIN FL =— eo eee ere 
Jig cosh wa 2/2 cosh wt 
* sin Qorta: cosh at — cos mf 
— cos rade = —x ~~, 
o sinhwe 2sinh rt 
= sin 2rtz . . sin wf 
——~- ~ sin wa'da = 5 : 
Jy sinh we 2 sinh at 


and so on. 


Again supposing that s=—t in (13), we deduce that if t= mw + ni, where 
m and n are positive integers of which one at least is odd, then 


du(t)=te” artle ial ~ Phe belt Beye bo an tens} 


+—— 


~—tr(teipPfe _)7at (tse B2)'/ 
sya" é +... to” terms}. » (19) 


This formula is not true when both m and are even. 
If t= mw + ni, where m and » are both even, then 
dw (t) + (- ati O+4n) g~drmet dw (0) 
= -hntfw igs am anlt- Seo} sect dm terms 


; — Lyo+iny adn 
Ri Wal 


ae gore {etre — el eM to an terms}. 


This is easily obtained by putting ¢=0 and then changing s to ¢ in (13). 
Similarly from (14) we deduce that if t= mw + ni, where m and n are both 
even, or both odd, or m is even and a is odd, then 


ru (t)=— fee jg — Ate tom terms} 


a [ -an(tsiyo , .- ae (tr 3ifo : 
tsigle +e Pas to n terms} .(21) 
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Ift=mw tnt, where m is odd and n is even, then 
L “a Vw () Eo {(- pr (my) (e-bay Pe oe dw (0) 


= gare jar — Que) gat lt dupe vette E(m—1) terms} 


D 


+ (- 1h (m—1) (n+9) ar e—trim—1) ttf} 


x alee ge OR as du termst. »-Q2) 


This is obtained by putting ¢=w in (14). A number of definite integrals 
such as the following can be evaluated with the help of the above formule: 


9 cosh rz 2/2 ~ ME+ 2) 
is sin wes enrttie dy = I a 1+ ee 
9 Sinh rx 2 2/2 /e+2)’ 


and $0 on. 
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A PROOF OF BERTRAND’S POSTULATE 


(Journal of the Indian Mathematical Society, x1, 1919, 181—182) 


1, Landau in his Handbuch, pp. 89—92, gives a proof of a theorem the 
truth of which was conjectured by Bertrand: namely that there is at least 
one prime p’such that 2< p<2a,if e>1, Landau’s proof is substantially 
the same as that given by Tschebyschef. The following isa much simpler one. - 


Let »(z) denote the sum of the logarithms of all the primes not exceeding 
wand let ‘ 


ap (a) =v (w) + (@8) Hv (RB) i cece tee cere es (1) 
log [a]! = r(@) + Wr(da) + bbe) t+ oe, cece (2) 


where [2] denotes as usual the greatest integer in #. 


From (1) we have 
ap (a) — Qype (fx) = v (@) — v (ad) + ov (OB) ey cee (8) 
and from (2) 
log [z]!— 2 log [4a]! = ph (a) — ap ($2) + (Ga) — 0. eee (4) 
Now remembering that v (#) and  (#) are steadily increasing functions, we 
find from (3) and (4) that 


ade (a) — Dap (VB) Sv (B) SUP (DY) cee reece ccc eeee es (5) 
and (w)— wp ($2) < log [2]! — 2 log [42]! < p(w) — (Fe) + ¥ ($2). ...(8) 
But it is easy to see that 

log T'(#) — 2 log (4a + 4) < log [a]! —2 log [42]! 
<log T (@+1)—2logT(da4+4). ...(7) 


Now using Stirling’s approximation we deduce from (7) that 


log [a]! —2log[$a]!< 2a, if a> eee (8) 

and log[2]!—2log($a]!> $a, if @>B00. oo. ceeecccceeeees (9) 
It follows from (6), (8) and (9) that 

ap (a) ~W Ae) < $a, iP er>O; plas (10) 


and ap (a) = wp ($e) + (4a) > Ba, if @>800. 0 (11) 
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Now changing # to $a, ta, 47,... in (10) and adding up all the results, 
we obtain : 

Mee) Sa BS Oi ceed iencpecsees sliktecne es (12) 
Again we have 

v2) — (ba) + (ha) <u (@) + 2p (Va)— vba) t ve) 
< u(x) —v (da) + $e 4 38 s/a, ...(18) 
in virtue of (5) and (12). 
It follows from (11) and (13) that 


v(“)—v ($2) >he—3 a, if >800. (14) 
But it is obvious that de—3./e 20, if o> 324. 
Hence v (2a) — v(@) >0, if @ 2162. 0. eee (15) 


In other words there is at least one prime between w and 20 if «2162. 
Thus Bertrand’s Postulate is proved for all values of 2 not less than 162; and, 
by actual verification, we find that it is true for smaller values. 


2. Let w(x) denote the number of primes not exceeding « Then, since 
x (@) — 7 (42) is the number of primes between # and 4a, and v(#) —» (4a) is 
the sum of logarithms of primes between # and $a, it is obvioas that 


v (a) —v (ha) <a (2) ~— 7 (Fa) log a, oo (16) 
for all values of # It follows from (14) and (16) that 
1 x 
RGD eee ee) if > 300... (17) 


From this we easily deduce that 
a(e)— 7 ($x) 21, 2, 3, 4,5,..., if #22, 11,17, 29, 41,..., ...(18) 
respectively. 


ROP + . 14 
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SOME PROPERTIES OF p(x), THE NUMBER OF 
PARTITIONS OF n*# 


(Proceedings of the Cambridge Philosophicul Society, x1X, 1919, 207-210) 


1, A recent paper by Mr Hardy and myself} contains a table, calculated 
by Major MacMahou, of the values of p(n), the number of unrestricted 
partitions of n, for all values of 2 from 1 to 200. On studying the numbers 
in this table I observed a number of curious congruence properties, appa- 
rently satisfied by p(n). Thus 


(1) (A), p(9), p (14), p(19), ... =0 (mod 5), 

(2) p(5), p(i2), pp (19), p(26), ... =0 (mod 7), 

(3) p(6), p(17), p28), p (89), ... =0 (mod 11), 
(4) p(24), p(49),  p(T4), =p (99),_—«-- SO (mod 25), — 


(5) p(19), p(54), (89), p (124), ... = 0 (mod 35), 


(6) p(47), p(96), p(145), p (194), ... = 0 (mod 49), 
(7) p(89), p(94), (149), ... = 0 (mod 55), 
(8) p(61), (138), ... =0 (mod 77), 
(9) p(116), ... = 0 (mod 121), 
(10) (99), ... : = 0 (mod 125). 


From these data I conjectured the truth of the following theorem: 
If 8=5¢711° and 24X=1(mod 8), then : 
pry, pts), p (+28), ... =0 (mod 6). 
This theorem is supported by all the available evidence; but I have not 
yet been able to find a general proof. 


I have, however, found quite simple proofs of the theorems expressed 
by (1) and (2), viz. 


(1) > p(5m+4)=0(mod 5) 
and (2) p(7m+ 5) =0 (mod 7). 
From these 

(5) p (85m + 19) = 0 (mod 35) 


* [See also Ramapujan’s posthumous paper “ Congrueuce properties of eens "in 
the Wath. Zeitschrift, No. 30 of this volume.] 

+ GH. Hardy and S. Ramanujan, “ Asymptotic formule in Combinatory sualgaat 
Proc. London Hath. Soe., Ser. 2, Vol. xvz1, 1918, pp. 75—115 (Table IV, pp. 114—115) 
[No. 36 of this volume}. 
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follows at once as a corollary. These proofs I give in §2 and §3. I can also 
prove 

(4) p(25n + 24) = 0 (mod 25) 
and (6) p (49n +47) = 0 (mod 49), 


but only in a more recondite way, which I sketch in § 4. 


2. Proof of (1). We have 
(11) #{(l—#)(1—#) (1-4) ...} 
=a(1—8e+ 5a —- Te +...) (l-a—2+ a+...) 


= 3 (-1)" (Spy 1) apt wet thy Gor tay 


pat 


the summation extending from ~=0 to w=oo and from y=—20 toy=a. 
Now if 
1+ 4 (#+1) + 4y(8v+1) =0(mod 5), 


then 8+ 4u (w+ 1) + 4y (8» +1) =0(mod 5), 
and therefore 
(12) (2a + 1)? + 2 (v-+1)? = 0 (mod 5). 7 


But (24 +1)? is congruent to 0, 1, or 4, and 2(v +1)? to 0, 2, or 8. Hence it 
follows from (12) that 2u+1 and v+1 are both multiples of 5. That is to 
say, the coefficient of 2 in (11) is a multiple of 5. 


Again, all the coefficients in (1 — x)~* are multiples of 5, except those of 
1, 2°, a, ..., which are congruent to 1: that is to say 


@sopatee (mod 5), 
or aaa 1 (mod 5). 


Thus all the coefficients in 
(1 — 2) (1 — #) (1 ~ #8)... 
(Ta) #) (1a)... 
(except the first) are multiples of 5. Hence the coefficient of 2 in 
a Sater Tee SG es aaa joacP 
is a multiple of 5. And hence, finally, the coefficient of 2 in 
ee BEET 
(—2)i—-#)(-#)... 


is a multiple of 5; which proves (1). 
14-2 


212 Some Properties of Partitions 


3. Proof of (2). The proof of (2) is very similar. We have 
(18) «?{(1-#)(1—2%) (1-2’)...} 
=o (1-—3e+5e—- Ta +...) 
= E (— Let (2+ 1) (Qy 4 Ly ate eta tie wen 
the summation now extending from 0 to « for both wand» If 
2444 (wt+1)+hv(yv +1) = 0 (mod 7), 
then 16 + 4y (w+ 1) + 4y(v + 1) = 0 (mod 7), 
(2p + 1)*4 (2v +1)?= 0 (mod 7), 
and 2u+1 and 2»+1 are both divisible by 7. Thus the coefficient of 2” in 
(18) is divisible by 49. 
Again, all the coefficients in 
(1 — #*) (1 — a) (1-2")... 
{i —«) (1-4) 1 — a) 2} 
(except the first) arc multiples of 7. Hence (arguing as in §2) we see that 
the coefficient of 7" in 


x 
(i-a) (i—-@) (1—a)... 
is a multiple of 7; which proves (2). As I have already pointed out, (5) is a 
corollary. 


4. The proofs of (4) and (6) are more intricate, and in order to give them 

I have to consider a much more difficult problem, viz. that of expressing 
piA)tp(a+d)at p(rx+ 28) a+... 

in terms of Theta-functions, in such a manner as to exhibit explicitly the 
common factors of the coefficients, if such common factors exist. I shall 
content myself with sketching the method of proof, reserving any detailed 
discussion of it for anothcr paper. 

It can be shewn that 
(l= #) (1-2) (1-2)... | 1 
Qa) (-ah (ah). aE 
_ £1 80k + at (ES + Daf?) +f (26 — wf) + at (BE + 4) + Bat 

&?— lla — a ; 

(1—a) (1 —2*) (1 — af) (1-2)... 
(1-2) (1 —2) (1 - 2) (1~24)...’ 
the indices of the powers of x, in both numerator and denominator of &, 
forming two arithmetical progressions with common difference 5. It follows 
that 

(15) (1 ~a*) (1-2) (1-2) ... (p (4) +p (9) @+p(14) +... 

5 


(14) 


where é= 
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Again, if in (14) we substitute ox, wat, og, and ota}, where o* = 1, 

for a?, and multiply the resulting five equations, we obtain 
(1 — x) (1 — 2) (1 — 2)...\8 1 

(16) (eS | * Fee 

From (15) and (16) we deduce 

(17) p(4)+p(9)a+ p(1&) &+ 
(l= 29 (1-29) (1). 

(=a) (1a) 

from which it appears directly that p (5m +4) is divisible by 5. 


=H + 


The corresponding formula involving 7 is 
- (18) p(d)+p(12)e+p(19)e+... 
((L= a) (1 — 2%) (1~ a") ...} 
{1 a) (L-2)(1~ a)... 
—#) (1 — a) (1 a: ay 
{(l-2)(1-#) (l-@) Pp? 
which shews that p (7m + 5) is divisible by 7. 
From (16) it follows that . 
p(a)atp(9)a? +p (14) e+ 
5(1— 2) (1 —a®) (I oS 
i” e (1 — 2) (1—a") (1-0)... 
(—a) (1a) (i)... (1 —a) (124) (Ta). 
As the coefficient of 2°" on the right-hand side is a multiple of 5, it follows 
that p(25m + 24) is divisible by 25, 
Similarly 
p (5) +p (12) a? + (19) a + 
7(1—«) 1 —a) (1-2). 


=a (1-32 + 5a—7a'+...) 


+ 49x «l 


(1—#") (1-2)... 
(i-a)(1—a 
{1 —2#7) (1 ~ 2") ...}" 
(l-a) (loa) 3°! 
from which it follows that p (49m + 47) is divisible by 49. 


+78 


Another proof of (1) and (2) has been found by Mr H. B.C. Durling, to whom my 
conjecture had been communicated by Major MacMahon, This proof will also he pub- 
lished in these Proceedings [see Appendix, p. 343]. I have since found proofs of (3), (7), 
and (8). 
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PROOF OF CERTAIN IDENTITIES IN COMBINATORY 
ANALYSIS 


(Proceedings of the Cambridge Philosophical Society, 31x, 1919, 214—216)* 


Let G(2)=1 


z = av ky v1, oy = (1-2¢°).. 1 —ag- 3, 
s Fyre 0m hg oe 
1 l—-a 4 
SPT Mag ae ee ee ed oe (1) 
If we write 1 - ug” =1~9" +9" (1-29), 


every term in (1) is split up into two parts. Associating the second part of 
each term with the first part of the suceceding term, we obtain 


= 
Go) =(1 ag) ag (L-a'g) 4 
1 20 (lag) (L— — #9) a 
+ wig" (1 ~ a%q*) (=ecey (2) 
. _ & (a) 
Now consider FT (a) = 2 ane CC) an ee eee (8) 


Substituting for the first term from (2) and for the second term from (1) 
we obtain 


H(e) =29- = ( (1 — q) + ag* (1 — 2@°)} 
+ PEE tog (1-2) 
_ #4 (1 ~ 29") (L- =“) 
(l~g)(l-¢) (1- 
Associating, as before, the second part of ea term with the first part of the 
succeeding term, we obtain 


> 


a (1-9) + ag" (1 — agi} +... 


H (a) = ag (1 ~ a9") t — wg’ (1 ~ ag") <j 


jz enters 
— aig? (1 — nr ae 2g") +f 
POW T—gVa-9A-H 
= ag (l—2gq*) @ ee Those coneven untunlevuuneetes saul’ (4) 
® [See the Appendix, p. 344, for the histdfly of this paper. } 


Identities in Combinatory Analysis 


If now we write K(#)= ae = ooeay a 


we obtain, from (3) and (4), 


K(e)=14—% 
(x) + ea 
Kle)= ag xg xg 
and s0 (e)= 14 Te Te Ente 
In particular we have 
Pe Se aS ten Sg Gign: 


I+1]+1+... KQ) ~ GQ) bo 


Liq @ _l-q-ptPte-... 


o leleies, Iagoeegtee 
This equation may also be written in the form ’ 
1@q ¢ _(@-g0-¢)0-9) 0-9) d-9). 

( 9 


I++ 1+... (-0-Ad-Mi- 
: G (a) 
If we write F(z) = 
Tra) Ta ag i cag’ 
then (4) becomes F(a) =F (aq) + ag F (ay), - 
from which it readily follows that 
ae age xq? 


Peleg I= gl ®) 'd-gd-Pi=9 


In particular we ae 


¢ 7 EQ) 
leg q°a-g0-) Gd -@) ae 
tt +qgue.. 
~ (I-4) (1-4) (I-¢).. 
= 1 
(9) -¢4) 1-9) U-@) 1-9)...’ 
Te. g (1-9) Gig) 
sia aye ee ed i-90-g 0-H. 
~gtg i con 
anne 9°) (1-9). 
1 


“G-PYd-Pd-Mu-#u-q 


Ta 


Pre aid 


iw) 
pars 
or 


(9) 


(11) 
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A CLASS OF DEFINITE INTEGRALS 


(Quarterly Journal of Mathematics, XLV, 1020, 294—310) 


1. It is well known that 
Td+m) 
oe PT +4(mtnyeP+d(m—n)} 
if R(m)>—1. It follows from this and Fourier’s Theorem that, if 2 is any 
real number except +m and R(a+8)>1, or if n=+m and R(a+8)>2, then 
(1-2) gine (2 cos gnypte 
Shee Purat G0)“ T(a+8-1) 
according as |n| <7 or |[n| 2a. In particular we have 
: dx Qa-+p—2 
ol(@ta)l(@—#) Tia+P—1) 


in 2 
(111) [ (cos a)” 6? dic = 
Jade 


gtin (p—a) or 0, 


(1:21) 
if R(a+ B)>1; and 


da 20-8 
o P(ate2)T(a—2) T(2a—1) 
if R(a)> 4. Ifa is an integer n + 1, (1:22) reduces to 


(1:22) 


; . sin re ; _ 7 2" (nlp 
028) [, al -@ eR). 1 ee} 2 Cry! 


Again, if m is a positive integer, we have 


sin more 
sin 7x 
or 2 cos ra +2 cosd7u +... to $m terms, 


=1+42cos2ara+2 cos4rz+... to }(m-+1) terms 


according as m is odd or even. It follows ae this and (1:2) that, if R(a)>1, 
ie sin mara dz ye 
9 snae Tata)l@—a) P(Qa—-1) 
according as m is odd or even. Hence, if m and n are positive integers, we 
have 
(1:24) 
iN sin mare ie 2 (nl 
» al -@T 1 — PR). 1 = Py) = 3 Gnyl 
according as m is odd or even, From this we easily deduce that, if J, m, and n 
are positive integers, 
(1°25) 


Ba (sin marae ein—p—1 (22)! (na! 
J, OER ey TS ey nS (TT) 


or 0, 


or 0, 
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according as m is odd or even. It follows that 


fee ae (sin mara)?*) T 
(1:26) I al—@) 0 — ey) ee He 35 or OD, 


according as m is odd or even. Sienilaly we can shew that 


oF (sin mrayt a 
(1:27) iA (l— W/1} (1 — @ Dy... (1 — (en) du =0 


fur all positive integral values of 1, m, and n. 


In this connection it is interesting to note the following results: 
(i) If R(a@+8)>1 and R (y+ 8) > 1, then 
? 4 (Qcoswayrttteitrie | 
(13) TatB- nf, TeratGoe @ 
J = yt _f 
1 (2cos wa)*t8— eft 9-8) 
8-1 
Rati Do rea aT Cee 


a 


This is easily proved by writing 
4 4 
| sa (2 cos az) 18-3 gin fa-Bt2n) fz 


instead of rarer 
in the left-hand side of (1°3). 
(ii) If m and n ave integers of which one is odd and the other even, and 
m2Oand & (a+ B) > 2, then 
(1°4) 
arapy™ gine reel mm ginmt 
(P= ay, bien or G = I r at = re =a ce 
where & is any real number. This is proved as follows: Suppose that the 
left-hand side, minus the right-hand side, is f(£). Then 
a+ 8 —2)(cos rE)" 
f= Serr eed 
(— 1)" (cos wE)™ ef (cos E)™ erty 


~"Fat DI@-F-D *Pa-it+Hl@-p 


Hence f(£) is a constant which is easily seen to be zero. 


gin mg 


2. Before proceeding further I shall give a few general rules for 
generalising the results in the previous and the following sections. If 


"(@+e)(a+e)... (e+e) 
filQy= [CAO re At Pade, 
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where r is zero or a positive integer, and the e’s, &, 7, § and F(a) are all 
arbitrary, then it is easy to see that 

(21) fra SFI) = tO) CF Grad Z-(E + Dh, 
provided the necessary convergence conditions are satisfied. 

Sinilarly if 

f @=|" (e+e) (e+e). (@te) D(E4 2) F(e) da, 

then 

(2:2) Fron Q)= (fe CFV) - CF Gd A (0) 
Thus we see that, if (,(£) is known, f, (€) can be easily determined. 


Suppose now that P(«) is a polynomial of the rth degree and N any 
integer preater than or equal tov. Let D, # and A denote the usual operators 
so that 


E=1+A=e%, 
; ; 7” F(e) 
Then, if FAC) =| -Teea) de, 
93) PP@FR g,-FfE-9 (4 ay 
(28) I; Tee ghd 3 LE “(4 Ay P{-4dvt(1-£44y)}, 


as is easily seen by replacing P(«) by 
(Lt AH #)se% Pls (1— 
Similarly, using the equation 
P(e) =(1 F AE-*T)-629 P (+ 5), 
we find that, if 
fO= [T+ =) Fede, 
then 
@4) [P64 2) P ©) F@ dea 3LE2” say Ppt (4d) 
As an illustration let us apply (2°83) to (1'2). We find that if n is any 
real number except tv, and R(a+8)>1+r, or ifn=+7 and R(a+B)>2+7, 


and iV is any integer greater than or equal to 7, where r is the degree of the 
polynomial P (x), then 


0: P £ gine 
(25) . PGE dc =0 
x hy (2 cos En)jeti~v-2 
ov! (a+ B~v-1) 
according as |n| 2 or 'n| <q, k, being either e™” Av P(1— a) or 
ehine (_ Ay P(B—v—1), 
It is immaterial which value of b, we take. 


ehin Ba) , 


¥ ROE a) 
where €, — & is a positive integer, then it is well known that 


» P(g a fo! PG +2) 
om bs EOS eG he eae v) 


This affords a very good example for the previous formule. 


It is easy to see that (1-2) can be restated as 


saa ein 


en afar ean 
sa oe Ed ini ) 
, et si ei ya) 
Ql | Paaor@se en Toren) 
w in (B—r) 
ay f 


rP@)Pate~»)’ 
according as »|2m or n|<q (n being of course real), But 
“ P (a) eine a * glD+in) x P (0) 
Genie hae Aree 
Hence, if the conditions stated for (2°5) are satisfied, * 
oe, P (2) eine 


28) _-P@+a) Pa "= 9 

or 
io P (a) ein wok ei —-9) P(y — a) 
(281) Sharer hears 


-$ e8—) P(B—y) 
TPO) at B=)’ 


according as |n| 2am or |n}< 7. 
8. We shall now consider an important extension of (1-2). Let [x] denote 


the greatest integer not exceeding 2, so that (eg.)[—54]=— 6. Let us agree 
further that 


in the form 
zCe 
when |z|=1, we have 
& C9 (e's?) gint 
i Terenas 


=3¢0 {2cos4(n + vs)}t4-2 ghi@—e) irtval 
" T(a+8-1) 


(81) 
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where the summation is bounded by 
= pe : <vs ee 
sg Is} ¢|’ 


(i) m+nand 7 —x are not multiples of s, and R(a+ 8) >1, 
or (ii) w +n or r—7nis a multiple of s, and R (at B) >2, 


provided that either 


or (iii) Guess = 0 and C_trym/s=0, whenever one or the other or both of 
the snffixes of ( happen to be integral, and R(a+ 8)>1. 


or (iv) w+nand w—nare multiples of s, a+ 8 is an integer greater than 1, 
and Cems s= ovina C_ (reais 

The formula (3'1) is easily obtained by substituting the series for ¢ and 
integrating term-by-term, using (1'2). 


It should be remembered that (3:1) is not true if n or s ceases to be real, 
though the integral may be convergent. In such cases, generally, the integral 
cannot be evaluated in finite terms. 


The following integrals can be evaluated at once, in finite terms, with the 
help of (3:1): ¢ 


: « dx 
(3°11) i wn (pem® + ge™*) PD (a+ a) (B—« a)? 


where m and » are real and |p|#'q'; 


(3112) oP (a+«)T (Ga) 


where n and s are real and m is a positive integer ; 


10, (1 + egitt)m ging 
-ol (a+2)T (B— zm" # 


where m is real and je|<1; 


(8°18) 


a eos ig 
-ol(at+a)T(B- a 
For instance, the value of (8:14) is 


q+p {2 cos } (n + vs)}t 7 (B—a) (-+ys! 
Me) Crag 


where J, (a) is the ordinary Bessel function of the vth order, and {(q+p)/(q—p)}” 
should be interpreted so that the first term in the expansion of 


{q+ pv) — py} Tie — p)} 
s E(pt+ Oy. 


(3114) 
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Putting s= 2 in (3:1) we obtain the following corollary. If ¢ is the same 
funetion as in (3'1), and n is any real number, then 


ez das 


ae ee gD (a) 
om |_retare a) 
=¢ 2 cos (gn — a [Ca + n)/2nr])jeta-* 


ef B—a)in—rlintRi jee}, 
2 


Ta+A-1) 
where N=- FE] ; 
Qa 


provided that either 

(i) is not an odd multiple of 7, and R (a+ 8)>1, 
or (i) nis an odd multiple of 7, and R (a+ £)> 2, 
or (Gili) 21s an odd multiple of 7, Cy —mpr=9, Caietmioe= 0, and R(a+@)>1, 
or (iv) n is an odd multiple of 7, a+ is an integer greater than 1, and 
Cine) tr = ene CL wpa) fan 

Thus we see that the value of each of the integrals (8-12)—(3'14), when 
$= 27, reduces to a single term, 

The next section will be devoted to the application of (82) in evaluating 
some special integrals. : 

4. Suppose that a is not real and 

(2) = 14 etre g entra zty (LE (a) <0), 


and (2) = — eta gl — esimaz-_. (I (a) > 0), 

so that $ (z) 1s convergent when |z|=1. Then it is easy to see that 
- Da+) ine = Wer omira i g Ch oe iat (a7—a) 
Zier di = Qire Teas Rew ae. 


Jt follows from (3'2) that if a is not real, n real, and 
(i) 21s neither 0 nor any multiple of 27, and BR (a—8)<0, 
or (ii) » has the same sign as [(a) and R(a— @) <0, 
or (iit) n is 0, or a multiple of 2x, having the sign opposite to that of I(a), 
and R(a~8)<-1, 
or (iv) nis not 0 and a— is a negative integer, then 


ep 
(41) [GAS ode =0 


or tz ae a {2 cos (3 tn [err 
x exp [-inati(@—a-1) (S24 [Z) I. 


the zero value being taken when n and I(a) have the same sign, the plus 
sign when 2 >0 and J (a)< 0, and the minus sign when n <0 and I (a) >0. 
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As particular cases of (4°1) we have 
T(a+s) 
: a =. Ot 
au [aes 
if a is not real and R(a—8)<—1. If a is not real, » real, and (i) r isa 
positive integer, or (ii) r=0 and n #0, then 
ert da 


ial) [oes @+a+i). @tatr) 


Qor 5. ; ; 
or tor (2sin }nyeb remain, 


the different values being selected as in (41). 
Similarly we can shew that ifa and @ are not real and n is real, and 
(i) nis not an odd multiple of w and R(a+@)<1, 


or (ii) n is an odd multiple of a which has either the sign of I (8) or the 
sign opposite to that of J (a), and R (a+ 8)< 0, 

or (iii) x is an odd multiple of + which has neither the sign of I (8) nor the 
sign opposite to tbat of [(a), and R(a+8)<1, then 


(42) 
WY 2 r +8 m 
ie T(a+2)P(8-a)ede = Pasa a 


x (1n(8) exp {tm (a + 8) [(m + n)/20r}} —m,(— a) exp [-tm (a+ B)[(r + 2)/27]}), 
where 7, (G) is equal to 0 when 3 —n and I(f) bave the same sign, to 1 when 
n<mwand I(f) <0, and to —1 when n> and J (£)>0. 


iB—a) 


It sbould be remembered that for real values of n 
{2cos $n} = 2 cos ($2 — 3 [(a + 2)/2er]). 
It follows, in ee that if a and @ are not real, and R(a+8)<1, 
then 
(421) iL T(a+2)P(8—2)de=0 or +2-PinT (a +8), 
the zero Sain betas chosen when I(a) and I() have different signs, the 


plus sign when J (a) and J(@) are both negative, and the minus sign when 
I (a) and I (8) are both positive. 


The following results can either be deduced from (1°5) or be proved 
independently in the same way as (174), 


If n is zero or any multiple of 2a, & is real, 2 any number except the real 
numbers less than or equal to — £, and @ is any number such that R(8 —a)>1, 
then 


be é 
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If » is any odd multiple of 7, a and & are the same as in (43), and @ is 
not real and K(a+@)< 0, then 


(4-4) (a+9)[ Tatar @-s) etda 
e Nee T(a+a)P(B+1—a) ede. 


5. We now proceed to consider an application of (1:2) to some other 
functions. Suppose that U, (a), V,(z) and W,(#) are many-valucd functions 
of x defined by 


U.(a)= Uae ware ue Uyat te z 
@)-Te Pa ree) To tera 
(on) = to verre waste 

VO Papen PU heccoa 


¥,(0)= Wy p w, ate ~ weet fs 

pe" Tits) TUdt+s4e) PO +84 26) 0” 
where J? (ec) >0, the w’s, v’s, and w’s are any numbers connected by the relation 
to be found by equating the coefficients of the various powers of & in the 


equation 
Wy + Wy kb wake? +... = (Uo ty he yh? +...) (Og + Oke wah? + ..)*, 


and the series U; (a), V,(x) and W(x) are convergent at least for the values 
of s and # that appear in the equation (5:2). 


The functions U, V,and W are mauy valued. If |a/y|=1 and [arg («/y)|<a, 
then one value of arg (# +) is given by the equation 
(51) alg a+ arg y= 2arg (x+y). 
If we choose arg # and arg y arbitrarily, and agree that 
getne — exp {((s + we) (log |a{+dargx)}, 
and that y**"* and (w+y)*t#* are to be interpreted similarly, that value of 


arg («+y) being chosen which is given by (5:1), then a definite branch of W 
is associated with any arbitrary pair of branches of U aud V. 


If a, 8, #, y are any numbers such that |2/y|=1, and R(a+)>0 when 
jarg(a/y)|=7 and R (a+ 8)>—1 otherwise, then 


52) |” Tezel@) Pee olyphde=0 or Wasp ety) 


according as [arg (#/y)|>or or <a, whatever be the branches of U(x) and 
V(y), provided that the corresponding branch of W(# + y) is fixed in accord- 
ance with the convention explained above. This is proved as follows. Suppose 
that 

eaten, y=te tn, 


*® These series need not, of course, be convergent for any value of & 
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where ¢ is arbitrary and n is any real number. Then the integral becomes 
[, Wess (tem) Pane (tot) ote 


If we expand the integrand in powers of ¢, and integrate term by term 
with the help of (1:2), and then make use of the relations between the w’s, v’s, 
and w’s, the result will be 

Wop (2t cos $n) = Ware (@+y), 
or zero, according to the conditions stated with regard to (5:2). 


In particular, if R(a+ 8) >—1, we have 
(21) [__ Bese @) Vat @) dé = Wasa (22). 


Suppose now that G, (p, «) is a many-valued function of # defined by 
‘ eae Ls Pp ah p (p + 1) ate a 
CUPO=TEsh PGs a” Be Pieeay 
Then it follows from (5-2) that if a, @, #, y are any numbers such that :a/y|=1, 
and R(a+8)>0 when jarg(a/y)!=7 and R(a+ 8) >~1 otherwise, we have 
(58) ° 


|, Gate (Ps 2) Gra Y) Glyde =0 or Gasa(p+q @+y) 


according as larg (a#/y),2a or |arg(x/y)|<o, whatever be the branches of 
G(p, «) and Gig, y), provided the branch of G(p+y, 2+y) is chosen 
according to our former conventions. If, in particular, R(a+ 8) >~1, then 


(531) [ Gase(p, 2) Gre (¢, 2) dE= Gaye (p + 9, 22). 


Tt may be interesting to note that the right-hand sides of (5:3) and (5°31) 
are of the form G.ie(p +, 2), which reduces to 

gt 
Ta+h+1) 
when p =~ gq, becoming independent of p or g. 

The ordinary Bessel’s functions are particular cases of the function 
G,(p, ). Hence we have the following particular results. If m is real, and 
R(a+ B)>0 when x= + 2 and R(a+8)>—1 otherwise, then 

(64) 

i Fase (%) Jet (y) emtde=0 


watt pt 


Qeosdn \iets) . 7 
a (ae fe an ) en 0) Jara [V{2 cos bn (ate Hi” + yrelin)}), 
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according as in| or<. If nis real, and R(at+8)>0 when n= +m and 
R(a+8)>-—]1 otherwise, then 


(541) | Tat (a) Jpg (we) e™FdE=0 or A 8-9 J, (Qa custn), 


according as n!zaor<7. If R(a+ 8)>—-1, then 


— Jase (2) Spey (Y) a Jann {s/(2a* + 2y°)} 
(5-42) ie gets yet ag (fai + yy enei 
and Rs 
(5-43) iB _ Tots (@) Tent (@) dE = Sarg (20) 


6. We shall now consider some special cases of the integral 


(ey) o Recess pceiinces racer sta 
land n being real numbers. 
Replacing 1/{P (y + la) T(8 ~le)} by 
ook eee 
rl (y +6-— 1) 
it follows from (1-2) that (6-1) is equal to 
(611) 


i 
ie (2008 eyrt¥-Ba~ttr-S42t0 de, 


is {2 cos (kn — dz)}e+8-2 (2 cos zjr+5-? 


x exp (0 (@— a) (4n—1z) +7(8 — y) 2} dz, 
where x and v are the lower and upper extremities of the common part of 
the intervals 


al (a+ B—-DT (y+ 8-]) 


—ha<2z<hr, -}r <4n—la<4n. 
If the intervals do not overlap, the value of (6'1) is zero. It is easy to sce 
that if 
(612) [n|>ar(1+ ill), 
the intervals do not overlap; and that, if they do overlap and J > 0, then 


i ea ee T RTT 
lat aT aa 


-|f +7 |- |; aad 
and - 


Tt should also be sa a though (6:11) may not be convergent for all 
the values of a, 8, y and 8 for which (6'1) is convergent, yet we may evaluate 
(611) when it is convergent, and so obtain a formula for (6:1) which may be 
extended, by the theory of analytic continuation, to all values of the para- 
meters for which the integral converges. 

RCP. i 15 
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From (6°12) we see that, if] and » are any real numbers such that 
nizr(L+'l ), then 


gine 


ee) (Movceriucersecr: ay P= ta) 
provided that G) Ria+B+y+6)>2 
when [n| >a (14.4), 
and (i) R(atBty+8)>3 
when [n[=ar(1+ [e|). 


7. Suppose now that /=1 and n=0; then (6°11) reduces to 
1 
at (a+ B-1) My 4+8-1) 
which is easily evaluated by the help of (1°1). Hence 
pe da: 

CD) | rarmaT@rnrGrar esa) 

z T(a+B+y+8—-3) 

~LTa@t+R-DT 6t+y-)Y0 @+s-DT S+a-1)’ 
provided that (i) R(a+ B+y+8)>8, or (ii) 2(a—y) and 2(8—8) are odd 
integers and H(a+ 6 ++ 8) >2. 

It should be noted that the formula fails when 4+ @+y7+65=8 and 
2(a—y) and 2(8—8&) are udd integers. The value of the integral in this 
ease is sometimes 1/20 and sometimes ~1/27. The value to be selected 
may be fixed as follows. It is easy to see that, in this case, one and only one 
of the numbers a+ 8-1, Bt+y—-1, y+S~—1, and $+a—-1 will be an 
integer less than or equal to zero. If a+ @—1 or 8+ —1 happens to be 
such a number, then the value of the integral is +1/2, according as 
2(@~8)=F1 (mod 4). But if y+8—1 or 6+a—1 happens to be sucha 
number, the value of the integral is + 1/27, according as 2(@—8)=+1 
(mod 4). 

As particular cases of (7'1), we have 

(7-11) if dx _ 2 (2a +28 — 3) 

-o{(f(ata)P(B-«)P {P@+8—1)}!’ 
provided that 2 (a + 8) >3, 


3 
[ i @ cos 2) rAtyto~4 piz(a-A—-y+8) dz, 
in 


72) [ popmracan 
o Viata)C(a-2)T(B+a2)T (8-2) 

= T (2a +28 ~ 3) 

~ 8 Qa—T) PA@B-DT @t+ B- 1’ 
provided that @) R(a+8)>4, or (ii) 2(a—8) is an odd integer and 
R(a+8)>1. If 2(¢4+8)=3 and 2(a— 8) is an odd integer, then the 
value of the integral (7-12), when a >1, is + 1/2r, according as 2(a—6)=+1 
(med 4), and when a<1 it is + 1/2:, according as 2(a— 8) =¥ 1 (mod 4). 
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Putting a =8 in (7-11) or in (7°12), we obtain 
; de TP (4a — 3) 
ee iscemnicer eet vcresn 
if R(a)>%. Suppose again that /=1,n=, and a+8=8+y. Then (6:11) 
reduces to 


etiz B—a) 
al (a+8—1)(y+d—1): 
Hence we see that 


fe (2 sin 2)**8-2 (2 cos z)+8 dz, 


etirz dy 
(72) f ol(at+#) (8-2) Tyt+2)T (6-2) 
ethin (Ba) 
— SP EG+ BEE Gt OP @F8—1)’ 

ifa+d=B+yand R(a+8+y4+8)>2. In particular 

7-21) ie e='ts g=tir G—a) 

( - Weta PG op” = TetR-H Gara 
if R(a+8)>1, and 
i cos Wat a 


» PataPanap = iP Ga Di ay 


(7°22) 
if R(a) >}. 
8. It follows from (6:2), (7-1), and (7-2) that, if 
$(2)= Bene, $= Scone, 


the series being convergent when |z|=1, then 
ie . ta) (etre) 
~» P@rayl@= 2) Ty tay S=a) 
x oT (a+ P+y¥+8—3) 
“Tate6-Dl(e+y-Dl(y+o—-lriesta—l)’ 
provided that (i) R(at+ @+y+8)>8 or Gi) R(at+B+y+8)>2 and 
6, 6 BF8 + ¢_, ei B+9 = Qe, cos w (8 — 8), 


o, ei FY) 4. 6, git 47) = 26, cos 7 (ay); 


(81) 


and that 
le - (e**) 

ea V(ate) (8-2) V(y+e) PT (8- a 

a ett @-0) 4g, e-Hir 8-0) 
20s @+ ANT (y+ 8] Ta@t+s-t)’ 
provided thata+ $=RB+y and R(a+B+y+8)>2. 
If a+S—8—y is an integer other than zero, it is possible to evaluate 
the integrals (7:2) and (8°2) in finite terms, but not as a single term. 
15—2 


(82) 
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The following integrals can be evaluated as a single term, with the help 
of (8-1) and (82), whenever they are convergent: 
7 TS + a) ei® 
[ Futora arora” 
where (i) » is an odd multiple of a, or (ii) 2 is an even multiple of 7 and 
at+l=8+y4+8; 


(83) 


* Tytarés+s) ine 
cera ae 


where (i) 2 is an even multiple of 7, or (ii) m is an odd multiple of # and 
a+8=8+y¥, 


(84) 


em da, 


° T(P+a)l(y—2) T(b+2) 
io Tata) 


where (i) n is an odd multiple of w, ov (ii) m is an even multiple of 7 and 
at@t+y=14+8,; 


(86) ie Tata) (8-2) TP (yt 2) P(8—-2) oe de, 


(85) 


where (i) » is an even multiple of 7, or (ii) » is an odd multiple of w and 
a+S=8+y. Thus, for instance, if 6 is not real, a+1=8+y+6, and 
Rat B+7—8) >I, then 

- T(b+a) 
63) | rerarecoryia® 


meth 6-y) 
~ Pas) PS @+ AVE —- 841) 
according as I (8) is positive or negative; and ify and & are not real and 
R(at+ 8—y—8)>1, then 
” Tate Ot2) 7 6 


aD -al(a+a)l (+2) 
jie - Qin? T(a+B—-y-6-1) 
Snr G8) Pay @-HTB-yl Bs)’ 


the zero value being taken when J (vy) and I(5) have the same sign, the 
plus sign when I(y)>0 and I (8) <0, and the minus sign when I(y)<0 
and I (8)>0. 


9. The following results are easily obtained with the help of (611). If 
2(a—B)=y—Sand R(at+8 +748) > 8B, then 
2» extra 
ox) | Tata l@aa) lt ial Orie” 
_ BetBtyt8-s ettir B-a) T {4 (a+ B+ y¥ +8—8)} 
val (a+ ANT (y+ 8-1) Gat 8-2) 
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If R(a+) >§, then 
. COS 71h 
em) ace aT 64d Te in 
gets D(a + B ~ 8) 
= Jal (a TOR 1) Ga+ho3) 


Ifat+Bt+y+8=4, then 
2 cosa (a+B+¥) 
@T2) he Tiapa TA a) Foe e en)” 
1 
“80 (y+8—1) 0 @a+d—2) QB+y7—-2) 
If 2(a— Bay 8 +k, where & is +1 or + 2, then 
(92) sin r (242+a— 8) 
2 Vata) (6-2) Ply + 2x) P(b—- Pa 
Dray 
= Jal ty at bl Gate—2) 
provided that R(at+ B+y7+8)>2. 
If 38(a~B)=y—8 +k, where & is +1 or +2, then 
(93) ise sin 7 (22+a—8) 
P(ata)P (8 —2) Dy + 82) P(S— ee 
BHT (Qa— B+ 5 — 2) 
tals §~1) P@a+6—3)’ 
provided that (i) R(a+@+y7+8)>3, or Gi) B+y—2a is integral and 
Rat B+y +4) >2. 

In (9°2) and (9°3) the plus or minus sign on the right-hand side is to be 
taken according as & is positive or negative. If & is an integer other than 
+1 or +2, the integrals in (9-2) and (9°3) can still be evaluated in finite 
terms, but in a less simple form. 


10. In this connection it may be interesting to note that, if m is an even 
multiple of 7, and a+ B+y+6=4, then 
(101) 


- 2 eitz 
(+ 8-2)(8+9-9/ TapaTE=alorereea® 
= +1 ginz 
=|) r@cieaT@ralorital ese 
for all real values of & The proof of this is the same as that of (1-4). 
Finally I may mention the formula 
(202) [Tose (2) Jane 2) Seas (2) Jos (2) dE = (ayptoere® 
(—dey7t T@th+y+d+ QW DP 
eee TO) (at+B+ytotvPa+B+v) PB+ytv)P(ytsty)T(b+atyz)’ 
which holds if (i) R(a+8+y+8)>—-1, or (ii) 2(a—y) and 2 (8 — 8) are 
odd integers and R(at+B+y+8)>—~2. 


dx 
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CONGRUENCE PROPERTIES OF PARTITIONS 


(Proceedings of the London Muthematical Society, 2, Xvi, 1920, Records for 13 March 1919) 


In a paper published recently in the Proceedings of the Cambridge Philo- 
sophical Society*, 1 proved a number of arithmetical properties of p(n), the 
number of unrestricted partitions of n, and in particular that 


p(dn+4)=0 (mod 5), 
and p(in+5)=0 (mod 7). 
Alternative proofs of these two theorems were found afterwards by Mr HB. C. 
Darling. 
I have since found another method which enables me to prove all these 
properties and a variety of others, of which the most striking is 
p(1ln+6)=0 (mod 11). 
There are also ‘corresponding propertics in which the moduli are powers of 
5, 7, or 11; thus 
p(25n+24)=0 (mod 25), 
p(49n4+19), p(49n+33), p(49n+ 40), p(49n+47)=0 (mod 49), 
p(i2in+116)=0 (mod 121). 


Tt appears that there are no equally simple properties for any moduli in- 
volving primes other than these three. 


The function + (m) defined by the equation 
Sr(n)a*=a (1 — a“) (1-2) (1-2). 
1 


also possesses very remarkable arithmetical properties. Thus 
7(5n)=0 (mod 5), 
r(in), t(7n+3), 7(in+5), 7(7n+6)=0 (mod 7), 
while 7(23n+v)=0 (mod 23), 
if v is any one of the numbers 
5, 7, 10, 11, 14, 15, 17, 19, 20, 21, 22. 


* Vol. x1x, 1919, pp. 207—210 [No. 25 of this volume: see also No. 30]. 
t Ibid., pp. 217, 218. 
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ALGEBRAIC RELATIONS BETWEEN CERTAIN 
INFINITE PRODUCTS 


\ Proceedings of the London Mathematical Society, 2, xv1t, 1920, Records for 13 March 1919) 


It was proved by Prof. L. J. Rogers* that 


1 iad a 
G@Q=lriT a Goados) Mena adsa 
1 1 
“d-a -#)(1-@) “Ged d—e) 
a a at 
and Te tie Gaal ae)  iande a 
1 1 


“(W-2) (ayia)... “d—-a®)-a da). 

Simpler proofs were afterwards found by Prof Rogers and myselft. 

I have now found an algebraic relation between G@ (z) and H (2), viz.: 

ET (e) {G (2) }" — 8G (2) LE (2) = 14 112 {GE (w) A (wy. 
Another noteworthy formula is 
AT (2) G (@") — 8G (2) A (oe) =1. 

Each of these formulee is the simplest of a large class. 

*® Proc. London Muth. Soe., Ser. 1, Vol. xxv, 1894, pp. 318—343. 

+ Proc, Camb. Phil. Soc., Vol. x1x, 1919, pp. 211—216. A short account of the history 
of the theorems is given by Mr Hardy in a note attached to this paper. [For Ramanujan’s 


proofs see No. 26 of this volume: those of Rogers, and the note hy Hardy referred to, are 
reproduced in the notes on No, 26 in the Appendix. ] 
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CONGRUENCE PROPERTIES OF PARTITIONS 


(Mathematische Zeitschrift, 18, 1921, 147-153) 
[Extracted from the manuscripts of the author by G. H. Hardy*] 


1. Let 


a 22? 8a 
“ D8" a3 
3 a Q5y2 33 
(118) Rai 50e( 24 Sa +), 
(1:2) f@)=(Q-a) (1-2-2)... 
Then it is well known that 
(1°38) 
f(o)=1te a ta bal. 14 ES (H 1) (ar om + gn omen), 
n=l 
(1-4) Q'— R= 17282 (f («@))™ 


* Srinivasa Ramanujan, Fellow of Trivity College, Cambridge, and of the Royal Society 
of London, died in India on 26 April, 1920, aged 32. The manuscript from which this 
note is derived is a sequel to a short memoir “Some properties of p(n), the number of 
partitions of 2,” Proceedings of the Cambridge Philosophical Society, Vol. xtx (1919), 207— 
210 [No. 25 of this volume]. In this memoir Ramanujan proves that 

p(Su+4)=0 (mod 5) 
and p(in+5)=0 (mod 7), 
and states without proof a number of further congruences to moduli of the form 5¢ 7° 114, 
of which the most striking is 

p(lln+6)=0 (mod 13). 
Here new proofs are given of the first two congruenees, and the first published proof of 
the third. 

The manuseript contains a large number of furtber results. It is very incomplete, and 
will require very careful editing before it can be published in full. I have taken from it 
the three simplest and most striking resulta, as a short but characteristic example of the 
work of a man who was beyond question one of the most remarkable mathematicians of 
his time. 

Thave adhered to Ramanujan’s notation, and followed his manuseript as elosely as I 
can. A few insertions of my own are marked by brackets. The most substantial of these 
is in $5, where Ramanujan’s manuscript omits the proof of (54). Whether I have reeon- 
strueted bis argument correctly I cannot say. 

The referenees given in the footnotes to “Ramanujan” are to his memoir “On eertain 
arithmetienl functions,” Transactions of the Cambridge Philosophical Society, Vol. xx11, 
No. 9 (1916), 159—184 [No. 18 of this yolume}. 
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Further, let 
(1:51) ®, (2) = SS mento = 3 mT oy, (n) 2, * 
msln=l neal 
where o; (2) is the sum of the &th powers of the divisors of n; so that 
2'a? 33 


(1:52) a1 (0) = toate 


oe Z 1-2 
and in particular 

(158) P=1-—24,, (2), Q=14+240%,,(«), R=1-5044, ,(a). 

Then [it may be deduced from the theory of the elliptic modular functions, 
and has been shewn by the author in a direct and elementary manner*, that, 
when 7+58 is odd, and r<s, ®,,;(«) is expressible as a polynomial in P, Q, 
and R, in the form 

®,, $s (a) == Kim, ” ht Q" RR", 
where 1-12Min(7,s), 2+4m+6ner4s641. 
Tn particular] 


O42 
(1-61) Qn 1 + 4800, (0) =1+480(72- oe bel 
a“ ee? 


(162) QR=1-— 264®,,,(2) =1 — 264 (+ foetes): 


(1-63) 441Q! +2508? = 691 + 655200, y (a) 
1d, 
= 601 + 68520(-2. + pit), 

(1-71) Q— Pix 2888, »(a), 

(1°72) PQ-—R= 720%, ,(x), 

(1°78) Q'— PR = 10089, (x), 

(174) Q(PQ-B)= 720, .(2), 

(vsl) 3PQ—2R — P'= 17288, (2), 

(1°82) P?Q-2PR + @= 1728, 5 (2), 

(1°88) 2PQ?— PR— QR=1728,,; (a), 

(1:91) 6P°Q—8PR+3Q—Pi= 69120, , (2), 
(1:92) PQ -8PR+38PQ-QR= 3486, (2), 


(193) 15PQ*—-20P*R +10P*Q) —4QR— P* = 207864, , (2). 


* Ramanujan, p. 165 [pp. 142 —143]. 
+ Ramanujan, pp. 163—165 [pp. 141—142] (Tables I to III). Ramanujan carried the 
calculation of formule of this kind to considerable lengths, the last formule of Table I heing 
7 709 821 041 217 +32 6408p, g; (a7) = 764.412 173 21798 
si +5 323 805 468 000G42?+ 1 621 003 400 000G?214. 
It is worth while to quote one such formula; for it is impossible to understand Ramanujan 
without realising bis love of numbers for their own sake. 
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Modulus 5. 


2. We denote generally by J an integral power-series in # whose coefficients 
are integers. It is obvious from (112) that 


Q=14+ 5/. 
Also n—n = 0 (mod 5), and so, from (1:11) and (1°18), 
R=P+id, 
Hence Q@-R=Q(1+ 5JP—(P+5J = Q— P+ bd. 
Using (1:4), (1°71), and (1°51), we obtain 


ca 


(21) 17282 (f (x))* = 288 = no, (n) a + BS. 

Also (l—a#)=1-a% 4+ 5J, 
(Foy = fle") + 5d, 

and so , 

(22) fey 2D + au. 

1 2 

But 2 Fay tee tee Hons 
and therefore, by (2°1) and (2°2), 

(28) 

17282f (a) (1+ p(ljetp (2) a4 ...) 
= 172805) «17980 ( f(a)" + BT = 288 no, (nor 5. 
F (2) n=l 


Multiplying by 2, rejecting multiples of 5, and replacing f(#™) by its 

expansion given by (1°3), we obtain 
(e@-a—-aP@+a™+ Vt p(jetrp jer...) 
= 3 na, (n) a + bu. 
n=1 
Hence 
(2:4) p(n—-1)—p(n —26)~p(n—51) + p(n — 126) +p (n—176) 
—p(n— 301) —... =o, (n) (mod 5), 
the numbers 1, 26, 51,... being the numbers of the forms 
4in(8n—1)+1, 46n(3n+1)+1, 
or, what is the same thing, of the forms 
$(6n—1) (lin —2), $(5n +1) (1504-2). 
In particular it follows from (2°38) that 
(25) p(3m—-1)=0 (mod 5). 
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ih) 
1s) 
SOT 


WVodulus 7. 
3, It is obvious from (1:18) that 
R=14+V/. 
Also n’ ~2=0 (mod 7), and so, from (1:11) and (161), 
@= P+ 7. 
Hence (Q- MY =(PQ-14+ 7) =P:Q?-2PQ+414 77 
=P~2PQ4+R+i7d. 
But, from (1°72) and (1°81), 


P!-2PQ+ R=144 s (5n 0, (n) — 12n?o, (n)) x” 
asl 


so 
= & (n®o,(n)—nog(n)) c+ 7S. 
n=l 


And therefore 


(31) (Q°— RY = = (20, (n)— na, (2) e+ TW. 
nal 
Again (by the same argument which led to (2°2)) we have, 
f(a") 
32 eas + TS, 


Combining (3°1) and (8°2), we obtain 


(33) at a 3 = oh (f(@)y8-+ TY = 1728's" (f(a) + 1 


=(@-Ry+ Td 
sé (n201(n) — nos (n)) a + TT, 
n=l 


From (3°3) it follows (just as (2°4) and (23) followed from (2°3)) that 
(3-4) p(n—-2)—9 (n— 51) —p(n— 100) + p(n — 247) + p(n — 845) 
—p(n— 590)—...=n*o,(n)—no;(n) (mod 7), 
the numbers 2, 51, 100, ... being those of the forms 


4 (in -1)(21n- 4), $(in+1) Q1n+4); 
and that 


(35) p(7m—2)=0 (mod 7). 


Modulus 11. 
“4, It is obvious from (1°62) that 
(41) QR=14+1V. 
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Also 2 —n = 0 (mod 11), and so, from (1°11) and (1°63), 
(42) @— 3R = 4419 + 2508? + 11 


=o +65520(-*-+ P24... )ety 
=-2448 (7+ ot vo) FLT 
x“ 

=-2P4+11l/. 

It is easily deduced that 

(4°3) 

— RY = (Q- 8B) —Q(Q- 8k — R(Q—-3R) + OQR+1W 
= P— 3P9)-4P?R+6QR4+11. 
[For 


(Q-3Ry —Q(Q-3RY— RY -8RY + 6QR 
=(P-3 RY — OR (@ — 3k — QR (G— sy + 6QR + 11 
= Q¥— 16Q"R? + 98QR! — 28505 R? + 423QR — 248. RY 4 LT 
=(Q— Re) + 1 
by (41), and (4:3) then follows from (4'2).] 
Again, [if we multiply (1:74), (1°83), (1°92), and (1:93) by — 1, 8, — 4, and 
~1, and add, we obtain, on rejecting multiples of 11,] 
—3PQ —4P!R + 6QR =— 5%, ,+ 30,,+4+ 36,,—-D,,+ 11; 
and from this and (4°3) follows 
(4-4) 
(Q? — Ris =~ 3 (ne; (n) ~Bn20s(n) ~ Bnto, (mn) + nto; (n))o + LL 


But (by the same argument which led to (2:2) and (8-2)) we have 

(45) Ff @yn=L@ i a el. 

From (44) and (4°5) 

oly ma at(s(a))+ L1J = 172828 ( f (a)) +11 
=(9—- R417 
=- S Gre; (n)— 38 og (n) — 8nto5(n) + nto, (n)) a + 11 
It now follows as before that 
(46) 
p(n—5)—p (n—126)—p (n— 247) +p (n— 610) + p(n — 852) 

— p(n— 1457) —.,. = — nto, (n) + 8n° 0; (n) + 8n2o, (2) « 
—5ne;(n) (mod 11), 
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5, 126, 247, ... being the numbers of the forms 
$(11n~2)(83n~5),  §(11n +2) (88n 4-5); 
and in particular that 
(47) p(ilm—5)=0 (mod 11). 
5. If we are only concerned to prove (47), it is not necessary to assume 
quite so much. 


Let us write $ for the operation af. Then* we have 


(511) SP=4(P? —Q), 
(512) SQ=}3 (PQ- B®), 
(518) QR =} (PR—Q. 


From these equations we deduce [by straightforward calculation 
8649¢P = P'-10P°Q—-15 PQ + 20P°R+4QR, 


723°Q = bP +15 PQ? —15 PR —5QR, 
243°R = -14P¢+ 7P?R+7QR 
The left-hand side of cach of these equations is of the form 
Pach 
"Te 
Multiplying by 1, 8, and 2, adding, and rejecting multiples of 11, we find 
(62) —8PQ+2PR=0 9! 4117 


We have also, by (5°11), 


6PR—6QR =72eR ae 


But, differentiating (4-2), and using 7 we obtain 


dP dR 
72aR T= 3608 (— sor! = @ 6R 


GE) thy 


= — 10820 5 dQ = + 216aR? ak + 1d 
=o as lJ. 
Hence 
at 
(5°38) 6P*R ~ 6QR =o +1. 


* Ramanujan, p. 165 (p. 142]. 
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From (5°2) and (5°3) we deduce 


P3P:0-4P:8 +6QR aoe 4 1, 
and from (4°3)] 
ay 
(5:4) (Q— Rae pV. 


Finally, from (4°5) and (5°4), 
(ae) _ ,)) 120 =(03 — Rs 
way =o (f (2) +11 =(Q — RY 4 Ud 
at 


As the coefficient of 2" on the right-hand side is a multiple of 11, (47) 
follows immediately. 


MEMOIRS WRITTEN IN COLLABORATION WITH 
G. H. HARDY (31—37) 


3l° 


UNE FORMULE ASYMPTOTIQUE POUR LE NOMBRE 
DES PARTITIONS DE n 


(Comptes Rendus, 2 Jan. 1917) 


1. Les divers problémes de la théorie de la partition des nombres ont été 
étudiés surtout par les mathématiciens anglais, Cayley, Sylvester et Mac- 
mahont, qui les ont abordés d’un point de vue purement algébrique. Ces 
auteurs n’y ont fait aucune application des méthodes de la théorie des 
fonctions, de sorte qu’on ne trouve pas, dans la théorie en question, de 
formules asymptotiques, telles qu’on en rencontre, par exemple, dans la 
théorie des nombres premiers. I] nous semble donc que les résultats que 
nous allons faire connaitre peuvent présenter quelque nouveauté. 


2. Nous nous sommes occupés surtout de la fonction p(n), nombre des 
partitions den. Ona 


i bol 2 
iQ eee (f@i<1). 


Nous avons pensé d’abord a faire usage de quelque théoréme de caractére 
Tauberien: on désigne ainsi les théorémes réctproques du théoréme classique 
d’Abel et de ses généralisations. A cette catégorie appartient l’énoncé 
suivant : 

Sott g(a) = Za,” une série de puissances & ovefficients PosITIFS, telle qu'on 


aut 
A 
log g (2)~7—5; 


quand « tend vers un par des valeurs positives. Alors on a 
log 8, = log (ag + dy +++. +n) ~ 2 (An), 
quand n tend vers Vinfintt. 


* (For proofs of the theorems enunciated in this note see No, 36 of this volume.] 
+ Voir le grand traité Combinatory Analysis de M. P. A. Macmahon (Cambridge, 
1915-16). 

mi Nous avons donné des généralisations étendues de ce théurtme dans un mémoire 
qui doit parattre dans 1m autre recueil. (The paper referred to is No, 34 of this volume ; 
see, in particular, pp. 252—-258.] 

. ‘ 
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En posant y (2) = (1—#)f(«), on a 


et nous en tirons ; 
pny a et N EF ecesecsees (1) 


ol ¢ tend vers zéro avec I/n. 


3. Pour pousser l'approximation plus loin, il faut recourir au théoréme 
de Cauchy. Des formules 
pee 2) yy 


p(n) “Sai! gen 


avec un chemin d’intégration Rear intérieur au cercle de rayon un, et 


ght l aa 4a? \) p 

f@e= “ay (tee 5) exp fanaa) {exp ( - ita} aaeeid (2) 
(fournie par la théorie de la transformation linéaire des fonctions elliptiques), 
nous avons tiré, en premier lieu, la formule vraiment asymptotique 


1 Cases 
pa P (j= nye NBs dl cece oe (8) 


Ona * 
p(10)=42, p(20)=627, p(50)=204226, p ($0) =15 796 476; 
P(10)=48, P(20)=692, P(50)=217590, P(80)=16 606781. 
Les valeurs correspondantes de P (n): p(n) sont 
1145: 1-104; 1:065; 1-051: 


la valeur approximative est toujours en exces. 


4. Mais nous avons abouti plus tard & des résultats beaucoup plus satis- 

faisants. Nous considérons la fonction 
1 3d {cosh[w v{3 (x — A)}]-1) 
EF (a 5 { MeO dome 
(= 2% da y(n ay) i #) 

En faisant usage des formules sommatoires que démontre M. E. Lindeléf 
dans son beau livre Le calcul des résidus, on trouve aisément que F(x) (on 
parle, il va sans dire, de la branche principale) a pour seul point singulier 
le point =1, et que la fonction 


ot I 1 
F (a) -—.~ = pps Go 
© Fama (wee) | eagarah 2] 
est réguliére pour =1, On est conduit naturellement & appliquer le 


théoréme de Cauchy & la fonction f (7) — F'(a),-et Y’on trouve 


1d aN B-At * 
PO) =52 5 F Ge — +(e) = Q(n) +O (eo), ......(8) 
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ow i désigne un nombre quelconque supérieur 4 7/4/6. L’approximation, pour 
des valeurs assez grandes de n, est trés bonne: on trouve, en effet, 
p(61)=1121 505, p(62)=1300156, (63) =1505 499; 
Q (61) =1121 5389, Q(62)=1300121, @(63)=1505 536. 
La valeur approximative est, pour les valeurs suffisamment grandes de 1, 
alternativement en excts et en défaut. 


5. On peut pousser ces calculs beaucoup plus loin. On forme des fone- 
tions, analogues & F(«), qui présentent, pour les valeurs 


Sari ~ int . . pre 
ee, @ Ff, ay mee 


g=-—1, 48} 
des singularités d’un type trés analogue & celles que présente f(z). On 
soustrait alors de f(e) une somme d'un nombre fini convenable de ces fonc- 
tions. On trouve ainsi, par exemple, 
1a gen! Clee a 
p)=5s—, targets 
2r/2 dn /(n— sz) 2a dn wa ) 


43 Gee ne d et Vilna ah) 
cau 


ot & désigne un nombre quelconque plus grand que dav}. ” 
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PROOF THAT ALMOST ALL NUMBERS n ARE 
COMPOSED OF ABUUT loglogn PRIME FACTORS 


(Proceedings of the London Mathematical Society, 2, XVI, 1917, Records for 14 Dee, 1916) 


A number n is described in popular language as a round number if it 
is composed of a considerable number of comparatively small factors: thus 
1200 = 24.3.5? would generally be said to be a round number. It is a matter 
of common experience that round numbers are exceedingly rare. The fact 
may be verified by anybody who will make a practice of factorising numbers, 
such as the numbers of taxi-cabs or railway carriages, which are presented to 
his attention in moments of leisure. The object of this paper* is to provide 
the mathematical explanation of this phenomenon. 


Let 7,(z) denote the number of numbers which do not exceed z and are 
formed of exaftly y prime factors. There is an ambiguity in this definition, 
for we may count multiple factors multiply or not. But the results are sub- 
stantially the same on either interpretation, 

It has been proved by Landaut that 
a (log log #)’-1 


i heya ame oe (1) 
as @-> 0, for every fixed valuc of ». It is moreover obvious that 
(2 = ry (@) Hare (@) Hg (L) Pieces cece cece eceeee cess tteeeees (2) 
ee (log log z)* 
and am jor, fh tog og a+ SE sERispian aiwaiteeeee (8) 


Landau’s result shews that there is a certain correspondence between the 
terms of the series (2) and (3). The correspondence is far from exact. The 
first series is finite, for it is obvious that 7, («) =0 if v > (log )/(log 2); and 
the second is infinite. But it is reasonable to anticipate a correspondence 
accurate enough to throw considerable light on the distribution of the 
numbers less than w in respect of the number of their prime factors. 


The greatest term of the series (3) occurs when v is about log log 2. And 
if we consider the block of terms for which 
log log a — o (w) (log log x) < v < log log # + ¢ (a) /(log log a), ...(4) 
* The paper has been published in the Quarterly Fournal of Mathematics, Vol. XLVUI, 


pp. T6-—92 [No. 35 of this volume}. 
+ See Handbuch der Lehre von der Verteilung der Primzahlen, pp. 203—213. 
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where (2) is any function of w which tends to infinity with «, we find 
without difficulty that it is these terms which contribute almost all the sum 
of the series: the ratio of their sum to that of the remaining terms tends to 
infinity with «. 

In this paper we shew that the same conclusion holds for the series (2). 
Let us cousider all numbers » which do not exceed a, and denote by a» the 
nuinher of them which possess a property P (n, #): this property may be a 
function of both » and a, or of one variable only. If then #)'2->1 when 
wo, we say that almost all numbers less than « possess the property P. 
And if P is a function of » ouly, we say simply that almost all numbers 
possess the property P. This being so, we prove the following theorems. 

1. Almost all numbers n less than 2 are formed of more than 

log log # — $ (#) /(log log @) 
and less than log log a+ ¢ (2) «/(log log x) 
prime fuctors. 

2, Almost all numbers n are formed of more than 

log log n ~ (x) /(log log n) 
and less than log log n + $ (n) (log log n) 
prime factors. 

In these theorems ¢ is any function of x (or n) which tends to infinity 
with its argument: and either theorem is true in whichever manner the 
factors of x are counted. The only serious difficulty in the proofs lies in 
replacing Landau’s asymptotic relations (1) by inequalities valid for all values 
of vy and a. 

Since log log tends to infinity with extreme slowness, the theorems are 
fully sufficient to explain the observations which suggested them. 


16--2 
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ASYMPTOTIC FORMULZ IN COMBINATORY 
ANALYSIS 


(Proceedings of the London Muthematicul Society, 2, Xvi, 1917, Records for 1 March 1917) 


A preliminary account of some of the contents of this paper* appeared in 
the Comptes Rendus of January 2nd,1917. The paper contains a full dis- 
cussion and proof of the results there stated. The asymptotic formula for 
p (n), the number of unrestricted partitions of m, of which only the first three 
terms were given, is completed; and it is shewn that, by taking a number of 
terms of order 4/n, the ezact value of p(n) can be obtained for all sufficiently 
large values of n. Some account is also given of actual or possible applications 
of the method used to other problems in Combinatory Analysis or the Analytic 
Theory of Numbers. : 


* (No, 36 of this volume. ] 
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ASYMPTOTIC FORMULA FOR THE DISTRIBUTION 
OF INTEGERS OF VARIOUS TYPES* 
(Proceedings of the London Mathematical Society, 2, xvi, 1917, 112—132) 


1. Statement of the problem. 
11. We denote by g a number of the form 


(1:11) 2M Bas Ho... yn, 
where 2, 3, 5, ..., p are primes and : 
(1111) Chg > hy DOs DB oe. By; 


and by Q(#) the number of such numbers which do not exceed a: and our 
problem is that of determining the order of Q(z). We prove that 


i Qa log # 7 
12 = —~ aa 
(1 12) Q (#) exp [a+ 0 (1)} V8 (is log ;)| ? 
that is to say that to every positive e corresponds an # =, (e), such that 
(1-121) 


(75 ~ +) / (oetgs) <8 0 < (5 +4) / Copia): 


for a> a. The function Q(x) is thus of higher order than any power of log a, 
but of lower order than any power of a. 


The interest of the problem is threefold. In the first place the result 
itself, and the method by which it is obtained, are curious and interesting in 
themselves. Secondly, the method of proof is one which, as we shew at the 
end of the paper, may be applied to a whole class of problems in the analytic 
theory of numbers: it enables us, for example, to find asymptotic formule 
for the number of partitions of into positive integers, or into different 
positive integers, or into primes. Finally, the class of numbers q includes as 
a sub-class the “highly composite” numbers recently studied by Mr Ramanujan 
in an elaborate memoir in these Proceedingst. The problem of determining, 
with any precision, the number A(z) of highly composite numbers not 
exceeding z appears to be one of extreme difficulty. Mr Ramanujan has 
proved, by elementary methods, that the order of H («) is at any rate greater 


* This paper was originally communicated under the title “A problem in the Analytic 


Theory of Numbers.” 
+ Ramanujan, “ Highly Composite Numbers,” Proc. London Math. Soc., Ser. 2, Vol. xtv 
1915, pp. 347—409 [No. 15 of this volume]. 
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than that of log #*: but it is still uncertain whether or no the order of H («) 
is greater than that of any power of log In order to apply transcendental 
methods to this problem, it would be necessary to study the properties of the 
function 


(0) = 25, 


where / is a highly composite number, and we have not been able to make 
any progress in this direction. It is therefore very desirable to study the 
distribution of wider classes of numbers which include the highly composite 
numbers and possess some at any rate of their characteristic properties. The 
simplest and most natural such class is that of the numbers q; and here 
progress is comparatively easy, since the function 


(1:18) Q ()=35, 


possesses a product expression analogous to Euler's product expression for 
&(s), viz. 


(1-14) als)=1 tt (ps re =) : 


’ 


where 1, = 2.3.5... 9, is the product of the first n primes. 


We have not been able to apply to this problem the methods, depending 
on the theory of functions of a complex variable, by which the Prime Number 
Theorem was proved. The function @(s) has the line e=O+ as a line of 
essential singularities, and we are not able to obtain sufficiently accurate 
information concerning the nature of these singularities. But it is easy 
enough to determine the behaviour of @ (s) as a function of the real variable s; 
and it proves sufficient for our purpose to determine an asymptotic formula 
for @(s) when sO, and then to apply a “Tauberian” theorem similar to 
those proved by Messrs Hardy and Littlewood in a series of papers published 
in these Proceedings and elsewheret. 


This “Tauberian” theorem is in itself of considerable interest as being 
(so far as we are aware) the first. such theorem which deals with functions or 
sequences tending to infinity more rapidly than any power of the variable. 


log w /(log log a) , 
(log log log #)? 
see p. 385 of his memoir [p. 108 of this volume]. 

+ We write as usual s=o+ it. 

{ See, in particular, Hardy and Littlewood, “Tauberian theorems concerning power 
series and Dirichlet’s series whose evefficients are positive,” Proc. London Hath. Gags 
Ser. 2, Vol. x11, 1914, pp. 174-191; and “Some theorems eoncerning Diriehlet’s series,” 
Messenger of Mathematics, Vol. xuut, 1914, pp. 134—147, 


* As great as that of 
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2. Elementary resulis. 


21. Let us consider, before proceeding further, what information con- 
cerning the order of Q(z) can be obtained by purely elementary methods. 


Let 
(211) Ie=2.8.5 00. yp ede, 


where 3(z) is Tschebyschef’s function 
3 (2) = = logp. 
pee 


The class of numbers g is plainly identical with the class of numbers of the 


form 
(2°12) 121,22... dybn, 
where 20, b>O, ..., dg 20 
Now every & can be expressed in one and only one way in the form 
(2°18) bj =Cim gm Cim—-2" +... + Gio, 
where every ¢ is equal to zero or to unity. We have therefore 
‘ nt By 049 Mm mo 
(2:14) qe] (us }- TT Tdi = IT ry”, 
i=l g=00=1 g=0 
say, where 
(2141) 75 = 111,909", 9 Uno), 


Let r denote, generally, a number of the form 

(215) p= Ll... Ine, 
where every ¢ is zero or unity: and R(z#) the number of such numbers which 
do not exceed w. If q <a, we have 

M<e, MKB, <a, 

The number of possible values of 7), in the formula (2°14), cannot therefore 
exceed R (a); the number of possible values of 7, cannot exceed R (x#); and 
soon. The total number of values of g can therefore not exceed 

(216) S (a) = R (2) R (a) B (a)... R (2), 


where w is the largest number such that 


(2161) a 7>2, 2>2”. 
_ Thus 
217) Q (a) < 80. 


22. We denote by fand g the largest numbers such that 
(2-211) y<a, 
(2°212) dba ...dg <a 


Peaseryh) ee 
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Ib is known* (and may be proved by elementary methods) that constants 
A and B exist, such that 


(2-221) ¥(2)pAw (2>2), 
and 
(2°222) pn 2Bnlogn (n>). 
We have therefore ef ¢ 2, 
flog f= 0 (log «), 
(2°28) log f= 0 (log log 2) ; 
and $9 (p,) <log #, & p,= 0 (loga), 
1 
Sy logv=O (logz), g*logg =O (log), 
t 


, log a 
(224) ~ O4/ (glee) 


But it is easy to obtain an upper bound for R(«) in terms of f and g. The 
number of numbers /,, iy, ..., not exceeding 2, is not greater than /; the 
number of products, not exceeding a, of pairs of such numbers, is a fortiori 
not greater than 3f(f-1); and so on, Thus 


) 2) cf EA, A), 


where the summation need be extended to g terms only, since 
Uyhy... Ugly > @ 
A fortiori, we have 


2 
R(a) <1+f+5 +... +f (14 fo = esa, 

Thus 

(2°25) R (a2) = 60 9108S) = 20 Woe # log log 2}, 
by (2°23) and (2°24). Finally, since 

log /@ log log x < } log # log log 2, 

it follows from (2°16) and (2°17) that 

(226) Q(e)=exp [0 {0 - i+ ite + 7) v (log # log log} | 

= ¢O (og x log log 2)}, 


2:3, A lower bound for Q (2) may be found as follows. If g is defined as 
in 2:2, we have 


ly. dg @< bly wee lglg. 
* See Landau, Handbuch, pp. 79, 83, 214. 
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It follows from the analysis of 2:2 that 


boar = @°(Pgay) = eG ogg) 
g 
and hl, ... lg=exp {fs (rn = eoeriea, 
L 
Thus @ < OCG" 108 9) - 


which is only possible if g is greater than a constant positive multiple of 


Pa Caz 3) ; 


Now the numbers J,, i, ..., J, can be combined in 2° different ways, and 
each such combination gives a number g not greater than # Thus 
(c82,) 
2: 9 poets 
(2°81) Q (2) > 27> exp {E,/( tee Dt 


where X is a positive constant. From (2°26) and (2°31) it follows that there 
are positive constants K and L such that 
loge 

2 : 

(2°32) eae At lige bea) \< log Q (a) < L4/(log « log log x). 

The inequalities (2°32) give a fairly accurate idea as to the order of 
magnitude of Q(z). But they are much less precise than the inequalities 
(1121). To obtain these requires the use of less elementary methods. 


3. The behaviour of @ (s) when s->0 by positive values. 


31. From the fact, already used in 2:1, that the class of numbers g is 
identical with the class of numbers of the form (2°12), it follows at once that 


(114) @(s)= 2-H; =): : 
Both series and product are absolutely convergent for o > 0, and 

(311) log @ (s) = f(s) + $4 (2s) + $6 (88) +..., 
where ; 

(3-111) $(s)= Ign : 

We have also 

(3°12) 

Oa ta aa 


IV... aeeiiedl 1 SAR ae Loi 
= aq t 2 (goy- wy) +2 (ga-ga) t 


= 1 “++ See (Pp) re (s-3) dx 
«Bn 
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3:2. Lemma—If2>1, s>0, then 

1 Bf af 1 
(slog a) 12 < (a? — Ip * (elogay’’ 
Write z= e*: then we have to prove that 
pues 1. é xb 
w” 12% (e* (17 < 
for all positive values of w; or (writing w for 1S that 

Tel 1 1 


(3-21) 


(3:22) 


ie wf 3 < Sake < wi 
for all positive values of w. But it is easy to prove that the function 
1 1 : 
J) = oe Sn 


is a steadily decreasing function of w, and that its limit when w->0 is }; 
and this establishes the truth of the lemma. 


3:3. We have therefore 
(3:31) o(s)= — $:(8) = 


where 


regs — $:(s) +0 (1), 


1s 1 2) os  g-s> (x) due 
eeu ld: ey 0 F< hl) < | gate 


From the second of these inequalities, and (2'221), it follows that 
1? e-4" da es Orie 
ey s Al (log)? @  slog2 ~ Jy loga is 


= sen 4/, ep t O 1); 
~ slog2 2 loga (1); 
and so that 


© p- Ase 
(3:32) $(s)>A i ipa 2+ 00. 


On the other hand there is a positive constant B, such that 
3 (2)< Ba (#>2)*. 


Thus Ps 
ye, tuegar taf OO" 3 Tega tO) 
= saga FI, eat + Os 
and so 
(3°38) $ (s)<B [meee to0. 


* Landau, Handbuch, loc. ett. 
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34. Lemma.—tlf H is any positive number, then 
FP eee 
ies 2 loga” ~ slog (1/s)’ 

when s->0. 


Given any positive number e, we can choose £ and X, so that 
7 ao 
i He-®* du <e, [ He-®* dau <e. 
0 Ix 


1 _ f? He Flog (I/s) , fs fF | fx f® 
aes clog (5) 70)=J toga tea an= +l +f. 


= Ji (8) + jo (8) + js (8) +s (9), 


say. And we have 


0<47, (8) < tog Of) a HeF du, = 0 {s/s log (1/s)} = (1), 
og2 Jos 


é 
0< ja (8) < 2 f He-®du < 2e, 
0 
x 
95 (8) = [ He-®du + (1), 


O<jl)<[ Hotdu<e; 
x 
and so ; 
1 neers 
1 — slog (=) J()!= [ He-F% du — 4, (8) — Jo (8) — ja (8) — ja (8) 
1 i J 


< fe +0 (1) < 6¢, 


for all sufficiently small values of s, 


35. From (3°32), (3°33), and the lemma just proved, it follows that 
‘ x: . 1 
(3°51) ¢ (8) = Sly *™ sTog (i]s) 
From this formula we can deduce an asymptotic formula for log @ (s). We 
choose WN go that 
f 1 
8 ep) oe we a 
and we write . 
1 
353) | =z =, > z = + 
( ) °8 @ (s) n ¢ (na) See os ray Vs<n 
= ®, (s) + ®, (s) + als) + B, (9), 
say. 
In the first place 
eae 
(3°541) ®.(9)= Seta a 
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In the second place 


1 
a tis log (1 ot ; 


and log (1/ns) > $ log (1/s), 
if N<n<1/ss. It follows that a constant H exists such that 
(3°542) ®, (s) es u He 


< STog (1/5) ven ~ slog (I/s)' 
Thirdly, 4/s ¢ns <1 in ©, (s), and a constant Z exists such that 


£ 
Pn v/s log (1/s)* 
Thus 


2 L Us] ah 
(3548) 0)< ae 2 as ve 
for all sufficiently small values of s. 


Finally, in ®,(s) we have ns >1, and a constant Jf exists such that 


@ (ns) < M2-™, 
Thus 
€ O—ne 
(544) Os) MS com & om Xo). 
Is<n ti is<n 1-2" 


From (3°53), (3°541)—(8 544), and (3°52) it follows that 


(55) beg @()= spe ary [+00 (F +e) +e] 


1 
where Ipl<e |p'|<Ke. 
Thus 
(3°56) log @(s) ~ ae , 
or 
(3°57) @ (s)=exp [a +0 (1)} aca | ; 


4. A Tauberian theorem. 


41. The passage from (3°57) to (112) depends upon a theorem of the 
“ Tauberian ” type. : 


THEoREM A. Suppose that 
(1) A320, An>Anu, A_—wmo; 
(2) An| nr =>; 
(8) an 20; 
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(4) A>0, a>O0; 
(5) Sane is convergent for s>0; 
~8 
(6) f(s) = Sane Fn = exp [# +o(L)} Asm {tog (3) | ; 
when s—>0. Then 
An = + dy+... +G, = exp [{1 + 0 (1)} BAY) (log Ag) F/t+9)], 
where B= Austa) graltta) (] + qj tis/aray), 
when n> 2. 
We are given that 


(411) (1-8) As~(log <) < log f (6) < (1+ 8) 4o~ (log ae, 


for every positive 5 and all sufficiently small values of s; and we have to 
shew that 

(4°12) 

(1 —¢) BA,*/9+4 (log Ay) 8/844) < log Ay 
< (1 +6) Bayt (log Ay) “#1044, 

for every positive e and all sufficiently large values of n. 

In the argument which follows we shall be dealing with three variables, 
8, s, and » (or m), the two latter variables being connected by an equation or 
by inequalities, and with an auxiliary parameter & We shall tise the letter 7, 
without a suffix, to denote generally a function of 8, s, and x (or m)*, which 
is not the same in different formule, but in all cases tends to zero when 6 
and s tend to zero and » (or m) to infinity; so that, given any positive «, we 
have 

O<jnl<e, 
for 0<8<&, O<s<y, n>. 
We shall use the symbol 9, to denote a function of ¢ only which tends to 
zero with ¢, so that 
O< | ng | <6 

if £ is small enough. It is to be understood that the choice of a £ to satisfy 
certain conditions is in all cases prior to that of 8, s, and » (or m). Finally, 
we use the letters H, XK, ... to denote positive numbers independent of these 
variables and of ¢. 


The second of the inequalities (412) is very easily proved. For 
(4:181) Age nd < aye + age 48 +... + Bent 


</ (8) <exp {a +8) As (log vas 


(4°182) An< expy, 
where 
-8 
(41821) y= (1 +8) den (tog | le 


#* 7» may, of course, in some cases be a function of some of these variables only. 
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We can choose a value of s, corresponding to every large value of », such 
that 
1\4 1\-8 
(414) (1-8) Aas (log) <An<(1+8)Aas7-* (log 5) : 


From these inequalities we deduce, by an elementary process of approximation, 


1 \a/040) 
(151) (1-9) (Aa) ween, 84! (log 5 


I 1)\8/a+a) 
cde Qtn) (daieroagites (log 2)”, 
8 
1-47 1 l+y7 
(4152) ica log An < log Se log An, 
(4°153) (1 - ”) “. Dg Hate) (log Ay) B/ a4) 
<s<(l+7) fs Agta (loge hg) #/0+e0, 
(4154) ¥< (+9) Brg) (log hq) F/0+4, 
We have therefore 
(416) log An< (1 +6) Bra@+#) (log A,)~#/0+9,¢ 


for every positi¥e ¢ and all sufficiently large values of n*. 


42. We have 
(421) - f(s)= Sa,e wt = 5A, (en — eat) 


=e, ie “eeeda=s |” ot (2) e-**da, 
1 0 


An 
where .64(z) is the discontinuous function defined by 


Sh (a)=An (ns@<dan)t 
so that, by (4°16), 


(422) log 4 (a) < (1+ «) Bat/*+# (log #)-A/a+a) 
for every positive ¢ and all sufficiently large values of «. We have therefore 
8 


(428) exp {a —d) Asm (log ;) \ <s [4 (x) e-*dar 


1\~4) 
<exp {0 +8) As (log ;) 
for every positive 6 and all sufficiently small values of s. 


*® We use the second inequality (412) in the proof of the first. It would be sufficient 
for our purpose to begin by proving a result cruder than (4°16), with any constant X on 
the right-hand side instead of (1+e)2. But it is equally easy to obtain the more precise 
inequality. Compare the argument in the second of the two papers by Hardy and Little- 
wood qnoted on p. 114 [p. 246 of this volume] (pp. 143 e¢ seg.). 

t Compare Hardy and Riesz, “The General Theory of Dirichlet’s Series,” Cambridge 
Tracts in Mathemaiztes, No. 18, 1915, p. 24. 
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We define Az, a steadily increasing and continuous function of the con- 
tinuous variable x, by the equation 
Ags Ant (@—2) (Anu —An) (nga<ntl). 
We can then choose m so that 
(4°24) == its Aant/ +2) (Loge ran) #2), 


We shall now shew that the limits of the integral in (4°28) may be replaced 
by (1—&) A, and (1+) %m, where ¢ is an arhitrary positive number less 
than unity. 


We write 
(4°25) 
oo (Ay (AE I$) A, A149) A, HD, 
J(=s{ wile) erda= af |™ +f "4f "+ / i +f" } 
0) 0 Am 4-8) Am (9) Ag HAm, 
alhtht+i+I+d5, 


where Z is a constant, in any case greater than 1, and large cnough to satisfy 
certain further conditions which will appear in a moment; and we proceed to 
shew that Jy, J2, Js, and J; are negligible in comparison with the exponentials 
which occur in (4°28), and so in comparison with J;. rn 


43, The integrals J, and J; are easily disposed of In the first place we 
have 


(431) eet pa (a) edn < St (3) 


Dan e/a+e) 7 Ana ~B/A+a) 
<exp {(1+8)B (32) (log 3) . 
by (422)*, It will be found, by a straightforward calculation, that this 
expression is less than 
-8 
(4°32) exp {atm A (1+ 9) H-#la4e) ga (og =) |, 


and is therefore certainly negligible if © is sufficiently large. 
Thus J, is negligible. To prove that J; is negligible we prove first that 
sa > 4 Bal 0+4 (log a)~P/a+a, 
ife> Hd, and H is large enought. It follows that 


J,= sf HA (a) e* dae <s|" exp (1 +8) Batl0+# (log a)-#/0+@) — sa} dae 
Ham Fam ~ ; 
< ale eBedy =4, 
: 0 
and is therefore negligible. 


* With 3 in the place of e. 
+ We suppress the details of the calculation, which is quite straightforward. 
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4-4. The integrals J, and J, may be discussed in practically the same 
way, and we may confine ourselves to the latter. 


We have 
pay dn, 
(4°41) J, (8) = s| Sh (a) e~* dan < | ev da, 
+9) Am +0) Am 
where : 
(4411) ap = (1 +8) Bar!) (log a)-F/0+4) — sar, 


The maximum of the function > occurs for 2 = a, where 


1 l+a 


(4°42) = (1+ 7) SE ty! ®+9) (log a)8/0+), 


From this equation, and (4°24), it plainly results that 
(443) (1 —n) Am < By < (1 +7) ms 


and that a falls (when 6 and s are small enough) between (1~—£)A,, and 
(1+ &) Xn. 


Let us write L=at+E 
in J, Then ‘ 
(0) = (a) 4 (1+ 8) BEE flO (log en)“ 
where %< a, <a and a fortiort 
‘i (1—f) Am << Ady. 
Tt follows that 


(44) fs!) (log en)-#/048)} < — Kit 4-# (log hy) #1049, 
2 


On the other hand, an easy calculation shews that 
1\-# 1\-# 
(4°45) (1—7) As (iog 5) <4 (a) < (1+) Asm (log 5) ‘ 
Thus 
-8 
(446) I,<exp ia +) As (log ;) } 
x [exp [- Leth gt! 1 (log Yon) OHI] aE 
—n) Aon 
1\-8 
<exp {(1-47) Aor (logt) * Bengt!) (log i) 00} 
1\-# 
<exp {a +1- Ne) As (log =) bs 


Since € is independent of 8 and s, this inequality shews that J, is negligible; 
and a similar argument may be applied to Jo. 


NO 
or 
~ 
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45. We may therefore replace the inequalities (423) by 


(451) exp {a ~8) As (iog 3) 


Slam on 
<s[" 4 A(x) e-* dx < exp {a+ 8) Ae (log) ‘ 


aL) Am 
Since .% (a) is a steadily increasing function of «, it follows that 


(4521) 


{a a As (I x ™ <asd((+e)r ne d 
ex oa s* { log — : ie 3 dep, 
e 85 ) a (1$) Am 
(4°522) 
1\+4 044) An 
exp {a +8) As (log 5) | > 8.68 {(1—L) rank | eda 
s and) Am 
or 
(4581) 


~8 
(26m — $m) 64 [(1 — €) Am} < exp {a + 6)As™ (log ) +n s} ; 
(4532) : 
: sj ) 
(e8%m — e- Sm) 64 {(1 + £) Xn} > exp ia — 8) As™ (log <) + in SF : 
If we substitute for s, in terms of X,,, in the right-hand sidessof (4531) and 
(4532), we obtain expressions of the form 


oxp {(1 +) Brontl®*) (log Aon)73/9)}, 


On the other hand ean — @-S8hm 
is of the form exp [grmntl 44) (Log Am) 8/044), 
We have thus 
(4541) 
A{(1—£) Xan} < exp (+ ne +7) Brsntl 4) (log Xgy)“B/A+2)], 
(4542) 


A {(1 + £) An} > exp (1 — 9g — 9) Brgtlt#) (log rg, P/OH}}, 
Now let » be any number such that 
(4°55) (1 in g) Ain S ADS (1 + g) Dan. 
Since A»/An-1-> 1, it is clear that ald numbers n from a certain point onwards 
will fall among the numbers v. It follows from (4541) and (4°542) that 
(4°56) 
exp {(1—g—) (1g) Basti) (log X)-8/49)} < A (Ay) 
<exp {(1 ++) (1+ ne) Brel (log d,)-#/04) 
and therefore that, given e, we can choose first and then , so that 
(4°57) exp {(1 — e) Bayt (log An) P/4481} <A (An) 
<exp {(1 +) Bagt/#*) (log Ay)“8/047)}, 
forn>m. This completes the proof of the theorem. 
RCP, 17 
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46, There is of course a corresponding “Abelian” theorem, which we 
content ourselves with enunciating, This theorem is naturally not limited 
by the restriction that the coefficients a, are positive. 

THEOREM B. Suppose that 

(1) AyaO, An>Anr, An; 

(2) Anfrna>1; 

(3) A>0, 0<a<]; 

(4) An=atat... +a, =exp [{1 +0 (1)} AA,7 (log A,)-F], 
when n-> oe. Then the series Taye» ts convergent for s>0, and 

SF (8) = Zane" = exp Er +a(J)} Bs-/o-4) (log 7] 5 
where B= Avo) pale-a ( — q)+8/0-2), 
when s—>0. 
The proof of this theorem, which is naturally easier than that of the 


correlative Tauberian theorem, should present no difficulty to anyone who 
has followed the analysis which precedes. 


47. The simplest and most interesting cases of Theorems A and B are 


those in which 
Aner, B=0. 


It is then convenient to write # for e~*". We thus obtain 

Turorem ©. If 4>0, 0<a<l1, and 

log A, =log (a, +a, +... + Gn) ~ An’, 
then the series Za,x” is convergent for |a\<1, and 
log f (2) = log (Za,a") ~ B (1 — a)-7/0-), 

where B=(1—a) elt) Ayo-s), 
when 2->1 by real values. 

If the coeficients are positive the converse inference is also correct. That is 
to say, if : 


A>0O, a>Q, 
and log f (x) ~ A (1—2)-, 
then ~ log An~ Bune, 
where B= (1+) avs/t+) 4a/or, 


5. Application to our problem, and to other problems in the 
Theory of Numbers. 


5:1. We proved in 3 that 
e bo 
(3°56) log @ (s) Gelog (1/5) 
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In Theorem A take 
=lon, A= =: a=1, B=1, 
Then all the conditions of the theorem are satisfied. And A, is Q (n), the 
number of numbers g not exceeding n. We have therefore 


(5-11) log Q tn) )~B,/( ee), 


where 


(5°12) | Ba2t ve (F)- a 


5-2. The method which we have followed in solving this problem is one 
capable of many other interesting applications. 

Suppose, for example, that R, (n) is the number of ways in which n can 
be represented as the sum of any number of rth powers of positive integers*. 
We shall prove that 


(21) tog Rn) ~ or) Er (E41) (S41) wee 


In particular, if P (n) = R, (n) is the number of partitions of x, then 


(5-22) log P (n) ~ 3 J) . 


We need only sketch the proof, which is in principle similar to the main 
proof of this paper. We have 
oo oo ] 
ER, (njem= it (>a), 


1 —-@é 


and so 


(523) f()=S1R, (mB (n— Doma (EV 


l~e 
It is obvious that 2, (m) increases with n and that all the coefficients in 


J (8) are positive. Again, 


(5°24) log f (s) = 3 log (; 


1) Sem age tn) 


Ls ens Py 


oN 


where 


(5-241) $ (s) = Sew 


* Thus 98 = 394 1323, 934-4, 18 = 2. 99-412. 1928-420. 19 = 28.15: 
and BR; (28) =5. 
The order of the powers is supposed to be indifferent, so that (eg.) 3°+13 and 13+33 are 
not reckoned as separate representations. 
+ &,(0) is to be interpreted as zero. 
17—2 
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But 


1 

(5-25) $()-T fe a 1) sr, 

when s->0; and we can deduce, by an argument similar to tbat of 3:5, that 
1 

(5°26) log f (s)~T ( + 1) ts + 1) gor, 

We now obtain (5°21) by an application of Theorem A, taking 
1 1 1 ‘ 
Aw=m a=, =O, 4=r(=41)¢(5 +1). 


In a similar manner we can shew that, if S(n) is the number of*partitions 
of x into different positive integers, so that 
=S (n) es = (1+ 6°) (l+e*) (lt+e) +... 
= 1 
(1 — 7) (l—e-*) (L—e7*) ...’ 


then 


(5:27) log 8 (n) ~ ah (3) ; 


that if 7.(n) is the number of representations of x as the sum of rth powers 
of primes, then 
(5°28) 
1 1 7/04) 
log TZ. (n) ~ (7 +1) {r ¢ + 2) (- + i} r+) (logan) e+ 5 


- 
and, in particular, that if 7 (n) = 7, (n) is the number of partitions of 1 into 
primes, then 


(5-281) log '(n) ~~ 5 Wy (ex) 


Finally, we can shew that if r and s are positive integers, «>0, and 
O0<d<1,and : 
: 1+ ax) (1+ aa?) (14 aa) ...}7 
5-291 >> a {(L+ ae) (1+ aa?) (1+ ao) ..}P 
eae) PP T= ae) (tobe) = bal? 


then 
(5°292) log $ (n) ~ 2 (en), 
where 
(5-2921) cnr [ECE apg f PEC a 
In particular, ifa=1, b=1, and r=s, we have 
(5-298) Zp (n) w = (1 — Qe + Qat— Qa? + ...)*, 
(5-294) log $ (2) ~ a (rn). 


[Added March 28th, 1917.W—Since this paper was written M. G. Valiron 
(“Sur la croissance du module maximum des séries entiéres,” Bulletin de la 


SU, ee Le 
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Société mathématique de France, Vol. xiv, 1916, pp. 45—64) has published a 
number of very interesting theorems concerning power-series which are more 
or less directly related to ours. M. Valiron considers power-series only, and 
his point of view is different from ours, in some respects more restricted and . 
in others more general. 


He proves in particular that the necessary and sufficient conditions that 
A 
] ne 
BE) Te 
where MM (r) is the maximum modulus of f (2) = Xa,e" for |x|=r, ave that 


afatal 
log |u| < (1 +e) (la) AYO () (ra) 


for n> (e), and 
nya Gra 
log | on, >(1—e) (1+ a) avers (2) 
for n= (p =1, 2, 3, ...), where rp41/mp—>1 and e—>0 as pa. 

M. Valiron refers to previous, but less general or less precise, results 
given by Borel (Legons sur les séries d termes positifs, 1902, Ch. v) and by 
Wiman (“Uber dem Zusammenhang zwischen dem Maximal-betrage einer 
analytischen Funktion und dem gréssten Gliede der zugehdrigen Taylor’schen 
Reihe,” Acta Mathematica, Vol. xxxvu, 1914, pp. 305—326). We may add a 
reference to Le Roy, “Valeurs asymptotiques de certaines séries procédant 
suivant les puissances entiéres et positiyes d’une variable réclle,” Bulletin des 
sciences mathématiques, Ser. 2, Vol. xxiv, 1900, pp. 245—~268. 


We have more recently obtained results concerning P (n), the number of 
partitions of n, far more precise than (5°22). A preliminary account of these 
rescarches has appeared, under the title “ Une formule asymptotique pour le 
nombre des partitions de x,” in the Comptes Rendus of January 2nd, 1917*; 
and a fuller account has been presented to the Society. See Records of 
Proceedings at Meetings, March 1st, 1917 +. 


* (No. 31 of this volume.] 
t (No. 33 of this volume ; see also No. 36.] 
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THE NORMAL NUMBER OF PRIME FACTORS 
OF A NUMBER a 


(Quarterly Journal of Mathematies, xvi, 1917, 76—92) 
I. 
Statement of the problem. 


11. The problem with which we are concerned in this paper may be 
stated roughly as follows: What is the normal degree of compositeness of a 
number n? We shall prove a number of theorems the general result of which 
is to shew that n is, as a rule, composed of about log log » factors. 


These statements are vague, and we must define our problem more pre- 
cisely before we proceed further. 


1-2. There are two ways in which it is natural to measure the “degree of 
compositeness” of n, viz. 
(1} by its number of divisors, 
(2) by its number of prime factors. 
Tn this paper we adopt the second point of view. A distinction arises 
according as multiple factors are or are not counted multiply. We shall 
denote the number of different prime factors by f(n), and the total number of 
prime factors by F'(n), so that (e.g.) 
f (298%5) = 8, F (293°) =6. 
With regard to these functions (or any other arithmetical functions of n)} 
four questions naturally suggest themselves. 
(1) In the first place we may ask what is the minimum order of the 
function considered. We wish to determine an elementary function of 2, 
with as low a rate of increase as possible, such that (e.g) 


F(n)< $ (a) 
for an infinity of values of n. This question is, for the functions now under 
consideration, trivial ; for it is plain that 
; ; fiy=F(n)=1 
when n is a prime. 
(2) Secondly, we may ask what is the maaimum order of the function. 
This question also is trivial for F (n): we have 


Fo) 
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whenever » is of the form 2%; and there is no ¢(n) of slower increase which 
satisfies the conditions. The answer is less obvious in the case of f(n): but, 
supposing ” to be the product of the first & primes, we can shew (by purely 
elementary reasoning) that, if eis any positive number, we have 


log n 
fee) log log x 
for all sufficiently large values of n, and 
f(a) > (1-2) 


for an infinity of values; so that the maximum order of f(n) is 
log 
log log n° 
It is worth mentioning, for the sake of comparison, that the minimum 
order of d(n), the number of divisors of n, is 2, while the maximum order 
lies between 


_loga_ 
log log 2 


9u- €) log 2 /log tog git ¢) log flog log 2 
> 


for every positive value of e*. 

(3) Thirdly, we may ask what is the average order of the function. It is 
well known—to return for a moment to the theory of d (n)—that 

(1-21) d(lj+d(2)+... +d (2) ~nlogn. 
This result, indeed, is almost trivial, and far more is known; it is known in 
fact that 

(1:22) d(I)+d(2)+...4+d(n)=nlognt (2y—-1) 240 (ntlog n), 
this result being one of the deepest in the analytic theory of numbers. It 
would be natural, then, to say that the average order of d(n) is log n. 

A similar problem presents itself for f(x) and F(n); and it is easy to 


shew that, in this sense, the average order of f(x) and F(n) ts loglogn. In 
fact it may be shewn, by purely elementary methods, that 


(1:28) f(l) +f (2) +... +f (n) =n log log ntdn+0(ce5), 
(1:24) F(1) + (2) +... +2 (n) =n log log n+ Bn+ 0 (wea) 
where A and B are certain constants. 
This problem, however, we shall dismiss for the present, as results still 
more precise than (1:23) and (1°24) can be found by transcendental methods. 
(4) Fourthly, we may ask what is the normal order of the function. 
This phrase requires a little more explanation. 


* Wigert, “Sur Vordre de grandeur du nombre des diviseurs d'un entier,” Arkiv for 
matematik, Vol, 111 (1907), No. 18, pp.1— 9. See Ramanujan, “Highly Composite Numbers,” 
Proc. London Math. Soc., Ser. 2 2, Vol. xv (1915), pp. 347-409 (No. 15 of this volume], for 
more precise results. 
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Suppose that A’ («) is the number of numbers, not exceeding #, which 
possess a certuin property P. This property may be a function of n only, or 
of « only, or of both x and : we shall be concerned only with cases in which 
it is a function of one variable alone. And suppose further that 

(1°25) N(a)wa 
when z-» 0. Then we shall say, if P is a function of » only, that almost all 
numbers possess the property, and, if P is a function of « only, that almost 
all numbers less than x possess the property. Thus, to take a trivial example, 
almost all numbers are composite. 

If then g(n) is an arithmetical function of », and ¢(v) an elementary 
increasing function, and if, for every positive e, we have 

(126) (Le) $ (n)<g (n)< (1 +6) b(n) 
for almost all values of 2, we shall say that the normal order of g(n) is 
p(n). 

It is in no way necessary that a function should possess either a deter- 
minate average order or a determinate normal order, or that one should be 
determinate when the other is, or that, if both are determinate, they should 
be the same. But we shall find that each of the functions f(n) and F(n) has 
both the average order and the normal order log logn. 

The definitions just given may be modified so as to apply only to numbers 
of a special class. If Q (a) is the number of numbers of the class not exceed- 
ing a, and JV (2) the number of these numbers which possess the property P, 
and 

(127) N (a) ~ Q (2), 
then we shall say that almost all of the numbers (or almost all of the 
numbers less than «) possess the property. 


Il. 


“ Quadratfret” numbers. 


21. It is most convenient to begin by confining our attention to 
quadratfret numbers, numbers, that is to say, which contain no prime factor 
raised to a power higher than the first. It is well known that the number 
Q(x) of such numbers, not exceeding a, satisfies the relation 


(211) Q (a) ~ Sat. 


We shall denote by a, (x) the number of numbers which are products of 
just » different prime factors and do not exceed a, so that a, (x) = 1 (a) is 
the number of primes not exceeding a, and 


Snr, (a) = Q (2). 
* Landau, Handbuch, p. 581. 
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It has been shewn by Landau * that 

dele alos lope 

loge (y—l)! 

for every fixed value of ». In what follows we shall require, not an asymp- 
totic equality, but an inequality satisfied for all values of vy and a. 


(2:12) a, (08) 


22. Lemma A. There are absolute constants C and K such that 
Ke (log log 2+) 
loge y! 
for p=0,1,2,..., #22. 
‘The inequality (2°21) is certainly true when v = 0, whatever the value of 
Ci It is known (and may be proved by elementary methods +) that 


(2°21) ops (2) < 


(2221) 2 is logloga+B 
4 psx DP 
ani 
(2-222) BORD rae we 
pen p 


where B and H are constants. We shall prove by induction that (2°21) is 
true if 

(2223) C>B+H. s 

Consider the numbers which do not exceed 2 and are comprised in the 
tahle 


2. Dy. Pores Dus 
8. Pr. Po... Dvr 
5. Dy. Powe Dvr 
Pdr. Doses Bys 
where 7, P., ..., 2, are, in each row, different primes arranged in ascending 


order of magnitude, and where p,>2 in the first row, p, >8 in the second, 
p, 26 in the third, and so on. It is plain that P<. The total number of 
numbers in the table is plainly not greater than 


ee (5): 


If now @,, @,,... are ea and 
@, Sy <6. S Myp7, 1 Wa. Oygr F %, 
the number @, a)... @,,; will occur at least » times in the table, once in the 
row in which the frst figure is #,, once in that in which itis @, ..., once in 
that in which it is @,. We have therefore 
(2-98) vars (0) <2 me ( =). 
sez DP 


* Landau, Handbuch, pp. 208 et seg. 
+ In applying (2:21) we assume that 2/p>2. If 2/p <2, w,(z/p) is zero. 
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Assuming, then, that (221) is true when » is replaced by v—1, we 
obtain * 


of Kx sy 1 ca } vl 
024) male) <oF 2 Sam {cg log () +0 


“ Ka (log log e+ Cy 1 
v! psa Plog (a/p)’ 
Bat. 
“ae 1 eee ‘log p log p } 1 | 2logp 
(ee) loga—logp loge a (log ey 3 log x ee log a “ (log a)?’ 


since log» <}loga; and so 


1 1 1 2 log p 
= ——_<-— © -+7—, & 
pap log (x/p) 2 log sep (loga)'p<. p 
logloge+B H — loglogx+C 
BBE a RET 
log # log log « 
Substituting in (2:24), we obtain (2:21). 


(2°26) 


23. We can now prove one of our main theorems. 


THEOREM A. Suppose that is a function of « which tends steadily to 
infinity with x. Zhen 


(231) log loga— /(log log #) < f(n) < log log e+ $v (log log 2) 
for almost all quadratfrei numbers n less than m. 


It is plainly enough to prove that 


(2321) S= SF — my(e)=0(2), 
y< lhe N(llx) 

(2322) S.= x Trin (@) = 0 (x) Tt. 
v>Uatp le) 


It will be sufficient to consider one of the two sums &, S, say the latter; 
the discussion of §, proceeds on the same lines and isa little simpler, We 
have 


(2°33) S< Ke eee 
loga, > Uath M22) vy 
Write : loglog2+C=& 
Then the condition that 


+ v > log log « + 6 o/(log log 2), 


where ¢ is some function of « which tends steadily to infinity with 2, is 
plainly equivalent to the condition that 


y>E+yvé, 


* It may be well to observe explicitly that log log 2+ ( is positive. 
+ We shall sometimes write J, lz, ..., instead of logw, loglog., ..., im order to 
shorten owr formule, 
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where yy is some function of & which tends steadily to infinity with £; and 
so what we have to prove is that 


34 S= = Foo 
ee v> tpg y! ote): 
We choose a positive number 6 so small that 
$ o? 8 
(235) atx atast <4, 
and write . 
(2:36) S= s P. 3 Pogis, 


seovecrs cise?! o> dingy l 
say. In the first place we have . 
We e “4 g e | 
: 1 sh 

ea) ° ntl * (at lita) 
& { i 1 _ 14d én 
Ser sae aept fo S 
where », is the smallest integer greater than (148) & It follows that 


(2372) Sv< e%1 (lor $—log 0,42) 


8 oe 
< re i 
where the K’s are absolute constants and 
A=(148)log(1+8)—& 
And since 
(1 +8) log (1+8)-—8 >(1 +68) (6-48) —S=38 (1-8) = 
say, we obtain 
te x 

(2-373) Sv«< SJE gina é 
where 7 is positive: so that 

(2374) 8” = 0 (e). 

In 8’, we write v= E+, so that pVE<pedé Then 


a pr ett 
Ca ait aa 
. < Fenn (+ m)log €-(E-+ 1) log (E+) + £-+ a} 
Bw 
= Fox (E+) (1-5 +a a) - 


< 4 gfe 7/48) ®, 
VE 
* Since the exponent is equal to 


é-»(-$- si-pet typo): 


oa 


we 
sii +s Ta 


ch) as 2.3.2 
in virtue of (2°35). 


ti SH 


a4 
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Thus bag m 
2. an Oe ee 
(2382) 8 0( 2 # ) 

sped? ~ont ae} 
=O Blea’ 


=0 (efiew du) =o0(e*), 


since y—» 2. From (2°86), (2374), and (2°382) follows the truth of (2°34), 
and so that of (2°322). As (2321) may be proved in the same manner, the 
proof of Theorem A is completed. 


24. THuorEM A’. If 6 is a function of n which tends steadily to infinity 

with n, then almost all quadratfrei numbers have between 
loglogn—a/(log login) and log log n+ ¢$ s/(log log n) 

prime factors. 

This theorem is a simple corollary of Theorem A. Consider the numbers 
not exceeding #. We may plainly neglect numbers less than /~; so that 

floge <logn<loga, 

(2°41) « loglog#—log2<log log n<log log a. 

Given ¢, we can determine a function y (x) such that y tends steadily to 
infinity with « and 

(2-42) + (2) < 46 (va). 
Then 3 a (a)<$o(n) (vacn< 2). 

In the first place 

¢$ 4/(log log n) > y /(log log a) 

if log log'n > $ log lug a, 
which is certainly true, in virtue of (2°41), for sufficiently large values of a. 
Thus 

(243) log logn— (log log n) < log log # — yr /(log log #). 

In the second place the corresponding inequality 

(244) log logn+¢ (log log n) > log log « + y ¥ (log log x) , 
is certainly true if 

$ V (log log n) > yr o/(log log z) + log 2; 

Wad this also is true, in virtue of (2°41) and (2°42), for sufficiently large 
values of From (2°43), (2°44), and Theorem A, Theorem <A’ follows at 
once. 


As a corollary we have 
THEorem A”. The normal order of the number of prime factors of a 
quadratfrei number is log log n. 


* In this sum the values of » are not, in general, integral: +, is integral. 
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IT. 
The normal order of f (n). 


3-1. So far we have confined our attention to numbers which have no 
repeated factors. When we remove this restriction, the functions f(n) and 
F (un) have to be distinguished from one another. 


We shall denote by a,(x) the number of numbers, not exceeding a, for 


which 
ST (a) =». 
It is obvious that wy, (t) >, (a). 


We require an inequality for ,(#) similar to that for w,(z) given by 
Lemma A. 

Lemma B. There are absolute constunts D and L such that 
(3:11) Bra (2) < es (og get Dy 
for y=0,1,2,..., #22. 

It is plain that 


@ (2) =m (2) +. (Va) +0 (Ya) +. 0()- 


The inequality is therefore true for y =0, whatever the value of D. We 
shall prove by induction that it is true in general if 


(3°12) D>B+HH+Jd, 
where Band H have the same values as in 2°2, and 


(3°18) J=Z (etl) (QF 84F 54...) 


Consider the numbers which do not exceed # and are comprised in the 
table 
2%, py. got... Dov, 
Qa. prt . pots... pte, 


Pt p% , pf... py, 
where p,, Ds, «-., p, Satisfy the same conditions as in the table of 2:2, It is 
plain that P< jx if a=1, P<ia if a=2, and so on, so that the total 
number of numbers in the table does not exceed 


= «(5). 
plea ‘iP 
If now a, @,,... are primes and 
OS Og <S ee SOyar, Oy 4... om tl <a, 
the number @,%: w,%... ont will occur at least » times in one of the tables 
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which correspond to different values of a. We have therefore 


(3:14) een ore G)+ Snes (Ate 


Pee pee 


Now] let us suppose that (8°11) is true when »~1 is substituted for », 
Then it is plain® that 


(3:15) 
: Lx (log log x -+D)~ | 1 s 1 
carers ~ oy! fsb log (x/p) tae DP" log (/p*) elle 
gO log 1 B+H 
(3°16) z Fisk Oe Ore et 
pga Plog (a/p) log a 
as we have already seen in 2°2, Also, if p’+' <a, we have 
2 a loge 
Eats / (s+) be 
on ; eg ee eeL 
and so 
l stl es 
. Sy $l ee eae — —s 
ee wie Plog (@[p4) © loge” aan 
ifs>2. Hence , 
(3°18) 
ss 1 <eploge+ B+ H+ S _ logloga+D. 
$ pitice p log (x/p*) log @ log x 


From (3°15) and (3°18) the truth of (3°11) follows immediately. 


3:2. We can now argue with o,(z) as we argued with 7, («) in 23 and 
the paragraphs which follow; and we may, without further preface, state the 
following theorems. 


TueorEM B. If ts a function of « which tends steadily to infinity to x, 
then 
log log # —  1/(log log a) < f (n) < log log # + $ 4/(log log 2) 
for almost all numbers n less than x. : 


THeoREM B’, If ¢ ts a function of n which tends steadily to infinity with 
n, then almost all numbers have between 


loglogn- @ ¥(loglogn) and log log 2+ ¢ 4/(log log n) 
different prime factors. 


Tunorem BY. The normal order of the number of different prime factors 
of a number is log log n. 


* See the footnote to p. 81. [Footnote * to p. 266.] 
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Iv. 
The normal order of F (n). 


41. We have now to consider the corresponding theorems for F'(n), the 
number of prime factors of x when multiple factors are counted multiply. 
These theorems are slightly more difficult, The additional difficulty occurs, 
however, only in the first stage of the argument, which requires the proof of 
some inequality analogous to those given by Lemmas A and B. 


We denote by Ty, (a) 
the number of numbers, not exceeding «, for which 
Fin) =». 


It would be natural to expect an inequality of the same form as those of 
Lemmas A and B, though naturally with different values of the constants. 
It is easy to see, however, that no such inequality can possibly be true 


For, if » is greater than a constant multiple of log x, the function 


a (log loga+0)" 
log # vt . 

is—as may be seen at once by a simple approximation based upon Stirling's 

theorem—exceedingly small; and IT,,; (2), being an integer, cannot be small 

unless it is zero. Thus such an inequality as is suggested would shew that 

F (n) cannot be of order as high as log# for any n less than a; and this is 

false, as we can see by taking 


e=2F41, n= F(n) =. 


The inequality required must therefore be of a less simple character. 


42. Lemma C. Suppose that K and C have the same meaning as in 
Lemma A, and that 


(4°21) fy<ad<l 
Then 


Ke 


(422) Thy: (#) toga 


"0 jhsnss cy is (log loga+ CO) Mu (log log # + C)’? ¢ oh 
vi wi)! @—2)! 


the series being continued to the term 2d’. 


It is plainly sufficient to prove this inequality when X=. In what 
follows we shall suppose that has this particular value. 
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We require a preliminary inequality analogous to (2°23) and (3°14). 
Consider the numbers which do not exceed « and are comprised in the 
table 

2°. Py. Parse Pytimay 
8°. Dis Pres Petras 


Be, Dis Pr Pyti—ay 3 
where now py, Po, -.> Prti-e are primes, arranged in ascending order of 
magnitude, but not ected different, and where Priva in the first 
TOW, Prize 23 in the second, and so forth. Arguing as in 2°2 and 3'1, we 
now find 

(4°23) 


va (e)< © O, (3)+ eee (5) +,2,0 Ole 


Se prsez 
This inequality differs formally from (314) in that the suffixes of the fune- 
tions on the right-hand side sink by one from term to term. 


We can now prove (4°22) by a process of induction similar in principle to 
that of 2-2 and 31. Let us suppose that the inequality is true when »y is 
replaced by v— ¥, and let us write 

log log «+ C= &, 
as in 2°38. Substituting in (4°23), and observing that 


loglog + 0<6 
we obtain 
COD aC oon eee Bee pn oe ay 
Hs = 2 otal (a/p) (e—1)1°  @—2)b 0" 


Kz 1 v2 v8 
+ Tp tep log IP) oot eomt | 


Ks 1 Er-8 ae 
+ Spiga team peat ft 


Now, as we have seen already, 


: 1 log log#+C 
4251 3 gloga+ C. 
a pi sap log (a/p) = loga =? 
: 1 
(4/252) S41 psy ps4 5-e4...) 


pieaplog ip") “loge 
ifs>2. It is moreover easy to prove that 

(42531) (s +1) (2-54 3-84 5-54...) <2a8=2 (.4)8 
if s= 2, and 

(42532) (s +1) 2-*+3-54 5-54...)< a8 = (fs 
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ifs>2*. From (424)—(42532) it follows that 
Ke v1 eo} 
(425) Tha: (2) < tr ae es eM f +f 


S Floga 


p~I)t (v~2) (v— 8)! 
DKa G ge? baz 
Bas Se ge leet nay ha 
Ke ; Eas Es 
Vyloga leat Gey +4 
teat 


When we collect together the various terms on the right-hand side which 
involve the same powers of &, it will be found that the coefficient of £-? is 
exactly 


Cie oe LO 
log a (v— p)!’ 
except when p = 1, when it is 
( Pe ;) Ke x 
v. 


jogs OT" 
We thus obtain (4°22). ’ 


43. We may now argue substantially as in 2°38. We have to shew, for 
example, that * 


(481) S.= = Ta: (2) =0 (a); 
v> Nats M@lz) 
and this is equivalent to proving that 
(4°32) S= = yy (2) =0(a), 
v>ttené 


where +f is any function of « which tends to infinity with a. 


We choose 8 go that 
1 


: E a + 
(4°33) Sg +h 1<é<Hi, 
and write 
434) S= = Ibe (+ > TW la) 
Eppni<y S0+8)E ¥>(1t8e 
= + Se 
say. In S’, we have 
4851) F Ket 
Ka & v v(v—1) 10 & 
Tha (6) < poe Sf + th gt CP B + }sieeo? 
where 
? K . 
4 352) Ky, = 1-345 3 


* The inequalities may be verified directly for s=2 and s=3, and then proved to be 
true generally by induction. 
+ The factor 2 occurs in the second line only. 
i 1 
‘oeah) eae 
R.C.B. 18 
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and by means of this inequality we can shew, just as in 2:3, that 
(4353) 8’ =o (2). 
In discussing S’ we must use (4°22) in a different manner. We have 
(4361) 
Tq (2) < es ( +271 7 +08 aap isle ee eff; 


31 
and so 
(4362) 
Ke K Ey 
a fA z EES ees efl® RHEE ae cae O {resart ‘ 
3 iene Eda Taaae (log x) 
where 
(4363) n= 1 —(1/A) + (1 +8) log (1/A) = (1 + 8) log 42 ~4>0, 
by (4:33). Hence 
(4364) 8” =0 (2). 


From (4°34), (4°353), and (4364), it follows that S = 0 (2). 


44. We have therefore the following theorems. 


Taxorem C. The result of Theorem B remains true when F (n) is sub- 
stituted for f (n) PR 


Turorem C’. The result of Theorem cs remains true when the word 
“ different” is omitted. 


THEOREM C”. The normal order of the total number of prime factors of 
a number is log log n. 


Vv. 


Lhe normal order of d (n). 


5-1. It is natural to ask whether similar theorems cannot be proved with 
regard to some of the other standard arithmetical functions of », such as 
a(n). 


If n=prpser... Pv, 
we have d(n) =(1+a,) (1 +a,)... (1 +4,). 
Since Q<el+ac Q 


if a1, we obtain at once 


Qv < a(n) <Qutdetata, 
or 


(5:11) Ui < din) < Qh, 
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From (5°11), and Theorems B’ and C’, we obtain at once 
TurorEM D’, The inequalities 
(5°12) Dlog log n~b N(log log 2) < d (n) < Qlog log 2-+@ H(log log 2), 


where @ is any function of n which tends to infinity with n, are satisfied for 
alnost all numbers n. 


The inequalities (512) are of a much less precise type than (1:26): we 
cannot say that the normal order of d (n) is 281s", We can however say 
that (to put it roughly) the normal order of d (n) is about 


Dlog log m — (log n)!e? = (log n)°*~, 


It should be observed that this order is far removed from log n, the averuge 
order of d(n). The explanation of this apparent paradox is simple. The 
majority of numbers have about (log n)"? divisors. But those which have an 
abnorinal number may have a very much larger number indeed: the excess of 
the maximum order over the normal order is so great that, when we compute 
the average order, it is the numbers with an abnormal number of divisors 
which dominate the calculation, The maximum order of the number of 


prime factors is not large enough to give rise to a similar phenomenon. 
. » 


18--2 
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ASYMPTOTIC FORMULA IN COMBINATORY 
ANALYSIS* 


(Proceedings of the London Mathematical Society, 2, xvi1, 1918, 75—115) 
1. INTRODUCTION AND SUMMARY OF RESULTS. 


11. The present paper is the outcome of an attempt to apply to the 
principal problems of the theory of partitions the methuds, depending upon 
the theory of analytic functions, which have proved so fruitful in the theory 
of the distribution of primes and allied branches of the analytic theory of 
numbers. 


The most interesting functions of the theory of partitions appear as the 
coefficients in the power-series which represent certain elliptic modular 
functious. ‘hus p(n), the number of unrestricted partitions of , is the 
coefficient of 2” in the expansion of the function 

a 1 

(111) F(a)=1+ =p(v) a" mes f-storloe.: me 
If we write 

(1-12) c=g= erin, 
where the imaginary part of 7 is positive, we see that f(z) is substantially 
the reciprocal of the modular function called by Tannery and Molkt A (7); 
that, in fact, 

(113) hoaghangh it (lg = 

The theory of partitions has, from the time of Euler onwards, been 
developed from an almost exclusively algebraical point of view. It consists 
of an assemblage of formal idcntitics—many of them, it need hardly be said, 
of an exceedingly ingenious and beautiful character. Of asymptotic formula, 
one may fairly say, there arc none§. So true is this, in fact, that we have 

* A short abstract of the contents of part of this paper appeared under the title “Une 
formule asymptotique pour le nombre des partitions de ,” in the Comptes Rendus, January 
2nd, 1917 [No. 31 of this volume]. 

++ P. A. MacMahon, Combinatory inalysis, Vol. 1, 1916, p. 1. 

t J. Tannery and J. Molk, Functions elliptigues, Vol. 11, 1896, pp. 31 e¢ seg. We shall 
follow the notation of this work whenever we have to quote formule from the theory of 
elliptic functions. 

§ We should mention one exception to this statement, to which our attention was called 
by Major MacMabon. The number of partitions of into parts none of which exceed r is 
the coefficient p, (n) in the series 

1 
This function has been studied in much detail, for various special values of 7, by Cayley, 


142 p, (m) ar= 


Asymptotic Formule in Combinatory Analysis 277 


been unable to discover in the literature of the subject any allusion whatever 
to the question of the order of magnitude of p (n). 


12. The function p(n) may, of course, be expressed in the form of an 


integral 
(121) pin)=s{ 22) ae 


Qari tp get? 


by means of Cauchy's theorem, the path IT’ enclosing the origin and lying 
entirely inside the unit circle. The idea which dominates this paper is that 
of ohtaining asymptotic formule for p (1) by a detailed study of the integral 
(1:21). This idea is an extremely obvious one; it is the idea which has 
dominated ninc-tenths of modern research in the analytic theory of numbers: 
and it may seem very strange that it should never have been applied to this 
particular problem before. Of this there are no doubt two explanations. The 
first is that the theory of partitions has received its most important develop- 
ments, since its foundation by Euler, at the hands of a series of mathematicians 
whose interests have lain primarily in algebra. The second and more funda- 
mental reason is to be found in the extreme complexity of the behaviour of 
the generating function /(w) near a point of the unit circle. 


Ié is instructive to contrast this problem with the correspbnding problems 
which arise for the arithmetical functions + (n), 3(n), W(n), #(n), d(n), ... 
which have their genesis in Riemann’s Zeta-function and the functions allied 


Sylvester, and Glaisher: we may refer in particular to J. J. Sylvester, “On a discovery in 
the theory of partitions,” Quurterly Journal, Vol. 1, 1857, pp. 81—85, and “On the parti- 
tion of numbers,” ibid., pp. 141—152 (Sylvester's Works, Vol. 11, pp. 86—89 and 90—99) ; 
J. W. L. Glaisher, “On the number of partitions of 4 number into a giveu number of 
parts,” Quarterly Journal, Vol. xt, 1909, pp. 57-~-148; “Formule for partitions into given 
elements, derived from Sylvester's Theorem,” ibed., pp. 275-848; “Formule for the 
number of partitions of a number into the elements 1, 2, 3, .., 2 up to »=9,” dbid., 
Vol. xu, 1910, pp. 94—112; and further references will be found in MacMahon, loc. cit., 
pp. 59-71, and E. Netto, Lehrbuch der Combinatorik, 1901, pp. 148—158. Thus, for 
example, the coefficient of x in 


1 
(L-#)(1- 2%) (1 ~ a5) 
- * Qar 
is Ps (m)= py (2-+8)? - Fe +b (—1)"+ § cos 33 


as is easily found by separating the function into partial fractions. This function may 
also be expressed in the forms 
ps (n+8)°+(4 cos fan) - (3 sin $xrn)’, 
L+[ yn (2 +6), {2p (n+3)4, 
where [7] and {x} denote the greatest integer contained in and the integer nearest to n. 
These formule do, of course, furnish incidentally asymptotic formule for the functions in 
question. But they are, from this point of view, of a very trivial character: the interest 
which they possess is algebraical. 
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to it. In the latter problems we are dealing with functions defined by 
Dirichlet’s series. The study of such functions presents difficulties far more 
fundamental than any which confrunt us in the tbeory of the -modular 
functions. These difficultics, however, relate to the distribution of the zeros 
of the functions and their general behaviour at infinity: no ditficulties what- 
ever are occasioned by the crude singularities of the functions in the finite 
part of the plane. The single finite singularity of {(s), for example, the pole 
at s=1,is a singularity of the simplest possible character. It is this pole 
which gives rise to the dominant terms in the asymptotic formule for the 
arithmetical functions associated with §(s). To prove such a formula rigorously 
is often exceedingly difficult; to determine precisely tbe order of the error 
which it involves is in many cases a problem which still defies the utmost 
resources of analysis. But to write down the dominant terms involves, as 
a rule, no difficulty more formidable than that of deforming a path of integra- 
tion over a pole of the subject of integration and calculating the corresponding 
residue. : 


In the theory of partitions, on the other hand, we are dealing with 
functions which do not exist at all outside the unit circle. Every point of 
the circle is an essential singularity of the function, and no part of the contour 
of integration can be deformed in such @ tanner as to make its contribution 
obviously negligible. Every element of the contour requires special study ; 
aud there is no obvious method of writing down a “dominant term.” 


The difficulties of the problem appear then, at first sight, to be very serious. 
We possess, however, in the formule of the theory of the linear transformation 
of the elliptic functions, an extremely powerful analytical weapon by means 
of which we can study the behaviour of f(x) near any assigned point of the 
unit circle*, It is to an appropriate use of these formule that the accnracy 
of our final results, an accuracy which will, we think, be found to be quite 
startling, is due. 


13. It is very important, in dealing with such a problem as this, to 
distinguish clearly the various stages to which we can progress by arguments 
of a progressively “deeper” and less elementary character. The earlicr results 
are naturally (so far as the particular prublem is concerned) supeyseded by 
the later. But the more elementary methods are likely to be applicable to 
other problems in which the more subtle analysis is impracticable. 


We have attacked this particular problem by a considerable number of . 
different methors,and cannot profess to bave reached any very precise con- 
clusions as to the possibilities of each. A detailed comparison of the results 


* See G. H. Hardy and J. E. Littlewood, “Some problems of Diophantine approxima- 
tion (II: The trigonometrical series associated with the elliptic Theta-functions),” Acta 
Mathematica, Vol. xxxvir, 1914, pp. 193—238, for applications of the formule to different 
but not unrelated problems. 
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to which they lead would moreover expand this paper to a quite unreasonable 
length. But we have thought it worth while to include a short account of 
two of them. The first is quite elementary; it depends only on Euler's 
identity 

(1:31) 

z at 
(@-aj0i-ai- 4). (a "Tayi ae 

—an identity capable of wide generalisation—and on elemeniary algebraical 
reasoning. By these means we shew, in section 2, that 

(1:32) gldnie p (n) < eBvn, 
where A and B are positive constants, for all sufficiently large values of n. 


It follows that 

(1:33) Arn< log p(n) < Byun; 
and the next question which arises is the question whether a constant C exists 
such that 

(1:34) log p(n) ~ Cn. 
We prove that this is so in section 3, Our proof is still, in a sense, “ele- 
mentary.” It does not appeal to the theory of analytic functions, depending 
only on a general arithmetic theorem conceming infinite Series; but this 
theorem is of the difficult and delicate type which Messrs Hardy and Little- 
wood have called “ Tauberian.” The actual theorem required was proved by 
us in a paper recently printed in these Proceedings*, Jt shews that 

Qa 
(1°35) ; C= v6? 


in other words that 


(1-36) pi)=exp fr /() ara, 


where ¢ is smal] when z is large. Tbis method is one of very wide application, 
Tt may be used, for example, to prove that, if p(n) denotes the number of 
partitions of n into perfect s-th powers, then 
8/ (s+) 
log p(n) ~ (+1) fi r(i+ Je (t + )h wen lot, 


8 


=it bess 


It istertainly possible to obtain, by means of arguments of this general 
character, information about p(x) more precise than that furnished by the 
formula (1:36), And it is equally possible to prove (1°36) by reasoning of a 
more elementary, though more special, character: we have a proof, for example, 
based on the identity 


np (1m) = Ze (v) p (n—v), 


*G. H. Hardy and 8. Ramanujan, “Asymptotic formule for the distribution of 
integers of various types,” Proc. London Math, Soc. Ser. 2, Vol. xvi, 1917, pp. 112-132 
[No. 34 of this volume]. 
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where o (v) is the sum of the divisors of », and a process of induction, But 
we are at present unable to obtain, by any method which does not depend 
upon Cauchy's theorem, a result as precise as that which we state in the next 
paragraph, a result, that is to say, which is “ vraiment asymptotique.” 


14, Our next step was to replace (1:36) by the much more precise 
formula 


(1-41) pQ)~Z mer" /G}. 


The proof of this formula appears to necessitate the use of much more 
powerful machinery, Cauchy’s oan (1-21) and the functional relation 


a) f= 5, / (tog?) ow Eh e, 


where i 
fs 2 aes 
(1:43) a = exp { ioe ‘alt : 
This formula is merely a statement in a different notation of the relation 
between h (r) and 4 (T), where 


It is interesting to observe the correspondence between (1°41) and the 
results of numerical computation. Numerical data furnished to us by Major 
MacMahon gave the following results: we denote the right-hand side of 
(1:41) by ow (n). 


n p(n) a(n) alp 
10 42 48104 1145 
20 627 692'385 1-104 
s 
50 204226 217590°499 1065 
80 | 15796476 16606781:567 1-051 
(ere a ea 


It will be observed that the progress of a/p towards its limit unity is not 
very rapid, and that @—p is always positive and appears to tend rapidly to 
infinity, 


* Tannery and Molk, Zoe. ett., p. 265 (Table XLV, 5). 
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15. In order to obtain more satisfactory results it is necessary to con- 
struct some auxiliary function F(#) which is regular at all points of the unit 
circle save «=1, and has there a singularity of a type as near as possible to 
that of the singularity of f(z). We may then hope to obtain a much more 
precise approximation by applying Cauchy’s theorem to f—F instead of to f 
For although every point of the circle is a singular point of f, ©=1 is, to put 
it roughly, much the heaviest singularity. When «->1 by real values, f (a) 
tends to infinity like an exponential 


“> leama 


when = rere, 
p and q being co-prime integers, and r->1, | f(«)| tends to infinity like an 


exponential 


7 
one lag a= at 
while, if a= reer 


where @ is irrational, | f(w)| can become infinite at most like an exponential 


of the type 
exp {o (; = -) a 


The function required is 


(61) hes 2, 
where 

(1-52) : ‘s noo OXn ~ *} ; 

(1°53) C= Qarff6 = 7i(2), m= (n—h)- 


This function may be transformed into an integral by means of a general 
formula, given by Lindeléf+ ; and it is then easy to prove that the “ principal 
branch ” of #(z) is regular all over the plane except at e=11; and that 


F(2)— x (2), 


* The statements concerning the “rational” points aye corollaries of the formule of 
the transformation theory, and proofs of them are contained in the body of the paper. 
The proposition concerning “irrational” points may he proved hy arguments similar to 
those used by Hardy and Littlewood in their memoir already quoted. It is not needed for 
our present purpose. As a matter of fact it is generally true that f(7)-»-0 when 6 is 
irrational, and very nearly as rapidly as 4/(1—r). It is in reality owing to this that our 
final method is so successful. 

+E. Liudelaf, Le caleul des rdsidus et ses applications 4 la théorte des fonctions 
(Gauthier-Villars, Collection Borel, 1905), p. 111. 

t We speak, of course, of the principal branch of the function, viz. that represented hy 
the series (1°51) when ¢ is small. The other branches are singular at the origin. 


282 Asi ymptotic Formule in Combinatory Analysis 


where 


(154) x (2) = — ei (log ) [ex lewearss 7 | 


is regular for e=1. If we compare (1°42) and (1:54), and observe that (x) 
tends to unity with extreme rapidity when # tends to 1 along any regular 
path which does not touch the circle of convergence, we can see at once the 
very close similarity between the behaviour of f and F inside the unit circle 
and in the neighbourhood of #=1, 


It should be observed that the term —1 in (1°52) and (1°54) is—so far as 
our present assertions are concerned—otiose: all that we have said remains 
truc if it is omitted; the resemblance between the singularities of f and F 
becomes indced eren closer. The term is inserted merely in order to facilitate 
some of our preliminary analysis, and will prove to Pe without influence on 
the final result. 


Applying Cauchy’s theorem to f—F, we obtain 


“BS a) a (ee Dan 
(1°55) PW) 5a (5) +006 "), 
where D is any uumber greater than 
$C = }r V(¥) 


1-6. The formula (1°55) is an asymptotic formula of a type far more precise 
than that of (1°41). The error term is, however, of an exponential type, and 
may be expected ultimately to increase with very great rapidity. It was 
therefore with considerable surprise that we found what exceedingly good 
results the formula gives for fairly large values of n. For n=61, 62, 63 it 
gives 

1121538°972, 1300121-359, 1505535606, 
while the correct values are 
1121505, 13800156, 1505499. 


The errors 33972, — 34-641, 36606 
are relatively very small, and alternate in sign. 


The next step is naturally to direct our attention to the singular point of 
JF (#) next in importance aftcr that at 2=1, viz, that at w=—1; and to 
subtract from f(z) a second auxiliary function, related to this point as F(z) 
is tow=1, No new difficulty of principle is involved, and we find that 


; — ld fey  (- 1)" d etn Din 
(161) P57 an (5) + ar Al ee) tO ” 
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where D is now any number greater than +. It now becomes obvious why 
our earlier approximation gave errors alternately of excess and of defect. 


Jt is obvious that this process may be repeated indefinitely. The 
singularities next in importance are those at «=e! and «=ei: the next 
those at «=7 and #=—7; and so on. The next two terms in the approximate 


formula are found to be 


f3 dh fern 
aT cos (nm — Jy7r) ain (&) 
V2 ; ad [eo n\ 
and aw 008 (4n7 —40) + uw }. 


As we proceed further, the complexity of the calculations increases. The 
auxiliary function associated with the point «=e? involves a certain 
24q-th root of unity, connected with the linear transformation which must 
be used in order to elucidate the behaviour of f (c) near the point; and the 
explicit expression of this root in terms of p and g, though known, is some- 
what complex. But it is plain that, by taking a sufficient number of terms, 
we can find a formula in which the error ts 


O (eralv), 


where v is a fixed but arbitrarily large integer. 


» 


1-7. A final question remains. We have still the resource of making 
v a function of », that is to say of making the number of terms in our 
approximate formula itself a function of n, In this way we may reasonably 
hope, at any rate, to find a formula in which the error is of order less than 
that of any exponential of the type e”; of the order of a power of n, for 
example, or even bounded. 


When, however, we proceeded ‘to test this hypothesis by means of the 
numerical data most kindly provided for us by Major MacMahon, we found 
a correspondence between the real and the approximate values of such 
astonishing accuracy as to lead us to hope for even more. Talking n= 100, 
we found that the first six terms of our formula gave 


. 190568944783 
+ 348872 
— 2-598 
+685 
+318 
— 064 
190569291-996 , 


while p (100) = 190569292 ; 
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so that the error after six terms is only ‘004, We then proceeded to calculate 
p (200), and found 
3, 972, 998, 993, 185896 
+ 36, 282-978 
— 87555 
5147 
1-424 
0-071 
0:000* 
0-043 
3, 972, 999, 029, 388-004, 
and Major MacMahon’s subsequent calculations shewed that p (200) is, in fact, 
3, 972, 999, 029, 388. 
These results suggest very forcibly that it is possible to obtain a formula for 
p(n), which not only exhibits its order of magnitude and structure, but may 
be used to calculate its ecuct value for any value of n. That this’ is in fact so 
is shewn by the following theorem. 


terest 


s Statement of the main theorem. 


THEOREM. Suppose that 
Sa = VQ a eal 
() $1 (") = 3 mak a ): 


where C and X» are defined by the equations (1°53), for all positive integral 
values of q; that pts a positive integer less than and prime to gy; that wp,, is 
a 24q-th root of unity, defined when p is odd by the formula 


(1°721) 
nam (=8) exp |- {i Pape?) te (2-3) @- +p) mi], 


and when q is odd by the formula 
(1°722) 


ona (=P) exp| - {3 @-Dt+% (9-2) @p-p'+ ep} mi], 


where (a/b) is the sy ganbat of Legendre and Jacobit, and p’ ts any positive 
integer such that 1+ pp’ ts divisible by q; that 


(1:73) Ag (n) =F ty, ge7Pril4 ; 
(p) 


and that a is any positive constant, and v the integral part of avn. 


* This term vanishes identically. 

+ See Tannery and Molk, loc. czt., pp. 104—106, for a complete set of rules for the cal- 
culation of the value of (a/b), which is, of course, always 1 or —1. When both p and ¢ 
axe odd it is indifferent which formula is adopted. 


Asymptotic Formule in Combinatory Analysis 285 


Then 
(1-74) p(n) = x Aggy t+ O (n>), 


so that p(n) ts, for all sufficiently large values of n, the integer nearest to 
(1:73) 2 Agdy 


lt should be observed that all the numbers A, are real. A table of A, 
from g=1 to g= 18 is given at the end of the paper (Table ID), 


The proof of this theorem is given in section 5; section 4 being devoted 
to a number of preliminary lemmas, The proof is naturally somewhat 
intricate ; and we trust that we have arranged it in such a form as to be 
readily intelligible. In section 6 we draw attention to one or two questions 
which our theorem, in spite of its apparent completeness, still leaves open. 
In section 7 we indicate sume other problems in combinatory analysis and 
the analytic theory of numbers to which our method may be applied; and 
we conclude by giving some functional and numerical tables: for the latter 
we are indebted to Major MacMahon and Mr H. B.C. Darling. To Major 
MacMahon in particular we owe many thanks for the amount of trouble he 
has taken over very tedious calculations. It is certain thet, without the 
encouragement given by the results of these calculations, we should never 
have attempted to prove theoretical results at all comparable in precision 
with those which we have enunciated. 


2, ELEMENTARY PROOF THAT e4“" < p(n) < ¢?*" FOR SUFFICIENTLY 
LARGE VALUES OF n, 


21. In this section we give the elementary proof of the inequalities 
(1:32), We prove, in fact, rather more, viz, that positive constants H and K 
exist such that 


(231) 2 aun < 3) (2) < E eam 


for »>1*. We shall use in our proof only Euler’s formula (181) and a 
debased form of Stirling’s theorem, easily demonstrable by quite elementary 
methods: the proposition that 

nie® [nets 
lies between two positive constants for all positive integral values of n. 


* Somewhat inferior inequalities, of the type 
g4lwn] - pn) nb ln], 
may be proved by endirely elementary reasoning; by reasoning, that is to say, which 
depends only on the arithmetical definition of p(n) and on elementary finite algebra, and 
does not presuppose the notion of a limit or the definitions of the logarithmic or expo- 
nential functions. 
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22. The proof of the first of the two inequalities is slightly the simpler. 
It is obvious that if 


Sp_(n) a= : 


fi-s)(l—-#)...—#") 

so that p,(n) is the number of partitions of x into parts not’ exeeeding 7, then 
(2°21) pr (RY = Prva (2) + pra (2 — 7) + Pra (n— Sr) +... 

We shall use this equation to prove, by induction, that 


and 
2°22 zr 
(2:22) Pr (> cap 
It is obvious that (2:22) is true for» =1. Assuming it to be true for 7 =, 
and using (2°21), we obtain 


Deer (2) Gy {ne + (n— 8 — 1) + (n —28 — 2) +...4 


€ 
s (ne—(n—-s—1) (n-—s—1)§—(n—2s —2)5 
>on at es! ae tou} 
ns (s+1)a8 
“GFh(y (rhe 
This proves (2°22). Now p(n) is obviously not less than p, (n), whatever the 
value ofr. Take r=[/n]: then 


[v2] H 
P (i) > Duiny (”) > wn] Tal arr en, 


by a simple application of the degenerate form of Stirling’s theorem men- 
tioned above. 


23. The proof of the second inequality depends upon Euler’s identity. 
Tf we write 
1 


2a = aa 


we have 
(231) Gx (2) = Grr (2) + 2qra (n— 1) + 38qr4 (n— Br) +..., 
and 
(2°32) P(M=ur—H+u(n— 4) + q(n—-9) +... 
We shall first prove by induction that 
(n+) 
(2r — 1)! (rd? 


This is obviously. true for r=1. Assuming it to be true for r=s, and using 
(2°31), we obtain 


(2°38) Gr (n)< 


1 
Qs+1 (7) Sex iep +P +2 (n+ s—s—1l)¥4 
, +3 (n+ 2-26 — 2" $0} 
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Now m(m—1) ab" < (a + by" — 2a + (@ —b)™, 
if m is a positive integer, and a, b, and a —68 are positive, while if a —} <0, 
and m is odd, the term (a — 6)" may be omitted. In this inequality write 
m=%s+1, a=nt+e8—hks—k (b=0,1,2,...), bas+l, 
and sum with respect to & We find that 
(28 + 1) 2s (8 +12 {(n +57) 42 (n+s°—-s-1 P+ be (nt tts4 14; 
and so 
ae . (nts +541) 2 {n+ (¢ +1)" 
oe * (28 + 1) Qs (8 + 1)? (2s — 1) 1(s!)? ~ (Qs + 1) LE( (s+1) 5?" 
Hence (2°33) is true generally. 
It follows from (2°32) that 


« wa 
pin=a(n—-lY+q(n—4)+.. 62 resin De 
But, using the degenerate form of Stirling’s theorem once more, we find 
without difficulty that 


1 2" 
(@r—1jl (rie < Ger? 
where KX is a constant. Hence Fi 
2 (8n)"> 2 (8n)P- 
p(n) <8K 3! ay <8K i! ee Zea tan) 


This is the second of the inequalities (2°11). 


3. APPLICATION OF 4 TAUBERIAN THEOREM TO THE DETERMINATION 
OF THE CONSTANT C. 


31. The value of the constant 
_ 4: log p(n) 
C=lim ae 


3 


is most naturally determined by the use of the following theorem. 


If g (a) = Za,2" is a power-series with positive coefficients, and 


A 
log g (2) ar 
when a—~1, then 

log S_ = log (y+ G+... + Oy) + 2/(An) 
when n-> 0. 


. This theorem is a special case* of Theorem C in our paper already 
referred to. 


Now suppose that : 
9 (2) = (1-2) f(x) =Z{p(n)—p(n—1)}a” rrr ae 


* Loe, ctt., p. 129 (with a= 1) [p. 958 of this volume]. 
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Then dn =p (n)—p(n~1) 
is plainly positive. And 
(3-11) 
C 1 a 1 ad I » 1 rT? 
ogg (@) = 2 leg pe § Toe “Toe Be 


when z->1*, Hence 

(3°12) log p(n) =a) ta +... + dard yn, 
where C = 27/,/6 = @ (3), as in (1°53). 

32. There is no doubt that it is possible, by “ Tauberian” arguments, to 
prove a good deal more about p (m) than is asserted by (3°12), The functional 
equation satisfied by f(z) shews, for example, that 


a_- aye | 
$0) ay? (oa 

a relation far more precise than (3°11). From this relation, and the fact that 
the coefficients in g (x) are positive, it is eertaiuly possible to deduce more 
than (3°12). But it hardly seems likely that arguments of this character will 
lead us to a proof of (1-41). It would be execedingly interesting to know 
exactly how far they will carry us, since the method is comparatively ele- 
mentary, and has a much wider range of application than the more powerful 
methods employed later in this paper. We must, however, reserve the dis- 
cussion of this question for some future occasion. 


4, LEMMAS PRELIMINARY TO THE PROOF OF THE MAIN THEOREM. 


41. We proceed now to the proof of our main theorem. The proof is 
somewhat intricate, and depends on a number of subsidiary theorems which 
we shall state as lemmas, 


Lemmas concerning Farey’'s series. 
y 


421. The Farey’s series of order m is the aggregate of irreducible rational 


fractions 
pla O<p<q<m), 


* This is a special case of much more general theorems: see K. Knopp, “Grenzwerte 
yon Reihen bei der Anniiherung an die Konvergenzgrenze,” Jnaugural-Dissertution, Berlin, 
1907, pp. 25 e¢ sey.; K. Knopp, “Uber Lambertsche Reihen,” Journal fiir Math., Vol. CXL, 
1913, pp. 2883315; G. H. Hardy, “Theorems connected with Abel’s Theorem on the 
continuity of power series,” Proc, London Math. Soc, Ser. 2, Vol. rv, 1906, pp. 247—265 
(pp. 252, 253); G. H. Hardy, “Some theorems concerning infinite series,” Iath. drin., 
Vol, uxtv, 1907, pp. 77-94; G. H. Hardy, “Note on Lambert's series,” Proc. London 
Math. Soc., Ser. 2, Vol. x111, 1918, pp. 192—198, 

A direct proof is very easy: for 

ya’ (1-2) 1-2 <u (1-2), . 
1 
I-a@ 


se?” 1 gt 
= = <log g (2) <;—32 : 
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arranged in ascending order of magnitude. Thus 


O fT. Tob. ge de 264A. A 458 2 oe 
TT) 7) G) Bo fe Fs Bo 2, Powe ag 4 


is the Farey’s series of order 7. 


2 4 6 
2 £9 3) b> 


Lemma 421. If p/q, p/q' are two successive terms of a Farey’s series, then 

(4211) pq-py al 

This is, of eourse, a well-known theorem, first observed by Farey and 
first proved by Cauchy*. The following exceedingly simple proof is due tu 
Hurwitzt. 

The result is plainly true when m=1. Let us suppose it true for m=h; 
and let p/g, p'/q’ be two consecutive terms in the series of order k, 

Suppose now that p’/q” is a term of the series of order 4 +1 which falls 
between p/g and p'/y’. Let 

p’g-pg’=r>0, pg’ —p’f =p >0. 
Solving these equations for p”, g”, and observing that p’¢ — pg’ = 1, we obtain 
p’=uptrp,  q” = ng tq. 
Consider now the aggregate of fractions 
(up +p’) (ug +99), 
where A and yw are positive integers without common facto? All of these 
fractions lie between p/q and p’/q’; and all are in their lowest terms, since 
a factor common to numerator and denominator would divide 
A= g(upt+Ap’) — p(ug+rq), 
and w= p (ugtrq)—¢ (up +p). 
Each of them first makes its appearance in the Farey’s series of order 
ng+Aq’, and the first of them to make its appearance must be that for 
which A=1, n=1. Hence 
Bi=ptr’, g=atd, 
B'g— pq" = py —p'g = 1. 

The lemma is consequently proved by induction. 

Lemma 4°22, Suppose that p/q ts a term of the Farey’s series of order m, 
and p"|q", p'lq the adjacent terms on the left and the right: and let jy 9 denote 


the interval 
p 1 Pp 1 


q gate) 


qg* qg+e)* 

* J. Farey, “On a curious property of vulgar fractious,” Phil. Mag., Ser. 1, Vol, xuvir, 
1816, pp. 385, 386; A. L. Cauchy, “Démonstration d’un théoréme curieux sur les nom- 
bres,” Exercices de muthématiques, Vol, ¥, 1826, pp. 114—116. Cauchy’s proof was first 
published in the Bulletin de la Socidtd Philomatique in 1816, 

+ A, Hurwitz, “Ueber die angeniiherte Darstellung der Zahlen durch rationale Briche,” 
Math, Ann, Vol xu1v, 4894, pp. 417436. 

t When pig is O/L or 1/1, only the part of this interval inside (0, 1) is to be taken; 
thus joy is 0, 1/(m-+1) and j1,, is 1—1/(m+1), 1. 

B.C.P, 19 
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Then (i) the intervals jp, exactly fill up the continuum (0,1), and (ii) the length 
of each of the parts into which jy ts divided by p/q* is greater than 1/2mq 
and less than 1/my. 
(i) Since 
Fe eee erie ee 2 ae a 
qaq+) ¢d¢+) @W ws¢ 


the intervals just fill up the continuum. 


eu 
7 


(ii) Since neither g nor q exceeds m, and one at least must be less than m, 
we have 
ae 
q(gtq)” Img’ 
Also q+9' >m, since otherwise (p +p’)/(q+¢) would be a term in the series 
between p/g and p’/q¢’. Hence 
1 1 
Se haryeete 
q(a+q) mg 
Standard dissection of a circle. 
423. The following mode of dissection of a circle, based upon Lemma 
4/22, is of fundamental importance for our analysis. 


Suppose that the circle is defined by 
w=Rer® (0<6<])). 


Construct the Farey’s series of order m, and the corresponding intervals j,, 9. 
When these intcrvals are’ considered as intervals of variation of @, and the 
two extreme intervals, which correspond to abutting arcs on the circle, are 
regarded as constituting a single interval &,;, the circle is divided into a 
number of arcs 

Enq 


where g ranges from 1 to m and p through the numbers not exceeding and 
prime tog}. We call this dissection of the circle the dissection By. 


Lemmas from the theory of the linear transformation of the elliptic 
modular functions. 

43, Lemma 4°31. Suppose that g is a positive integer; that p ts a positive 
integer not exceeding and prime to q; that p’ is a positive integer such that 
1+ pp’ is divisible by q; that wp, is dejined by the formule, (1-721) or (1°722); 
that ; - Beane 

anexp (-72* 4 222"), a =exp(-=+ er), 
g g y q 
* See the preceding footnote [footnote { of p. 289}. 
+ p=0 occurring with g=1 only. 
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where the real part of z is positive; and that 
1 


fO- Gra 0-80 
Then Sf (#) = ep, qV2 exp (ae - 1)f 


This lemma is merely a restatement in a different notation of well-known 
formule in the transformation theory. 

Suppose, for example, that p is odd. If we take 

1 ¥ 
en LPP , d=—p! 


a= Pp, ergs q 


so that ad — bc =1; and write 
a= gt = emir, a =Q = et, 


so that peed prey Pak es 
, ge + ec 
then we can easily verify that 
_¢t+dr 
~ a+br 


Also, in the notation of Tannery and Molk, we have 
grt ‘ Qe : 
led vet FO)= Fay} 
and the formula for the linear transformation of h (7) is 
h(T)= (5) exp [@ (4-1) — gla (6-0) +4 (a*—-1)} ni] (a+ br) h (7), 


where /(a4+ br) has its real part positive*. A little elementary algebra will 
shew the equivalence of this result and-ours. 
The other formula for wy, may he verified sinilarly, but in this case we 
must take : 
Reason i b=q, ext Pe d=p’. 
We have included in the Appendix (Table I) a short table of some values 


of @p,q, or rather of (log wy, 9)/mt. 


Lemma 4:32, The function f(a) satisfies the equation 
(4321) 


x aioe a een ee , 
where . 
(4322) 
eS age Em 
¢ log (1/2, 9) (es li 
* Tannery and Molk, loc. cit., pp. 118, 267. 


— i} ‘3 _ pL 
By, g = HET PHS, op. exp | 


19—2 
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This is an immediate corollary from Lemma 4°31, since 
= g f+) 2/12 — ar 
a= In log ra , é Bey? 
Be ios eg ee (-= a 
12gz 6g log (1/up,)’ ge g RE 
If we observe that 
SF (@p,q) =14+ PL) @ ng te 
awe see that, if # tends to e?*/7 along a radius vector, or indeed any regular 
path which does not touch the circle of convergence, the difference 


ne we —_) Era eee 
Fe)— one Je a ee ee lag log (L/ayp, af 
tends to zero with great rapidity. It is on this fact that our analysis is based. 


Lemmas concerning the auxiliary function F, (a). 


441, The auxiliary function /, (z) is defined by the equation 


. Fe, (2) ae ba (1) a, 
where a(n) -2 cosh hy =} ‘ 


An =V(n—- 34), a >O. 


Lemoa 4:41. Suppose that a cut ts made along the segment (1, 0) in the 
plane of «. Then F, (a) ts regular at all points inside the region thus defined. 


This lemma is an immediate corollary of a general theorem proved by 
Lindeléf on pp. 109 et seg. of his Calcul des résidus*. 


d cosh a ¥(z~y)-—1 


“de V(e~ 34) 


satisfies the conditions imposed upon it by Lindeléf, if the number which he 
calls a is greater than #,; and 


The function wha (2) 


at tao at 
(4-411) F(a) =| Saag (ede, 
if. aa=re®, 0<0<2n, a =exp{z (logr+26)}. 


442. Lumma 442. Suppose that D is the region defined by the in- 
equalities 
-7<—-0,<8<&<n, <7, O<N<I], 


* Lindeléf gives references to Mellin and Le Roy, who had previously established the 
theorem in less general forms. 
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and that log (1/a) has tts principal value, so that log (l/s) is one-valued, and 
its square root two-valued, in D. Further, let 


> pt eo Saal 

1 [exp {i Tog (1/a)} i], 

that value of the square root being chosen which is positive when O<2< 1. 
Then 


Xu (2) = / {or log (1f/x) 


Fy (2) = x0 (0) 
is regular inside D*. 

We observe first that, when @ has a fixed value between 0 and 2a, the 
integral on the right-hand side of (4411) is uniformly convergent for 
ay<a<am. Hence we may take a= 9 in (4411). We thus obtain 

wa fe ; Fe ke : 
F, (2) =ia's | | — eremi - Ot Pala + it) dt + iat | | — gtetttart alge) de, 
where the /(it) and 4/(—2) which occur in oq (s+ i) and Wo (s'y — 2#) are to 
be interpreted as e47',/t and e~#",/t respectively. We write this in the form 
git i 


(#421) Fr, (a) = Kq (a) + tat | astra ay ve boy + 0 at 


* oh 9? ant . 
4 tars [* atria Ve (oe — 19 


= X, (2) + ®, (2) + ®, (2), 
say, where Xq(w) = iatt at Wa (gy + 2t) dt 
9 
Now, since || =e, far tt| = eft, 


the functions @ are regular throughout the angle of Lemma 442. And 


_ ett o , @ feosh wyt—1 
see ae ae 


where Aa ilog +, haart 


The form of this integral may be calculated by supposing \ and y positive, 
when we obtain 


a e7 hu? = (hee) dw= 2 [i e~? (cosh ww — 1) dw 


= V(r) (e — 1), 
Hence 
if a 
(4422) Xx (e) = ver log (1/0)} 2] exp [eh ~ 1] =e, 
and the proof of the lemma is completed. 


* Both F, (#) and y,(#) are two-valued in D. The value of F, (2) contemplated is 
naturally that represented by the power-series. 
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Lemmas 441 and 442 shew that #=1 is the sole finite singularity of 
the principal hranch of F, (z). 


443. Lema 443. Suppose that P, 0, and A are positive constants, 
0, being less than 7. Then 
F(z) |< K=K(P, 4, A), 
for O<r<P, A<0<27-0,, O<a¢Ad. 


We use XK generally to denote a positive numher independent of 2 and 
of a, We may employ the formula (4411). It is plain that 


| ae < Kei 
hl er 2 

= d cosha /(z¢—y,)—1 EN Lat 
| Yra (2) = me rai < Kein, 


where 7 is the imaginary part of 2. Hence 


| Fu (2) rea eEvini—4ln! dy < K, 


444, Lemma 444. Let c be a circle whose centre is w=1, and whose 
radius 8 is less than unity. Then 


| Ba (2) — xa (#) |< Ka’, 
if a les ince and 0<a<¢ A, K=K (8, A) being as before independent of « and 
of a. 
If we refer hack to (4421) and (4°422), we see that 1t is sufficient to prove 


that 
|, (2)| < Ka’, | @, (#) |< Kat; 


and we may plainly confine ourselves to the first of these inequalities. We 


have 
git pe att d {cosh ay (it) —1 
Q, (=F fi eaverit2rt 7 | ii dt. 


Rejecting the extraneous factor, which is plainly without importance, and 
integrating by parts, we ohtain 


=| b(t pon ae cosh aa/(tt) —1 een a1, 


pyri+2rt 


ws" log a Qarutt e~ 


where ® Qs= ge femi+2at 7 (e7 art + 2rt_yy2 i 


Now || < 4a and | xt |< Kei". It follows that 
|B) |< Ke; 
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oH goat 
a }(e)/< Kf. SF | sink? da vt | 
a gant 
< KI oT (cosh w »/($4) —cosa V/(4t)} de 


<K{” mle hee “) 
: é cos. 5D 008 dw 


=K (ever ran e-em) < Ke. 


5. PRoor OF THE MAIN THEOREM. 
51. We write 


Se Eng @) = ep af Foty (p,q); 
where C= /2, @p,q= we"; and 
(512) ® (a) =f (w) ~ SE Fo (2), 
ae 


where the summation applics to all values of p not exceeding g and prime 
to g, and to all values of g such that 


(5°13) l<q<ve=[avn}, 
a being positive and independent of n. If then : 
(5:14) Fp,q (#) = Zep 4.02%, 
we have 
- 1 f &@) 
(615) P (0) ~ 23 enon 55 | irda, 


where Tis a circle whose centre is the origin and whose radius F is less 
than unity. We take 
B * 


(5°16) R=1-§, 
where 8 also is positive and independent of n. 


Our object is to shew that the integral on the right-hand side of (5-15) 
is of the form O (n+); the constant implied in the O will of course be a 
function of a and 8. It is to be understood throughout that 0’s are used in 
this sense; O (1), for instance, stands for a function of a, n, p,q a, and 8 (or 
of some only of these variables) which ¢s less in absolute value than a number 
K=& (a, B) independent of x, n, p, and q. 


We divide up the cirele I', by means of the dissection 3, of 423, into 
ares £9 cach associated with a point Re¥"/?; and we denote by m»,, the arc 
of [ complementary to £).. This being so, we have 

17) f PO aux, Fe feellass[ Foe ae 

r fra 


EL n+) 
x eg 


= Sd p,9- 2Jo.05 
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say. We shall prove that each of these sums is of the form O (n-#); and 
we shall begin with the second sum, which only involves the auxiliary 
functions F. 


Proof that Sjp,q = O (n-4). 
5:21. We have, by Cauchy’s theorem, 
tas (2) de =| Fa (2) 4 


gn nth a 


(5-211) Joa 


/ Seg 
where &,¢ consists of the « contour LMNM'L' shewn in the figure. Here 
Z, and L’ are the ends of &,, LM and M’L’ arc radii vectores, and MNM' is 
part of a circle T', whose radius R, is greater than 1. P is the point e?r/a; 
and we snppose that R, is smal] enough to ensure that all points of LM and 
M'L’ ave at a distance from P less than }. The other circle ¢ shewn in the 
figure has P as its centre and radius 4. We denote LA by wp, M'L’ by 
p,q, and MNM’ by yy,q: and wé write 


21) eel, = 
Spe 


+ i +] =Suatloet ine 


yeq "Oya Wp 


The contribution of jy, q- 


5°22. Suppose first that z lies on y,,, and outside c. Then, in virtue of 
(5°11) and Lemma 4°43, we have 


(5-221) Fy, q (2) = 0 (/q). 


If on the other hand @ lies on -yy,¢, but inside c, we have, by (5-11) and 
Lemma 4°44, 


(5°222) Fy, 9 (®) — Xp, (2) = 0 (79), 
where 


(5°2221) Xp,9 (4) = &p, 9 24 XClg (2p, q)- 
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But, if we recur to the definition of yq(#) in Lemma 4:42, and observe that 


esta eed __ ot log (Ur) 
P Fog (Lj) | ~ °XP F Tiling ( (ir) y+ 6] < 
if =e! and + > 1, we see that 
(5228) Xp.0 (@) = O (4/9) 


on the part of yp,q in question. Hence (5-221) holds for all yp. It follows 
that 
Fo.q= O (i /Q), 
(5°224) Sra = O (By-* Sg*) =O (nt Bo-7)*. 
q 


This sum tends to zero more rapidly than any power of n, and is therefore 
completely trivial. 


The contributions of Zjp,9 and B7%y,q- 

5-231. We must now consider the sums which arise from the integrals 
along @»,q and o’,,,; and it is evident that we need consider in detail only 
the first of these two lines. We write 

(52311) 


‘ EF, ‘7 att 
Foa=| —_— _ Xo le) det | | tebe domi + ino 


aay. Ome 
In the first place we have, from (5222), 
BR. dr - 
jra= Og? | Sa) = 0 br, 
since 
: (ees 
(52312) R =(1-§) =0(1). 
Thus 
(5:2313) Si'pqg=O(n? S gh=O(n-4). 
g<O (an) 


5-232. In the second place we have 
sty wd g XClq \&p, q) (4 ) d 
= 2. 
J De Var 2 a gt 
It is plain that, if we substitute y for ae~?™/", then write « again for y, and 
finally substitute for yoy its explicit cxpression as an elementary function, 
given in Lemma 442, we obtain 
(52321) 
ate 1 ~pR~-22 
55020 (Wa) f 84) 1), / (log) o°*-# de = 0 (va) J, 


* Here, and in many passages in our subsequent argument, it is to be remembered 
that the number of values of p, corresponding to a given g, is less than g, and that the 
number of values of ¢ is of order ,/z. Thus we have generally 


2) = 1-2 O(ndtHl), 
z0(¢') Cea (nde) 
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say, where 


on i) eee 


and the path of integration is now a line related to e=1 as wy, is to 
w= ePrlla: the line defined by «= re, where Rev < R,, and @ is fixed and 
(by Lemina 4:22) lies between 1/2gy and L/gv. 

Integrating J by parts, we find 


(5:2822) 
(n~h) T= [ee -y J (tos* | ca 
= 3 [(B (@) 1} (log2) a" 8 de 


+ i [Fe (log2)” tt Hdea J+ hth, 
say. 
5233. In estimating Jj, J,, aud J;, we must bear the following facts in 
nind, 
(1) Since [#!>R, it follows from (5'2312) that |#|-*= 0 (1) throughout 
the range of integration. 
(2) Since 1~ R=A/n and 1/2qv < 6 < 1/qv, where v= [avn], we have 


1 1 
we (2) = (aya) 
1 
when r = R&, and bog (a) a a 0 (qn), 
throughout the range of integration. 
a aw log (1/r) 
2) I= ex? GaTllog (pn) FAT 
E (a) is less than 1 in absolute value when +> 1. And, on the part of the 
path for which <1, it is of the form 


exp 0 (= ah) = exp 0 (1)=0 (1). 
It is accordingly of the form O (1) throughout the range of integration. 
5-234. Thus we have, first 
(52341) 
Jy= 0 (1) 0 (1) 0 (Ry) + 0 (1) 0 (g-#n7¥) 0 (1) =0 Gtr), 
secondly 


(3) Since 


R, dr 
(52342) Jy= 0 (1) 0 (gint) is <a = O (qin-d), 


R petit 
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and thirdly 


a 


(62348) Jy= 0 (¢2) 0 (1) 0 (gind) fe See = Oger, 
From (52341), (5°2342), (5°2343), and (5:2322), we obtain 
J=0(q-*n-4) + O(gin- 4); 
and, from (52321), ing =O (m7 8) +0 (qn). 
Summing, we obtain 
59344) Bj"pge O(n? = +O(n-# 2 
( ) Jong ( qg< OWn) g) « pe 


= 0 (n+) + O (a7) =O (n>). 
5-235. From (5:2311), (5:2313), and (52344), we obtain 


(6.2351) 3y%p,q = 0 (n-8); 

and in exactly the same way we can prove 
(52352) Zjag = O (n-). 

And from (5212), (5-224), (52351), and (52352), we obtain, finally, 
(5'2353) Zjp,q = O (n74). ’ 


Proof that BJp,¢= O (n-4). 
531. We turn now to the discussion of 


(6311) Jp,q= iF f(#) =o (2) 


F(Q)=Xpo (2) 4g i Fy (@)— X00) ayy Poa {8 dy 
fp. ar 


tet 1 
fp.¢ a ant fre 


=F p,q tFq + F5,95 
say, where Pp, q (2) = @p,9 Se) (2 log =) aX, 
aq (2) = Xp,q (@) + Peo (®) = Pp, (@) E (ap, 4); 
& (2) being defined as in (5-28211). 
Discussion of UIs, ¢ and ZI*p, q. 


532. The discussion of these two sums is, after the analysis which 
precedes, a simple matter. The arc 9 is less than a constant multiple of 
1/q/n; and 2” = O(1) on £9. Also 


| Fp,q (#) — Xp,q(%) |= O @7}), 


by (5222); and 
1 
. —|= xe 2 
(5321) J (08 =) O (qn), 


since | tp,q |= R=1l—(8/n), [am aq! <1/qr. 


agisst™ 
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Hence Jy, 0 (q7in7), 
322 BJ y=O(n-t = —)=O(n74); 
(5322) 4 (2 Ree ) (n7®) 
and J8,¢= 0 (qn), 
(5-323) EV,,=0(n-2  ¥ 1)= 0 (n-2). 
9 < O(n) 


Discussion of &Jy,q 
5°33. From (4321) and (5°2221), we have 


(5-331) 
SF (2) ~ Xp,q(#) = @p,4 Ji gs (=-) vp, iE (& q) 2 (2'p 4), 

where O()=f@)-1=1(7+5)-1=F pee 

‘i 1 v1 — 2 1 , 
da? Qarip! 
if|z|<1, and oq= exp | Fett 

eh eae 4ar® log (1/R) 

we én =o | - aR 


where @ is the amplitude of 2, ,. Also 
1 
¢ llog (/RIP+ 0} =0 {ar(3,+ =) = 0(5), 
while log (1/8) is greater than a constant multiple of 1/n, There is therefore 
a positive number 6, less than unity and independent of x and of g, such that 


12'pgi< 85 
and we may write O (2'p,) =O (12'n,9|): 
We have therefore 
E (Gp, 9) O (2p, q) = O (| 'p,q1~ 74) O (fap, q|) =O (| 2p gi?) = O (1); 
and so, by (5321), 
fe) ~ 0(v9) 0 (4/ tog = |) 0(1) = 0 (xr. 
And hence, as the length of &,,, is of the form 0 (1/q Vn), we obtain 
Jy = 0 (gn), 
(5:332) =F, g=O? F 1)=O (nh, 


9<0 (Wn) 
534. From (5311), (5°322), (5323), and (5°332), we obtain 
(5341) EJp.q= 0 (n-), 
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Completion of the proof. 
54. From (5°15), (5°17), (52353), and (5°341), we obtain 


(5-41) p(n) =Z Zep, qn= 0 (n-d. 
ap 
_ d cosh (Cr»°4) = 
But Zep ya a Aye a 
where Ag =X @y, eet, 
Pp 


All that remains, in order to complete the proof of the theorem, is to shew 
that 
cosh (CA,/q)-1 


may be replaced by hernia: 
and in order to prove this it is only necessary to shew that 
sgt 2 get cosh (Ora/g) +1 

a<Otway? an An 


= 0 (n+), 


On differcntiating we find that the sum is of the form 


Sus #{o Gn) ae Gi t= Q . aie ah =0( 4 a: 


Thus the theorem is proved. 


6. ADDITIONAL REMARKS ON THE THEOREM. 

61. The theorem which we have proved gives information about p (r) 
which is in some ways extraordinarily exact. We are for this reason the more 
anxious to point out explicitly two respects in which the results of our 
analysis are incomplete. 

6-21. We have proved that 

p(n) =ZAgdo + Ow), 
where the summation extends over the values of g specified in the theorem, 
for every fixed value of a; that is to say that, when a is given, a number 
K = K (a) can be found such that 

|p (n)—ZAghy|< Kn 
for every value of x. It follows that 


(6211) p(n) ={S4od,), 
where {a} denotes the integer nearest to a, for n>M%, where m= Ng (a) is 
a certain function of a. 


The question remains whether we can, by an appropriate choice of 4, 
secure the truth of (6211) for all values of n, and not merely for all sufficiently 
large values. Our opinion is that this is possible, and that it could be proved 
to be possible without any fundamental change in our analysis. Such a proof 
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would however involve a very careful revision of our argument. It would be 
necessary to replace all formule involving O’s by inequalities, containing only 
numbers expressed explicitly as functions of the various parametcrs employed. 
This process would certainly add very considerably to the length and the 
complexity of our argument. It is, as it stands, sufficient to prove what is, 
from our point of view, of the greatest interest; and we have not thought it 
worth while to elaborate it further. 


622. The second poiut of incompleteness of our results is of much greater 
interest and importance. We have not proved either that the series 


= Aaby 


is convergent, or that, if it is convergent, it represents p(n). Nor does it seem 
likely that our method is one intrinsically capable of proving these results, 
if they are true—a point on which we are not prepared to express any definite 
opinion. 7 

Tt should be observed in this connection that we have not even discovered 
anything definite concerning the order of magnitude of A, for large values 
of g. We can prove nothing better than the absolutely trivial equation 
A,=0O(q). On the other hand we cannot assert that d, is, for an infinity of 
values of g, effectively of an order as great as g, or indeed even that it does 
not tend to zero (though of course this is most unlikely). 


63. Our formula directs us, if we wish to obtain the exact value of p (n) 
for a large value of », to take a number of terms of order /n. The numerical 
data suggest that a considerably smaller number of terms will be equally 
effective; and it is easy to see that this conjecture is correct, 
ig s| 


Let us write Ba=4a (9-46, p= [FR mf? 


and let us suppose that a< 2. Then 
: _ yof{t om oli ¥ C dn} 
2B Aaby= 3 0 (gh) 0(=) 0(e4l) =O(| & vqernn) 


HOLL deetunle da 
=0 Ge vae dx), 
since ¥ge*/2 decreascs steadily throughout the range of summation *. 
Writing /n/y for a, we obtain 
tly. Vn -§ 
0 “+f —$ oly \= f+ (2 ph a ~ 4 ghlog 
(n ie yt ev dy) =0 40 (7) eF vale, = O {nt (log n) “Fetes m} 
= 0 (log)? = 0 (1). 


* The minimum occurs when g is about equal to 20./n. 
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It follows that it is enough, when 7 is sufficiently large, to take 


log n 


terms of the series. It is probably also necessary to take a nuniber of terms 
of order ¥n/(log); but it is not possible to prove this rigorously without 
a more exact knowledge of the properties of A, than we possess, 


6:4. We add a word on certain simple approximate formule for log p (n) 
found empirically by Major MacMahon and by onrselves. Major MacMahon 
found that if 

(6°41) logy p (1) =/ (n+ 4) ~ ttn, 
then a, is approximately equal to 2 within the limits of his table of valucs 
of p(n) (Table IV). This suggested to us that we should endeavour to find 
more accurate formule of the same type. The most striking that we have 
found is 


(6-42) .* logis p (72) = 42 {/(n +10) — an}; 
the mode of variation of a, is shewn in Table III. 


In this connection it is interesting to observe that the function 
13-"" p (n) ‘ 


(which ultimately tends to infinity with exponential rapidity) is equal to 973 
for n = 30000000000. 


7. FURTHER APPLICATIONS OF THE METHOD. 


71. We shall conclude with a few remarks concerning actual or possible 
applications of our method to other problems in Combinatory Analysis or the 
Analytic Theory of Numbers. 


The class of problems in which the method gives the most striking results 
may he detined as follows. Suppose that q(n) is the coefficient of 2 in the 
expansion of F'(«), where F' (2) is a function of the form 


Cf (4 oe iP (st oe ey, 

F(£a)P P(e oh)? 

J («) being the function considered in this paper, the a’s, b’s, a's, and ’s being 
positive integers, and the number of factors in numerator and denominator 
being finite; and suppose that | (x)| tends exponentially to infinity when 2 
tends in an appropriate manner to some or all of the points e?/7, Then our 
method may be applied in its full power to the asymptotic study of g (n), and 
yields results very similar to those which we have found conceming p (r). 


{7On? 
FF EY 


the arguments with a negative sign may be eliminated if this is desired. 


(7-11) 


* Since f(-®%= 
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-f2) 2) 1 
F(#) =. = (14-2) (1+) (1424) a= | ae ee 


so that ¢ (2) is oe number of partitions of » into odd parts, or into unequal 
parts *. we find ae 


qa)= = oo [ior V'{t (n+ 4)}] 
+2 cos (nm — fm) 2 J [ie | (n+ay)}]+.. 


The error after [a /7] terms is of the form 0(1), We are not in a position to 
assert that the ewact value of g (7) can always be chtained from the formula 
(though this is probable); hut the error is certainly bounded. 


If P= 7o- Toa = (1+ 2) (1 + 24) (14 a) ..., 


so that q() is the number of partitions of into parts which are both odd 
and unequal, then 


on) = To im VE n= de] 


+2 cos (Gem — 3m) Jy [tir Vii (n— aA) + . 


o 


The error is again bounded (and prohably tends to zerv). 
Uf el 1 
e PQ) =") ~T—det delet.” 
q (v) has no very simple arithmetical interpretation, but the series is none 
the Jess, as the direct reciprocal of a simple 3-function, of particular interest. 
In this case we find 
1 di etn f3 d eine 


3 4 
gO) 4rdn s/n Page Oo (gna ger) dn Ja 


The error here is (as in the partition problem) of order O (n-4), and the exact 
value can always be found from the formula. 


72, The method may also be applied to products of the form (7:11) which 
have (to put the matter roughly) no exponential infinities. In such cases the 
approximation is of a much less exact character. On the other hand the 
problems of this character are of even greater arithmetical interest. 


The standard problem of this category is that of the representation of a 
number as the sum of s squares, s being any positive integer odd or event. 
We must reserve the application of our method to this problem for another 
occasion; but we can indicate the character of our main result as follows. 

* CE MacMahon, loc. cif, p. Ll. We give at the end of the paper a table (Table V) of 
the values of g(x) up to 7=100. This table was calculated by Mr Darling. 

+ As is well known, the arithmetical difficulties of the problem are much greater when 
8 is odd. 
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If 7,(n) is the number of representations of » as the suin of s squares, 


we have 
F (a) = Erg (n) 0% = (14 20 ete... AZO _ oh vor 
ey 


38 
{fea AC 
We find that 
Pd ae 
(721) ry (a= TGs 
where ¢, is a furction of g and of n of the same general type as the function 
A, of this paper. ‘The series 
oad ram) C, 
(7-22) = Sia 
is absolutely convergent for sufficiently large values of s, and the summation 
in (721) may be regarded indifferently as extended over all values of g or 
only over a range l<g<ayu. It should be observed that the series (7°22) 
is quite different in form from any of the infinite series which are already 
known to occur in connection with this problem. 


1 Gy 
nels Pa +0 (a), 


73, There is also a wide range of problems to which our methods are 
partly applicable. Suppose, for example, that 
1 


eee LE ea res ary eer Gem 
so that p?(z) is the number of partitions of n into squares, Then F («) is not an 
elliptic modular function; it possesses no general transformation theory: and 
the full force of our method cannot be applied. We can still, however, apply 
some of our preliminary methods. Thus the “Tauberian” argument shews that 
log? (2) ~ 27 2 8ark {f(a ind, 
And although there is no general transformation theory, there is a formula which 
enables us to specify the nature of the singularity at 2=1. This formula is 
1 


pes~?9/ (3) a0 ee a} 


a xi fl — Jem! NY?) cog Qar (nfz) + ena Aunjary, 
1 


By the use of this formula, in conjunction with Cauchy’s theorem, it is 
certainly possible to obtain much more precise information about p? (x), and 
in particular the formula 

~ $3 


p(n) 372 (doen) F fe(ayyd 2 Set trend, 
The ade formula for: p* (x), i op of partitions of 2 into 
perfect s-th powers, is 


(1m) ~ (Qa) ~# wen [5 at y A fer) eee 


where k= {i r ( + *) g(1 + ie 
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The series (7-21) inay be written in the form 
4x 


get vo OR.2 p-npmily 
1s AP g-nprilt, 


r z 
DT (3s) pra 
where w,,, is always onc of the five numbers 0, e#™, e~#", —e¥, —e~t", When 
s is even it begins 

4s 

Tas nA {128 42 cos (dna — fem) 27» + 200s (3naw — fer) FH + ...}. 

It hus been proved by Ramanujan that the series gives an emact repre- 
sentation of 7,(n) when s=4, 6,8; and by Hardy that this is also true when 
s=3, 5, 7. See Ramanujan, “On certain trigonometrical sums and their 
applications in the Theory of Numbers”; Hardy, “On the expression of a 
number as the sum of any number of squares, and in particular of five or 
seven *,” 


TABLE I ay ¢. 


RP q log wp, gf tt p q log p,g{tt Pp q log wy g/ xi 
1 1 0 3 ll 3/22 8 15 7/18 
1 2 0 4 ia 3/22 il n  — 19/90 
1 3 118 5 » ~B/22 18 » 7 ffs 
2 » 21/18 6 i 5/22 14 » 1/90 
1 4. 1/8 7 » 3/22 1 1G —29/32 
3 » ~1/8 8 » 78,22 3 » (27/32 
1 5 ofp 9 4, 5/22 5 | 5/32 
2 "i 0 10 » 715/22 7 » 8/82 
3 af 0 1 12 55/72 9 9 3/32 
4 » oLfb 5 no 1/72 11 sf 5/32 
1 6 5/18 7 e 72 13 5 27/32 
5 » 9/18 11 » 55/72 15 is 29/82 
1 7 5/14 1 13 11/13 1 17 —14/17 
2 % yl4 2 *% 4/13 2 * 8/17 
3 » —lf/l4 3 fH 1/18 3 z 5/17, 
4 4 yi4 4 » wif/lsd + 4 y; 0 

5 » 1/4 5 i 0 5 ie 1/17 
6 » — oft 6 » 4/13 6 i 5/17 
1 8 7/16 7 a 4/13 7 5 117 
3 Fi, 1/16 8 an 0 8 n= 7 S/T 
5 yp i116 9 ‘ 1/13 9 Ph 8/l7- 
7 » —4t/1lé 10 » 1/13 10 » l/l? 
1 9 14/27 ll » 4/138 ll » 5/17 
2 *9 4/27 12 » aIL/i8 12 »  —L/l? 
4 » 4/27 i 14 13/14 13 a 0 

5° B 4/27 3 3/14 14 » 5/17 
7 » «= 4/27 5 3/14 16 » 8/17 
8 » —14/27 9 »  —ofld 16 - 14/17 
1 10 3/5 11 » ofl 1 18 ~20/27 
3 * 0 13 » —le/lt 5 9 2/27 
7 ” 0 1 15 1/90 7 » 2/27 
iS) » —3/5 2 a 7/18 11 es 2/27 
1 11 15/22 4 3 19/90 Le » 2/27 
2 A 5/22 7 » «6 7/18 17 4 20/27 


* [Ramanujan’s paper referred to is No, 21 of this volume, That of Hardy was 
published, in the first instance, in Proc. Vutional Acad, of Sciences (Washington), Vol. rv, 
1918, pp. 189—193, and later (in fuller form and with a slightly different title) in Trans. 
American Math. Soc., Vol. xx1, 1920, pp. 258 —284.] 
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TaBLe II: dy. 
dekh 


alg =Cos Rr 

ay =2c0s 3am — Jom). 

al, =2cos (ban~—4}n). 

A; =2c08 (Zum — 40) +2 cos faz, 

dg =2008 (nw — Zr). 

A, =2cos (nm ~ pr) +2 cos (Sam — yr) +208 (Sam + yer). 
dg =2 cos (nw —ygr) + 2 cos (fam — hr). 

Ag <2008 (Gna ~kbe)42 cos (dua —- wr) +2008 (fax +yhr). 


ayy =2 cos (Len — Bor) +2 cos Sar, 


y= 200s (229 —2dr) + 2 cos (haw ~ By) +2 cos (fam — dom) +208 (Fram — fh 
+2008 (nw + Som). 
ayo 2cos (law — 230)+2 cos (fam + opr). 
yy =2 cos (P27 — Myr) + 2 cos (gna — yyxr)+2 cos (nw — pyr) +2 cos (Shem +y,7) 
+2 cos 19242 cos (tZar+ pyr). 
Ayy=2 cos (aw ~4 $n) + 2 cos (22 — fpr) + 2cos (Snr — By). 
A1g=2 008 (feito — gy) + 2 cos (fem —yig7) +2 cs (8,29 ~ Aber) 4 2 con (Law + ier). 
Ayg=2 cos (Law +32) +2 cos (Ram -+ bar) +2 cos (Sum + for) +2 cos (Gar + fem), 
Ay =2 cos (pnw +44) + 2 cos (427 — Pew) +2 cos (fam — Fer) +2 cos Sar 
+2.cos (Lone — pyr) +2 cos (A4nr — yn) + 2 cos (Ltnm —- pyr) + 2cos (Ham + & x). 


Ayg=2c0s (Lam +3 9r) +2 cos (Snr — fer) +2 cos (dam + ohm). 


It may be observed that 


A, =0(n=1, 2 (mod 5)), A; =0 (n= 1, 3, 4 (mod 7)), 

Ay=O(nz 1, 2 (mod 5)), ‘ Ay=0 (151, 2, 3, 5, 7 (mod 11)), 

Ajg=0 (n=2, 3, 5, 7, 9, 10 (mod 18)), Ay=0 (xsl, 3, 4 (mod 7)), 

Aig=0 (nz20 (mod 2)), dy =O (nl, 3, 4, 6, 7, 9, 18, 14 (mod 17)); 


while 41, 42, 43, Aa, dg, de, do, dv, dis, and Ay, never vanish, 


Taste EI: logy p(n) = 48 {y(n + 10) — au}. 


R an n ay 
1 2317 10000 4148 
3 3176 30000 4364 
10 3011 100000 4448 
30 2951 800000 4-267 
100 3-036 1000000 3554 
300, 3237 3000000 2072 
1000 35387 10000000 -1188 
3000 3838 30000000 — 6796 

cc) -@ 


20—2 
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TaBLE IV*: p(n). 

tee 1 930043 101... 214481126 45060624582 
2. 2 981589 102... 241265379 49686288421 
rs) 320931 103... 271248950 54770836324 
4. 6 386155 104... 304801368 60356673260 
Boa ogi 451276 108... 342325709 66493182097 
Bae. SEE 526823 106... 381276336 73232243759 
Tess 15) 614154 107... 431119389 80630961769 
8... 22 .. 715220108... 483502844 «158... 88751778802 
9... 30 39... 831820 109... 541946240 ves 97662728505 
. = 42—«GO.., 9864GT ~—«110.., 607163746 «160... 107428159366 
86 «G1... 1121505 = 111... 879903203 161... 118159065427 
77 ~—«62.., 1300156 «112... 761002156 162... 129913904637 
101 «63... 1505499 113.., 851376628 163... 142798995930 
185 «64... 1741630 114... 952050865 «= 164... 156919175295 
176 «65... 2012858 1. 1064144451 165... 172389800265 
931 «66... 2333520 .. 1188908248 166... 189334822579 
297 67... 2679689 .. 1327710076 37... 207890420102 
385 «68... 3087735 ».. 182074143 168... 228204732751 
490 69... 3554345 » 16586868665 169... 250438925115 
627 70... 4087968 1844349560 170... 274768617130 
79271... 4697208 2036148051 «171... 301384802048 
100272... 8392783 2291320012 172... 330495499613 
125578... 6185689 2552338241 173... 362326859895 
137574... 7089500 1. 2841940500 174... 397195074750 
1958 - 75... 8118264 ©, 3163127352 175... 435157697830 
2436 76... 9289091 ., 8519222692 176... 476715857240 
3010 «77... 10619863 127... 3913864295 177... 522115831195 
3718 78... 12132181 198... 4351078800 «178... 871701605655 
4565 79... 13848610129... 4835271870 +. 6258167531 20 
5604 80... 15796176 «130... 5871315400 .. 684957390936 
6842 81... 18004327181... 5964530504 . 749474411781 
... 8349 82... 205068255 «182... 6620830889 819876908323 
. 1014383... 28388469 «183... 7346629512 . 896684817527 
1. 19310 84... 26543660 184... 8149040605 ... 980462880130 
+. 14883 85.,, 30187357 185... 9038836076 —-185...1071823771337 
.. 17977 88... 34282982 —-136...10015581880 —_186...1171482692373 
. 21637 87... 38887673 —-187...11087645016 —187...1 250011042268 
.. 26015 RB... 44108109 -«188...12992341831 —«188...1398341 745571 
1. 81185 89... 49995995 139...13610949895 189... 1527273599625 
... 87838 «90... 58634173 140...15065878135 190. ..16877274010N8 
... 44583 OL... 64112359 -..16670689208 191...1820701100632 
» 88174 92... 72533807 18440293320 192... 1987276856363 
w+. 68261 .- 82010177 ...20390982757 193... 2168627105469 
w. 73175 94... 92669720 122540654445 194, 2368022711845 
. 89134 95.1 104651419 —-145,..24908858009 195... 2580840212973 
..105558 —96...118114304 —-148...27517052509 196... 2811570087591 
.124754 ——-97,..183230930 —-147...30388671978 —-197...3068829878530 
48...147273  98...180198136 —-148...33549119197 198, ..3345363983698 
49...173525 -99...169229875 —«149...37027355200 —-199...3646072432125 
50...204296  100.,.190569292 —-180...40853235313  200...3972999029388 


* The numbers in this table were calculated by Major MacMahon, by means of the 
recurrence formule obtained by equating coefficients in the identity 


(-2-24+e8pa%—a— 254.) 3 p(n) orl. 
0 


We have verified the table by direct caleulation up to »=158. Our calculation of p (200) 
from the asymptotic formula then seemed to render further verification unnecessary. 
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Taste V*: g(n). 


n Ci n co n Cy n Cy 
j 1 26... 165 51... 4097 76... 53250 
2 1 27... 192 52... 4582 
3 2 28... 222 53... 5120 
4 2 29... 256 54... 5718 
5. 3 30... 296 55... 6378 
6 4 31... 340 56... 7108 
7 5 32... 390 57... 7917 
8 6 33... 448 58... 8808 Sn 
9... 8 34... 512 59... 9792 84...111322 

35... 585 60. .. 10880 85...121792 
36... 668 61...12076 86...133184 
37... 760 62,..18394 87...145578 
38... 864 63...14848 88...159046 
39... 982 64...16444 89...173682 
40...1113 65...18200 90...189586 
41...1260 66...20132 91..,206848 
42...14296 67,..22250 92...225585 
a 43...1610 68...24576 93...245920 

19... 54 44,,.1816 69...27130 -267968 

20... 64 45...2018 70. ..29927 95...291874 

21... 76 46...2304 71, ..32992 96...317788 

22... 89 47 ...2590 72...36352 97...345856 

23...104 48...2910 73...40026 98...376256 

24...122 49...3264 74, 44046 99...409174 

25...142 50...3658 75...48446 100,..444793 


* We are indebted to Mr Darling for this table. 


37 


ON THE COEFFICIENTS IN THE EXPANSIONS 
OF CERTAIN MODULAR FUNCTIONS 


(Proceedings of the Royul Society, A, XcV, 1919, 144—155) 


1. A very large proportion of the most interesting arithmetical functions 
—of the functions, for example, which occur in the theory of partitions, the 
theory of the divisors of numbers, or the theory of the representation of 
numbers by sums of squares—occur as the coefficients in the expansions of 
elliptic modular functions in powers of the variable g=e7". All of these 
functions have a restricted region of existence, the unit circle |q|=1 being 
a “natural boundary” or linc of essential singularities. The most important 
of them, such as the functions* 


(11) (o, /m)yPA =e {L— 9) (1—@') PS 
(1-2) , (0) = 1+ 2g + 29 + 29 + ..., 

~ . 2 @, £ a 9 (fare ey! ) 
(18) 12(2)'g=1+240 (4 WO +...), 
: ay\8 fae { le? gt ) 
(14) 216 (2) gal — 508 Etat), 


are regular inside the unit circle; and many, such as the functions (1:1) and 
(1:2), have the additional property of having no zeros inside the circle, so that. . 
their reciprocals are also regular. 


In a series of recent paperst we have applied a new method to the study 
of these arithmetical functions. Our ain: has been to express them as series 
which exhibit explicitly their order of magnitude, and the genesis of their 
irregular variations as 7 increases. We find, for example, for (2), the number 


* We follow, in general, the notation of Tannery and Molk’s Eléments de la théorie 
des fonctions elliptiques. Tannery and Molk, however, write 16G in place of the more 
usual A. 

+ (1) G. H. Hardy and 8. Ramanujan, “Une formule asymptotique pour le nombre 
des partitions de »,” Comptes Rendus, January 2, 1917 [No. 31 of this volume]; 
(2) G. H. Hardy and S. Ramannjan, “Asymptotic Formule in Combinatory Analysis,” 
Proc, London Math. Soc., Ser. 2, Vol. xvit, 1918, pp. 75--115 [No. 36 of this volume]; 
(3) S. Ramanujan, “On Certain Trigonometrical Sums and their Applications in the 
Theory of Numbers,” Zrans. Camb. Phil. Soc., Vol. xxu, 1918, pp. 259—276 [No. 21 of this 
volume]; (4) G. H. Hardy, “On the Expression of a Number as the Sum of any Number 
of Squares, and in Particular of Five or Seven,” Proc. National Aéad. of Setences, Vol. 1v, 
1918, pp. 189—193: [and G. H. Hardy, ‘On the expression of a number as the sum of 
any number of squares, and in particular of five,” Zrans, American Math. Soc., Vol. Xx1, 
1990, pp. 955—284], 


On certain Modular Functions oll 


of unrestricted partitions of n, and for r,(n), the number of representations 
of n as the sum of an even number s of squares, the series 


(15) 


Aone 


; 3 2 1 ad iC, 
+74/(3) cos (gum is”) dn \ <) mn 


1 ead (+52 ad () 


Bar /2 du \Xy Bor dn 


(16) 
«art 
P (38) 
and our methods enable us to write down similar formule for a very large 
variety of other arithmetical functions. 


nist {1-35 4. 2 cos (kno — foo) 2-# + 2. cos (2na — or) 38-8 +...4; 


The study of serics such as (15) and (1°6) raises a number of interesting 
problems, some of whieh appcar to be cxceecingly difficult. The first purpose 
for which they are intended is that of obtaining approximations to the 
functions with whieh they are associated. Sometimes they give also an exact 
representation of the functions, and sometimes they do not, Thus the sum 
of the serics (1°6) is equal to r, (x) if ¢ is 4, 6, or 8, but not in any other case. 
The series (1:5) enables us, by stopping after an appropriate number of terms, 
to fd approximations to p(n) of quite startling accuracy; thus six terms of 
the series give p (200) = 3972999029388, a number of’ 13 figures, with an error 
of 0:004. But we have never been able to prove that the sum of the series is 
p(n) exactly, nor even that it is convergent. 


There is one class of series, of the same general character as (1°5) or (1°6), 
which lends itself to comparatively simple treatment. These series arise 
when the generating modular function f(g) or (7) satisfies an equation 

e+dr 

$ (1) =(a+dr)ng (EI, 

where n is a positive integer, and behaves, inside the unit circle, like a 
rational function; that is to say, possesses no singularities but poles. The 
simplest examples of such functions are the reciprocals of the functions (1°3) 
and (1:4). The coefficients in their expansions are integral, but possess other- 
wise no particular arithmetical interest. The results, however, are very 
remarkable from the point of view of approximation; and it is, in any case, 
well worth while, in view of the many arithmetical applications of this type 
of series, to study in detail any example in which the results can be obtained 
by comparatively simple analysis. 


a 


We begin by proving a gencral theorem (Theorem 1) concerning the 
expression of a modular function with poles as a series of partial fractions. 


= 
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This series is (as appears in Theorem 2) a “ Poinearé’s serics”: what our 
theorem asserts is, in effect, that the sum of a eertain Poincaré’s series is the 
only function which satisfies certain conditions. It would, no doubt, be 
possible to obtain this result as a corollary from propositions in the general 
theory of automorphie functions; but we thought it best to give an inde- 
pendent proof, which is interesting in itself and demands no knowledge of 
this theory. 


2 Tarorem 1. Suppose that 

1) f(g =S(e*)=4 (7) 
is regular for g=0, has no singularities save poles within the unit circle, and 
satisfies the functional equation 


(2-2) (1) = (a+ br)" oh ( ) = (a+b7)"¢$ (TL), 

n being a positive integer and a, b, c,d any integers such that ad—be=1. Then 
(23) SQ ==R, 

where Ris a residue of Se)i{(q-2) 


at a pole of f(#), if |g|<1; while if ig|>1 the sum of the series on the right- 
hand side of (2°3) %s zero. 


The proof requires certain geometrical preliminaries. 


c+ dr 
a+tbr 


3. The half-plane I(7)>0, which corresponds to the inside of the unit 
cirele in the plane of g, is divided up, by the substitutions of the modular 
group, into a series of triangles whose sides are arcs of circles and whose 
angles are $a, $7, and 0*. One of these, which is called the fundamental 
polygon (P)t, has its vertices at the points p, p*, and ¢co, where p= el", and 
its sides arc parts of the unit circle !r|=1 and the lines R(r)=+ }. 

Suppose that F, is the “Farey’s series” of order m, that is to say the 
aggregate of the rational fractions between 0 and 1, whose denominators are 
not greater than m, arranged in order of magnitudet, and that h’/k’ and h/k, 
where 0<A'/k’ <h/k<1, are two adjacent terms in the series. We shall 
consider what regions in the r-plane correspond to P in the Z-plane, when 


Wi -k'r h—kr 
= 32) Tahoe. 
h—kr? Oe R—Kr 
Both of these substitutions belong to the modular group, since hk’ —h’k=1. 


The points 1, 4, —4, in the Z-plane correspond to Ajh, (h+ 2h’) /(k+ 2h), 


(31) T= 


* Tt is for many purposes necessary to divide each triangle into two, whose angles are 
hn, £2, and 0; but this further subdivision is not required for our present purpose. For 
the detailed theory of the modular group, see Klein-Fricke, Vorlesungen uber de Theorie 
der Elliptischen Modulfunktionen, 1890—1892. ‘ 

+ See Fig. 1. 

¢ The first and last terms are 0/1 and 1/1. A brief account of the properties of Farey’s 


series is given in § 4-2 of our paper (2) [pp. 288—290 of this volume]. 
« 
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(h-2h')(k — 2%) in the r-plane, Thus the lines R(7)=4, R(T) =—}4 corre- 
spond to semicircles described on the segments 


(f rot), (; a) 


kh? k+2k' ke k-38 
respectively as diameters. Similarly the upper half of the unit circle corre- 
sponds to a semicircle on the segment 
hth h—-bhs 
(GE kk} 


+ -—-$ 0 3 1 
Fig. 1, 


The polygon P corresponds to the region bounded by these three semicircles, 
In particular, the right-hand edge of P corresponds to a circular are stretching 
from h/k (where it cuts the real axis at right angles) to the pont 
3) Whi + he +3 (hk + Wk) + $0.3 
» b+ kh +k? 
corresponding to T= p, 


Similarly we find that the substitution (32) correlates to P a triangle 
bounded by semicircles on the segments : : 
(F We 1) (F Wt ze (- -h W+ ia 
ke? —2ks? kK? + Bhs? Kak? b+kh 
In particular, the left-hand edge of P corresponds to a circular arc from h’/k’ 
to the point (3°3). These two arcs, meeting at the point (3:3), form a con- 
tinuous path w, connecting A/k and h’/k’, every point of which corresponds, in 
virtue of one or ther of the substitutions (3-1) and (3-2), to a point on one 
of the rectilinear boundaries of P*. 


* Vig. 2 illustrates the case in whieh A/t=$, h'/k’=4. These fractions are adjacent in 
#, and #5, but not in F;, 
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Performing a similar constraction for every pair of adjacent fractions of 
Fig, we obtain a continuous path from +=0 to r=1. This path, and its 
reflexion in the imaginary axis, give a continuous path from t=— 1 to r=1, 
which we shall denote by 0,,. To ©, corresponds a path in the q-plane, 
which we call ,,; H,, is a closed path, formed entircly by arcs of circles 
which cut the unit circle at right angles. 


The region shaded horizontally corresponds to P for the substitution (3°1), that shaded 
vertically for the substitution (3-2). The thickest lines shew the path w,; the line of 
medium thickness shews the semicircle which corresponds (for either substitution) to 
the unit semicircle mm the plane of 7. The large incomplete semicircle passes through 
r=i1. 


ve N+ 2h h+ 2h! a h 

WOR 42h? hk Be’ 

the path from h'/k’ to h/k is always passing from left to right, and its 
length is less than twice that of the semicircle on (h’/k’, h/h), ic, than er/hk’, 
The total length of ©. is less than 27; and, since 


Since 


ag eri 

Bleleerlen 
the length of H,, is less than 27°, Finally, we observe that the maximum 
distance of Qj, from the real axis is less than half the maximum distance 
between two adjacent terms of F,,, and so less than 1/2m*, Hence O,, tends 
uniformly to the real axis, and H,, to the unit cirele, when ma. 


4, The function ¢(r) can have but a finite number of poles in P; we 
suppose, for simplicity, that none of them lie on the boundary. There is then 
a constant K such that | f(q)/< ZX on the boundary of P. 


* See Lemma 4°22 of our paper (2) (pp. 289-290 of this volume]. 
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We now consider the meen . 


(41) mf ae 


lari 


where |g, < 1 and the contour of integration is H,,*. By Cauchs’s Theorem, 
the integral is equal to 

. F(Q-=R, 
where R is a residue of f (#)/(¢—) ata pole of f (2) inside H,,+. To prove 
our theorem, then, we have mee to shew that the integral (4-1) tends to 
zero when moo. 


Let o,' and «, be the left- and right-hand parts of w, and ©, ¢ and & the 


corresponding ares of H,,. The length of a, is, as we have seen, less than 
Aafhk’, and that of & than darifhk Further, we have, on &, 


=|¢0|=|4—e]"lom f 


fn ¢ A ay Rr 
<Kk tz (i 7 i 
Thus the contribution of ¢ to the ee is numerically less than 
C/(kk'"+2), where @ is independent of m; and the whcle integral (4:1) is 
numerieally less than 
sa Meee 
2 908 ea 
(42) 203 ip lE te ma) 


where the summation extends to all pairs of adjacent terms of F,,. 


K 


h—Ier = i 


When » is fixed and m > », the number of terms of #,, whose denominators 
are less than » is a function of v only, say N(v). If h/k is one of these, and 
I/ki is adjacent to it, k+k’>mj, and so k’>m-—v. Thus the terms of (4°) 
in which either & or fk’ is less than » contribute less than 8CN (v)/(m— >). 
The remaining terms eontribute less than 

40,1 _4¢ 

WP RR 
Henge the sum (4°3) is less than 

BEN (v) 40 

m—p yn? 

and it is plain that, by ehoiee of first v and then m, this may be made as small 
as we please. Thus (4°1) tends to zero and the theorem is proved. It should 
be observed that %.R must, for the present at any rate, be interpreted as 
meaning the limit of the sum of terms corresponding to poles inside H,,; we 
have not established the absolute convergenee of the series. 


* Strictly speaking, f(x) is not defined at the points where A, meets the unit circle, 
and we should integrate round a path just inside Z,,, and proceed to the limit, The point 
is trivial, as 7 (2), in’virbue of the functional equation, tends to zero when we approach 
a cusp of 2, from inside. 

+ We suppose m large enough to ensure that c=g lies inside H,,. 

t See our paper (2), Zoe. cit. [p. 290]. 
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We supposed that no pole of $(r) lies on the boundary of P. This restric- 
tion, however, is in no way essential; if it is not satisfied, we have only to 
select our “fundamental polygon” somewhat differently. The theorem is 
consequently true independently of any such restriction. 


So far we have supposed |q,<1. It is plain that, if}qgi>1, the same 


reasoning proves that 

(4:3) ZR=0. 

5. Suppose in particular that ¢ (r) has one pole only, and that a simple 
pole at r=a, with residue A. The complete system of poles is then given by 


c+ da 
at+ba 


(51) 6 T=a= (ad —be=1). 


If «@ and 0 are fixed, and (¢, d) is one pair of solutions of ad —bc=1, the com- 
plete system of solutions is (e+ ma, d+ mb), where m is an integer. To each 
pair (a, 6) correspond an infinity of poles in the plane of +; but these poles 
eorrespond to two different poles only in the plane of g, viz, 
(52) gatas tens, 
the positive and negative signs corresponding to even and odd values of m 
respectively. It,is to be observed, moreover, that different pairs (a, b) may 
give rise to the same pole q. ‘ 
The residue of $ (7) for r=a is, in virtue of the functional equation (2:2) 
Jae 
(a+ ba)?’ 
and the residue of f(g) for = q is 


A (34) _  mdAq 
r=8 


, 


(a + bale? \ dr. (a+ ba)?" 
Thus the sum of the terms of onr series which correspond to the poles 
(5'2) is a 


TIA 4 4) _ nid _@¢ 
(a + ba)t? G ~q gal (a+ bar? gq? 
We thus obtain : 


THEOREM 2. If (7) has one pole only in P, viz. a simple pole at r=a, 
with residue A, and |g|<1, then 


; 1 a 
(58) f()=2mid® oes oa 
where q = exp (2 ra) at; : 


c,d being any pair of solutions of ad—be=1, and the summation extending 
over all pairs a, b, which give rise to distinct values of q. If |q|>1, the sum 
of the series on the right-hand side of (5'3) ts zero. 
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If¢ (r) has several poles in P, f(g), of course, will be the sum of a number 
of series such as (63). Incidentally, we may observe that it now appeais that 
the series in question are absolutely convergent. 


6. Asan example, we select the function 
(61) S(Q= 


say, where =q’. It is evident that p, is always an integer; the valucs of 
the first 13 coefficients are 
Po=Hl, pr=504, p.,=270648, p, = 144912096, 
pa= 77599626552, p,=41553943041744, p, = 22251789971649504, 
pr = 11915647845248387520, ps = 6380729991419236488504, 
Po = 3416827666558895485479576, 
Pry = 18296827038085044 64920468048, 
pay = 9797798201474423 701073 £57 64512, 
Py = 524663 9179405101 91509934144603 104 ; 
so that p,. is a number of 33 figures. 


504s See 
boty. 1/01 504 St o)- Epa 


By means of the formule* 
Gs = F (@. — @s)* (1 + A) (1-4) (1 — 222), 


a-6=() 0% == oy, 
1 2K . a p} a2" 
we find that Faz ts) (1 + 2) (1329) (1200), 


« The value of nis 6. The poles of f(g) correspond to the values of t which 
make K =i? equal to —1, 2, or 4. It is easily verified that these values are 
given by the general formula 


: 18 (ad —be=1), 
so that 
e+dt actbd_. T 
oy) = i 
(G2) ae (5 +h mi) = ( Fe + ») ; 


The value of ais zt. In order to determine A we observe that 


Sr a If? , 28? )-- | ltg? 25qt t. 
eg iag q -e* d-e” 

# All the formule which we quote are given in Tannery and Molk’s Tables; see in 
particular Tables KXXVI (3), LEXI (3), XOVI, CX (8). 

+ A full account of the problem of finding 7 when « is given will be found in Tannery 
and Molk, loc. cit, Ved tur, ch. 7 (On donne 2? ou gy, gy; trouver r on «1, 03”). 

{ It will be observed tbat in this case a is on the boundary of P; see the concluding 
remarks of $4, As it happens, r=7 lies on that edge of P (the circular edge) whicb was 
not used in the construction of H,,, so that our analysis is applicable as it stands. 
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The series in curly brackets is the function called by Ramanujan* ®, , andt 
1008,,, = Q? — PR, 
wy y* 


127,6 6 
where paahe, Q=1%y, (2) , R= 2169, (*) 


Tv 


Here R =0, so that 
Tt 25 4 
10086, = Q?=1 + 480%, =1 +490 (4 hae si 


Hence we find that AzxifrC, I%id =—2/C, 


where 


Cpl. oe oo 

(63) C=1+480 (a7 4 ait): 
Another expression for Cis 

S = Ky ‘i 
(64) c= (=), 

where 

: _{" __4é@ wy 

(oun Hom | ape" Tye 


We have still to consider more closely the values of a and 6, over which 
the summation is effected. Let us fix k, and suppose that (a, b) is a pair of 
positive solutions of the equation a?+°=k, This pair gives rise to a system 
of eight solutions, viz., 

(ta, +6), (£8, £4). 
But it is obvious that, if we change the signs of both a and d, we do nat 
affect the aggregate of values of a. Thus we need only consider the four pairs 


(a,b), (a,-8), (2), (0, —a). 
If a or b is zero, or if a=, these four pairs reduce to two. 
It is easily verified that, if (a, b) leads to the pair of poles 


act+bd_. w 
qe tanto (BoE ere 


then (a, — b) and (6, a) each lead to g= +4, where gis the conjugate of q. 
Thus, in general (a, 6) and the solutions derived from it lead to four distinct 
poles, viz, +q and +q. These four reduce to two in two cases, when q is 
real, so that q =4, and when q is purely imaginary, so that q=—q. It is 


* §, Ramanujan, “On Certain Arithmetical Functions,” Trans. Camb. Phat. Soc. Vol. 
XM, pp. 159-184 (p. 163) [No. 18 of this volume, p. 140}. 

+ Ramanujan, loc. cit., p. 164 [p. 142]. 

t Ramannjan, loc. cit., p. 163 [p. 141]. 
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easy to see that the first case can occur only when 4=1, and the second 
when k =2*. 


If k=1 we take a=1, b=0, ¢=0, d=1; and q=g=e. If k=2 we 
take a =1,b=1,¢=0, d=1; andqg=—QG=ie* The corresponding terms 
in our series are 

1 1] 


j= ger’ py] qa + ge") y 
If & is greater than 2, and is the sum of two coprime squares a? and 5%, it 


gives rise to terms 
1 1 1 1 


(ary 1 Tiglay * Oy T= Ge 
There is, of course, a similar pair of terms corresponding to every other 
distinct representation of & as a snm of coprime squares. Thus finally we 
obtain the following result: 


THEOREM 3. Jf. 


Dee iTist oo soa se OC") Sa gem 
f= spay, 7 }/ (3 ee 5) =p 


and jq|<1, then 


69) 1s ae RTA 
ae es ia ‘ eat 
where Ga1 +480 (= a wat) 
came (Ste arn): 


and & is the conjugate of q. The summation applies to every pair of coprime 
positive numbers a and b, such that b= a+)? a5, such pairs, however, only 
being counted as distinct y they correspond to independent representations of 
kas a sum of squares. If |q|>1, then the sum of the series on the right-hand 
side of (65) is zero. 

* When a and b are given, we can always choose ¢ and dso that |ac+dd|<}(a?+8°). 
If q is real, we have ad—be=1 and ac+dd=0 simultaneously: whence 

(2+ b%) (2 fa) =L 
If q is purely imaginary, we have 
i ad—be=1, %|actbd|=a@+b%, 

whence (A@+d)2=(lacthd | -P-@P+1. 
This is possible only if o?+d?=1 and |ac-+bd|=1, whence a +0?=2. 
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7. It follows that 


-1) ne if 1 ~2n od , ett) ace (n) onmj/A 
Roe See tee Poe 


(71) Gp, <er | 
say. Here is the sum of two coprime squares, so that 
De = 245% 1343 177 ..., 
where a, is 0 or 1 and 5, 18, 17,... are the primes of the form 4441; and 
the first few values of c, (2) are 
¢,(n)=1, ¢(n)=(—1)", 65 (n) = 2cos (tna + 8 arc tan 2), 
Cy (2) =2 cos (Rua — Saretan2), 0, (1) =2cos (19n7 + 8 are tan 5). 

The approximations to the coefficients given by the formula (71) are 
exceedingly remarkable. Dividing by 4C, and taking n=0, 1, 2, 3, 6, and 12, 
we find the following results: 


(0) 0-944 (1) 505361 (2) 270616406 
+0059 -1365 4 81585 

— 0003 +0:004 + 0-009 
p= 1000 ~1=504000 ° — p= 270648:000 
(3) 144912827002 (6) 22251789962592450-237 
— 730-900 +9057051-688 

-—0101 + 2081 

0-001 — 0006 

Ps= 144912096-000 Pe = 22251789971 649504000 


(12) 524663917940510190119197271938395:329 
+ 1390736872662028'140 

+ 2680°418 

+0130 

—0014 

— 0-003 

Dra = 524663917940510191509934144603104-000 


An alternative expression for C is 
C = 96% e~*/* {(1 — e-*") (1 — e-**) .. 5, 


by means of which C may be calculated with great accuracy*. To five places 
we have 2/C =0-94373, which is very nearly equal to 352/373 =0°94370. 


* Gauss, Werke, Vol. 111, pp. 418—-419, gives the values of various powers of e-* toa 
large number of figures, 
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It is easy to see directly that p, lies between the coefficients of 2* in the 
expansions of 


kl dilly 1-752 
(1~535<) (1+ 31a)’ = (1 -535°52) (1+ 24a)’ 
and so that 
(535)"41—(— 81)" _ 352 (5855)" + 21 (— 24)" 
366 <Pas “373 : 
The function OX (2) == oa() efar/s 
(ay 


has very remarkable properties. It is an integral function of «, whose maxi- 
mum modulus is less than a constant multiple of &!*!, It is equal to pz, an 
integer, when =n, a positive integer; and to zero when a=—n But we 
must reserve the discussion of these peculiarities for some other occasion. 


QUESTIONS AND SOLUTIONS 


(published by Srinivasa Ramanvusan in the Journal of the Indian 
Mathematical Society) - 


Question 260 (111, 43; communicated by P. V. Seshu Aiyar): ‘ 


Shew, without using calculus, a 
2 seid 
=] tee t popt .. ad inf, 
[Soludion by K. J. Sanjana and S, Narayanan, 111, 836—87.] 


2 
flog 2= lta as 


Question 261 (11, 43; communicated by P. V. Seshu Aiyar): 
Shew that 
(a) (+; ) G45 :) (+ 3) tg = 2 cosh (Jo 4/2), 


(6) (1-3) (-§) (1-3) Say =3 cosh (47/3); 


and prove froin first principles that (b)=} (a). 
c [Solucion by N. B. Pendse, m1, 124—-125.] 


a 


Question 288 (111, 89, and Iv, 106): 
Shew that it is possible to solve the equations 
aty+z=a, potqyt+rz=), 
Patgyt=o pergytra=d, 
platgytrese, pietgytne=f 
where 2, y, 2, 2, 9, 7 are the unknowns. Solve the above when ¢=2, b=3, c=4, d=6, 
e=12, and f=32. 
[Solutions (1) by M. K. Sadasiva Aiyar, and (2) by Sankara Aiyar, 1, 198—200, See 
also “Note on a Set of Simultaneous Equations,” Journal of the Indian Mathematical 
Soetety, 1v (1912), 94—96, and pp. 18—19 of this volume] 


a 


Question 284 (111, 89): 


w8~G 76-9 
Solve Bug eee 1). 
Solution by Srinivasa Ramanujan, 1v, 183, 
Let w=atBty, y=oB+Byt+ya, 


where a, 8, y may have any values we choose. By substituting the supposed values of 
wand y in the given equations we find that a9y should have the value 1. Now 


(atBty)~6=5 {(a+8+y)- (a3+87+ya)} (a+B+y)(a8+By +72) —aBye 
(a8 + By +ya)’-9=5 ((aB+By +ya)P— ay (@+B+y)}H{latB+y)(aB+By+ ya) aBy — a’B*y*}. 
Simplifying, 3 ab +8 44526, 
(a8) + (By) +(ya}h=9, 
(By) = 1. 


Questions and Solutions 328 


Thus we see that a5, 8°, y® are the roots of the equation 
8—624+9¢—-1 =0. 
But it is easily seen that the roots of this equation are 
4.608? 20°, 4 cos? 40°, 4 cos? 80°, 
Hence 
a=(2 cos 20°), B=(2 cos 40°73, y=(2.cos 807)3, 
a=(2 coy 20°) 4 (2 cos 40°)8 + (2 cos 80°)®, 
y=(3 sec 20°84 ($see 40°) +($sec 807). 
All the values of a are 
atAty, atBptyp', atBp?+yp%, ap+B8p+yp%, 
ap+Bp?+yp?, apt Bp'+yo', ap>-+ Bp? + 7p, 
where p is an imaginary fifth root of unity. Similarly for y. 


Question 289 (111, 90): 
Find the value of (i) [TL +2 J43 41+.) 
(il) Jb 42 A743 48+...) 


Solution by Srinivasa Ramanujan, tv, 226. 
(i) a (e+ 2)Hn J+ (e+ 1) (4 +3)} 
Let att 2=F(a); 
then we see that 
f(n=nJl+f(nth} 

any {1+ (atl) Jt f(n+2))} 

Salt (nm +1) A+ (2 +2) +F (2 +3))}] 
that is, n (mt Daal t+ (MH) ML +(e +2) ML + (et) /1+...)}} 
Putting 7 =1, we have 

M42 4143 (+. =3. 
(ii) In a similar manner, 
a(at3yans{at5+ (a1) (n+4)} 
Sunposing S(nj=n (n4+3), 
we have 
fa=n Vint8+f(a+1} 
=nal[ntb+ (atl) S{in+6+f (n42)}] 


Thus n(nt3jan Mntht (atl) Matt (H+2) /(M+7+...3}) 
Hence 
M6+2 {7434 (8t 400+...) a4. 
Question 294 (11, 128): 
Shew that [if « is a positive integer] 
ae a 
gtelt tate +e 


where @ lies between 4 and }. 
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Partial solution by Srinivasa Ramanujan, rv, 151—152, 


Felsen Led eS fe 
-h0+8 +h): 


Now, if we suppose that y is a function of x such that 


a | of gr ae 
walt tyte te aij! tii 
we see that 
1 eel es a | 
Jt 14S 4+55 ves +e “HY 
-! ee 
ai2la-f (1+ de 
a2 f mz g 2-23 Om) +23) Gai...) 
Sameer oi) 


eax! ° in iset—. } 
ae +1-[ eH ea) bzFfiow)—. } 7, 
< 0 


3 | gba, a 
ig tl an) fe ene a ie 


a1 f° e*{f(Ox) 442-0.) de, 


Therefore, when r=, 


y= Lim a {5S fae ~JGre)+1- fis e~?* (4234-terms containing 274, 2-1, ete. yas} 
=1-2=4, 
since, by Stirling’s theorem, 
Lim {721 yéjne)} =o. 
ceo 


Also y=4 when 7=0. 


a 
Though the limits of y are known to be $ and 4 when & is 0 and c respectively, yet it 
is difficult to prove that y lies between 4 aud 3. 


The expansion of y in ascending powers of 2-1! (which can be found from the above 
integral) is 


1 4 8 16 
3 iSbe ~ 36360 S080 


This result is important as it helpg to express e* between rational limits. 


Question 295 (111, 128): 
If a=, shew that 


mF @ eB de ave fe oda 


9 cosh ax cosh Bar” 
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G2 
t 
oi 


Solution by Srinivasa Rauanujan, v, 65. 


4 
i cos Brg 
Since ii aaa 
vu cosh wz Zeosh a? 


2 gD, exes ae 
sla ae Ee / | oe Gnd 
‘ Lees | 


9 cosh ux 


az? va 2 
=i nas ee, ia Re eee nee 
var) 0 GOSh 72 cs J) ‘ cosh (asl) ue 


oP dy 
=<8 sae o Cosh Ba? 
since aB=r. 
[See also “Some definite integrals,” Messenger of Mathematics, xiv (1915), 10—18, and 
pp. 53—58 of this volume, equation (12).] 
Question 308 (1, 168): 
Shew that 
3 


hey . 
(i) i 4 cot 8 log sin 8dd= ~~ (log 3), 


; Ys2sin se ltan iy e 
Gi) ‘ om ,: dv 3 f* “a dom F log 2. 
[Soluteon by K. J. Sanjana, 1, 248.] 


Question 327 (111, 209) : 
Shew that Euler’s constant, namely [Che limit of] 


L+d+h+.42—logn 


when # is infinite, is equal to 
2 2 2 2 
bee (s=3) os (ox +yi=9 T=) 


ah Q 2 2 
(ims Bt iets) 


the first term in the zth group being 


2 
a EG + 3R- FB +3)’ 
[See “A series for Euler’s constant y,” Messenger of Mathematics, xuv1 (1917), 73—80, 
and pp. 163—168 of this volume.] . 


Question 352 (rv, 40): 
Shew that 


ST Lh (8+ 5) - 3 (V5 LY] OF, 


a) EES ae voy) -405-ve*. 


Question 358 (rv, 40): 
Ifn is any positive odd integer, shew that 


° sinner 
——_——_—__. — =} 7; 


ry wees z 
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and hence prove that 


dr bh — i: pe om age sh cos ay" - 
gr = (cosh + cos =) — 4 (cos jy tes i (co! + 7 ae 


for all odd values of a. 
(Solution by A, C. L. Wilkinson, vit, 106—110 ; also Remarks by 8. D. 8. Chowla, xv1, 
119—120.] 
Question 358 (iv, 78): 
If nis a multiple of 4, excluding zero, shew that 
1®7! sech ($ 3) — 3°~1 sech (3 +) +5"-! sech (§ 7)~ ...=0. 
{Solution by M. Bhimasena Rao, vi, 99—101.] 
Question 359 (iv, 78 
If Pa y)=2sin(d(r—-y)), sin (y+z)=2sin (3 (y-2)), 
prove that ($sin « cos 2 +($ cos x sin 2 =(sin Qy\"?, 
and verify the result when 
gin 27 =(/5 ~29 (44/15), sinQy=/5—2, sin 2=(,/5-2) (4—/15)%, 


{Solution by T. R. Srinivasa Lyer, xv, 114—117.] 


Question 386 (14, 120): 
Shew that 
re dx PP on _t 
o (La?) (1+ 24a?) (1+ nie) (1+ 4)... 2 (Lent no¢ ny ...)? 
where the indices in the denominator are the sums of the natural numbers, 


[Solution by N. Durai Rajan, vil, 143—144. See also “Some definite integrals,” 
Messenger of Mathematics, xL1v (1915), 10—18, and pp. 53—58 of this volume, equation (24).] 


Question 387 (1v, 120): 


1 2 3 1 1 
Shew that gra] tara tet a ae 
Question 427 (1y, 238): . 
Express . (Aa? + Bay + Cy) (Ap*+ Bog + Cg?) 


in the form 4u®+ Buv+t Cv? ; and hence shew that, if 
(20? + Bay + 5y*) (2p? + 3g + 59%) == 2u?+ Buv + Sv, 
then one set of the values of u and v is 
wai (ety) (p+g)—-2ap, v= 2gy—(a@+y)(pt9). 
[Sodutions by (1) “ Zero,” and (2) S, Narayanan, x, 320—321.] 
Question 441 (v, 39): 
Shew that * 
(Ga2— dab +45?) = (3a Sab — 502) + (4a? dab -+60%)8 + (5a? - 5ab— 35%), 
and find other quadratic expressions satisfying similar relations. 


[Solution by S. Narayanan, v1, 226.] 
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Question 468 (v, 120): 
It [° 2am dengan 
; = 


1 eerie 


then fF Bt ae-om-be4 (2) /C2). 


Find ¢ (2), and hence shew that 
$O=w, dba, gira, 
P2r=%, ble jad. 


[See “Some definite integrals connected with Gauss’s suns,” Aesseager of Muthenatics, 
xLIV (1915), 75—85, and pp. 59—67 of this vohune.] 
Question 464 (v, 120): 
—7 isa perfect square for the values 3, 4, 5,7, 15 of 2. Find other values. 
[Solution by K. J. Sanjana and T. P. Trivedi, v, 227--228.] 
Question 469 (v, 159): 
The number 1+ 2! is a perfect square for the values 4, 5, 7 of x. Find other values. 
[Comment by MI. Bhimasena Rao, xv, 97.] 
Question 489 (v, 200): 
Shew that 7 
(Le 75) (1 4 e732 485) (] pe 5rnos), ~ eee) en atg7N5s, 


[Solution by A. C. L. Wilkinson, vir, 104. See also “ Modales equations and approxzima- 
tions to ,” Quarterly Journal of Mathematics, xty (1914), 350—872, and pp. 23—39 of 
this volume] 


Question 507 (v, 240): 


Solve completely @ayta, porta #=xet+a; 
and hence shew that 
(a) J[8- /{8+/(8-....}=H 142 /3 sin 20°, 
(8) Jl -2./{114+2 /(11-~...)}}=144sin 10°, 
i (c) [28 -2,/{28 42 /(234-2 /23—...)}]=144,/8 sin 20°. 
Solution by Srinivasa Ramanujan, v1, 74-—77. 
We have e=2—a=ly—a)-a={(e-a)?—a}P-a, 
or 28-42% +22 (302 — a) — 40? (8 —a?) — 2+ at~ 2454 a?-a=0. ...........(1) 


Evidently y and z also are roots of this equation. But 2 may be written as 
Vaty=VatJat aja lat iat Mara} 
aati lat Mat... =Mate). 
Hence we have PS BROS: sidsatessscs seadaigece se cuesnesd casescuieses(D) 
therefore 22-z-—a nfast be a factor of the expression in (1). Now, dividing (1) hy 
w—a~a, we have 
28 4254 a4 (1 —3a)403(1 - 2a) +2? (1- 30+ 807) +2 (1-20 +44) 
HL a4 202 -aI)H0. eee ee (BD 
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Let a, 8, y, a’, 8’, -y’ be the roots of this equation. Then, since y and ¢ are also roots, we 
may suppose that 

e=a+8, a?=at+s, 

Beaty s=aty, 

Yoata f=ata. 


Let at-Bty=u, ath +y=v; 
then we sce that 2+ 8+yY=—38a+u, 
that is af + By +ya=$ (uu da). 
Again we huve 3=48 +87, yo? =ay+ay, 


Bysuyty, a8? =da+-ya, 
Pa=date, Py=asSt+as; 
adding up all the six results we have 
2a? (B+ y)=2u(atBty)te+ Oty +ad+Bytya; 
ie (@+B+7) (B+ By-+ ya)~ Baby =2a (at B+y) +(e +B2+ 7) +(a8 + By +70), 
ie. du (ul — ua) - 8a8y = 20a +(3a-+u) +4 (uw -u — 3a), 
Hence we have Gaby = 13 ~ ut —Tav —u- 8a. 
Similarly we have a+ Bty=1, AB +B’ ty =} (ve v—3y), 
6a'p’y/ = v3 — Qe? — Tae — ov - Ba. 
Hence the sextic in (3) is identical with 
{03 — 98 + fadu® —u —3a) — b (ud - Qu? - Tau ~u — 3a)} 


{2* - ev de (vt -v— 3a) —4 (v3 — Qu? — Tay -—v- Bay}. veces (4) 
Now, equating the cocfiicients of z+ and #? in (3) and (4), we have 
utv=—l, 


+43 —2 (yu? 407) —(Ja+1) (ut 0)—6a +3 {uv (ute) — 2uv—3a (u-+v)} =6 (2a—1) 
Substituting for w+v in the above result, we have 
uv=2-a; 

hence w= —$lel(4a-T} ve —F {Le M(4O- 7). ee (5) 


Those values of w and », when substituted in (4), reduce the seatic equation (3) to the 
two cubics: 


w+ hat {1 +/(40—7)} ~ be (2041+ J (4a—-7)}+-$ {a-2+4.!(4a —7)} =0, a 
a +422 (1 —,/(4a—7)} ~ $0 Qa+ 1—./(4a-T}+4 (4-2-4 /(4a—7)} =0, 
which can be solved by the usual methods. 
In the numerical examples proposed, the combinations of the signs plus and minus 
may be determined by proceeding as follows: 
142,/3s8in 20°=/(1+4 /3sin 20° +12 sin? 20°) 
=,/(7+-4,/8 sin 20° — 6 cos 40°) 
=/(7+4,/88in 20° - 4/3 cos 30° cos 40°) 
=,/(7+4,/8 sin 20° —2 ,/3 cos 70° — 2 4/3 cos 10°) 
=(7+2 /8 cos 70° —2 ./3 cos 10°) 
= 4/(7— 4./38in 30° sin 40°) 
a= /{8~(1-+2../3 sin 40°)} 
=1/[8—W/{8-+ (2.3 in 80° =1)}] 
= J[8— {8 +/(8—(1 +2 V3 sin 20°)}}]. 
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Ina similar manner we have 
1+4sin 10°=,/{11-2(1+4sin 50} 
= /[1L-2 /f1142 (4 sin 70°—1)}] 
= [11-2 {11 42/11 ~ 2 (1+45in 16°))! 


and also 144/83 sin 20° =,/{23 - 2 (4/3 sin 80° =1)} 
= /(23-2,/1234+2(14+4,/38in 40°) ] 
. = ff 23-2 (2842 M28 +2 (144 /3sin 20°) i] 


Question 524 (v1, 39): 
Shew that (i) (cos Sr) + sf(cos dr) + 8/(cus 8a) = E-BAY TI}, 
(ii) Boos fa) -+ 8/(cos far) +2/(cos $77) = 14 (3 0-63}. 
[Solution by N. Sankara Alyar, v1, 190-191] 
Question 525 (v1, 39): 
Shew how to find the square roots of surds of the form ./d + 2B, and hence prove that 
Ci) MYS— Y4) =} (Y2-+ Y20 - 228), 
(i) /(4/28 - 2eT)=} (498 — #28 - 1). 
[Solution by N. Sankava Aiyar, v1, 191~192.] 
Question 526 (vr, 39): 
If 2 is positive shew that 
1 1 1 3 2 ¥ 
a nel tae Gade t rast Gea 
aud find approximately the difference when » is great. Hence shew that 


Bey 


1001 * 1002? © 10038 ° 1004# 10085 
1 
3 a 7 POX 110 
is less than Té00 by approximately 104°, 
Question 541 (v1, 79): 
Prove that 
1 1 1 1 1 2 8 4 
Soy ee a ie Bae i =o =JSdre\ 
sie beg eee ie Te te 
[Solutions, with remarks, by K. B. Madhava, Vil, 17—20.] 


Question 546 (v1, 80): 
Siew that 


I certo ae 
i ee BBY (aR acpi Sere a 2 
G d+aG tee G Bt Tut eg A+N3) 


2,4 2.4.6 
(i) l-ptey Ser gop ae log (1+ 2) 


[Solution by M. Bhimasena Rao, vit, 107—109; also K, J. Sanjana, ‘Notes on Questions 
546, 572, 573, 583, 585, 606,” vit, 186—141.] 


Question 571 (v1, 160): 
If draclog tan {tn (1+8)} 


124 @\ /32-B' He 24. gf 6 deaf 

shew that . (9) & TE ge) Be Be) ial fe seen, 
[Solution by J. C. Swaminarayan, R. J. ae A. Narasinga Rao : and K. B, Madhava, 
one fat” Journal of the eine Mathematical 


vir, 32. See also “On the Integral [= 
Society, vit (1915), 93—96, and pp. 40—48 if this volume, equation (17).] 
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Question 584 (v1, 199): 

Examine the correctuess of the followmg results ; 
x wt ad 

@ I4yoy+ aa, d= ta-2)-aa-2yt 
1 1 
“G-s)\d- a0 -ahA ay, * Ia aly 

here 1, 4, 9, ... on the left are the squares of natural numbers, while J, 6, 11, 16, ... and 
4, 9, 14, ... on the 1ight are numbers in arithmetical progression, with 5 for common 
difference. 


02 rid 12 
Gi) lice as = 


T=2)(1— 2) z (T=2) (1-243 (1-2) pe 
Hoeutlt x fl ; 
© (1-28) (1 2)(1- 28)...” 1-8) (1 8) 28)? 
here the ath teria of the sequence 2, 6, 12, ... is m(w+1), and 2, 7, 12, ..., 3,8, 13,... 
increase by 5, 
[See “Proof of certain identities in Combinatory Analysis,” Proc, Camb. Phil, Soc,, x1x 
(1919), 214—216, and pp. 214—215 of this volume.] 


Question 605 (v1, 229): 
Shew that, when #= 0c, 
(e+a—0)! (8v+2b)! (Gv+a+6)! 
Ga+a—c)! Beta—b+e)! (12¢43b)! 
[Solution by K. J. Sanjana and A. Narasinga Rao, vu, 191—192.] 


F 
=. 


Question 606 (v1, 239): 
Shew that 


wu {f/5 — Q)rntt 5 
2 Oa = ayn? — py {log 2+./5)¥, 
[Solution by N. Sankara Aiyar, vit, 192; also the note hy K. J. Sanjana quoted with 
reference to Question 546.] 


Question 629 (v1, 40): 


Prove that 
$4 5 67 cos fon? (1 — at V2AVO42) § 6 wen font Mla}; 
n=l JQ -2)  n=1 


and deduce the following: 
(i) $4 3 eo™ = 5 5-10) [2+ 3 ase, 
n=) n=l 


*~ 


(ii) Zeon P=a. 


[Solutions by (1) K. B. Madhava, (2) N. Durai Rajan, and (3) M. Bhimasena Rao, 
vit, 25—30.] 


Question 642 (v11, 80): 


Shew that 
. lL \ 5 og? 
(i) Stat +53) anh = TO6? 
(i) § (14}+e+ She Ne eet ioe ae 
pare Wa TORT) Ine ~8™ ~ 8 UO 2 


[Solution, with correction, by M. Bhirmasena Rao, vir, 232—233.] 
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Question 661 (vn, 119): 


Solve in integers B+ PAph= x8, 
and deduce the following : 
: 6 §3— Z8= 26, 4 6842 = 3%, 
123— 1094 18> 34, 463~ 379- B= 6, 
" 1748 + 133? — 455 x 145, 11883 ~ 5093 - 33 = 348, 


[Solutions by N. B. Mitra, xu, 15~—17. Additional solution aud remarks hy N. B. 
Mitra, x1v, 73—77.] 


Question 662 (vir, 119—120): 

Let 4B be a diameter and BC be a chord of a circle ABC. Binect the minor are BC at 
Hf; and draw a chord B.V equal to half of the chord BC. Join AU. Describe two circles 
with 4 and B as centres and dJf and BY as radii, cutting each other at § and $’, and 
cutting the given circle again at the points Jf’ and .V’ respectively. Join 4. and BM 
intersecting at 2, and also join AW’ and BA’ intersecting at &’. Through B draw a 
tangent to the given circle, mecting AJ and Alf’ produced at Q and Y’ respectively. 
Produce AV and 'B to meet at P, and also produce A.V’ and JfB to meet at P’, Shew 
that the eight points P, Q, &, 8, 8’, BR’, Q', P' are cyclic, and that the circle passing 
through these eight points is orthogonal to the given circle 4BC. 

Question 666 (vir, 120): 
Solve in positive rational numbers 
wtay’, 3 
For example: o=4,y=2; 2=38, y=2h. 
[Solution by J. C. Swaminarayan and R. Vythynathaswamy, vi, 31.] 


Question 681 (vi, 169): 


Solve in integers e+yPta=l, 
and deduce the following: 
G+ 83> 9-1, 984 108 12341, 1353+ 138%= 1723-1, 
7918 +8125=10103—1, 111615 + 11468? = 142588 +1, 656018 + 67-4023 = 838029 + 1. 


[Partial solution by N. B. Mitra, xt, 17. See also N. B, Mitra, xiv, 73—77 (16—77).} 


Question 682 (vi, 160): 
Shew how to find the cube roots of surds of the form: 4 +B; and deduce that 


YY2-Y=IR)— HG+ YG). 
[Solution by “ Zero,” 2, 325.) 
Question 699 (vu, 199): 
Shew that the roots of the equations 
(i) 28-234 a7+22-1=0, 
(ii) +25 —-8—2"-2+1=0 
can he expressed in terms of radicals, 


Question 700 (vir, 199): 
Sum the series * 


1 22 
(asden(2)so+04s) (eet (ad45) (eet +... tom terms, 


[Solutions by (1) K. R. Rama Aiyar, (2) K. Appukuttan Erady, Vint, 162.) 
anette 
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Question 722 (vn, 240): 


Solve completely 
@naaty, poet, 2=atu, Waate; 


and deduce that, if eo f(b 44154715 - /(54+2))1), 

then woh Qt lot 15-65); 

and that, if e=/(5+/15-J5-J(6+2))}) 

then wa} [ 5-24 (13-475) + {504 12 5 —2 (65 —20./5)}], 


Question 723 (v11, 240): 
If [2] denotes the greatest integer in ~, and 2 is any positive integer, shew that 


© (i)+[*e)+Fel-[s}[e") 


Gi) G+J@+d)=E+/e+2)) 
(ii) [at v(atl)]=[V(4a+2)]} 
’ [Soludion by H. Br., x, 357—338.] 
Question 724 (v11, 240}: 
Shew that 


1 1 1 
i 12 + : + y eee ter: 
(i) tan In41 tan a+ tan Baas to ~ terms 


1 
=tan7! gels +tan7) -—=-5, +tan7! 


ee 3042.8) Pir fom terms, 
A 


ee eee 
50 +2. 5%) 


1 
vi +... to 2 terms 


1 
pian= cae (20-45) a) 


is 1 
(ii) tan— an IVs 
+tan7? 


=tan7! +... to n terms, 


1 
ones ole Se 
ap + yap Ga 

[Solution, with correction, by K. B. Madhava, vit, 191-192; aluo Remarks by Mehr 
Chand Suri, svt, 121.] 


Question 728 (vit, 40): 


Ba? 4243 58x! 
lf be)=en*4 Fe mieges zi eW Fe ai eet ent, 


shew that  (#)=1 when «# lies between 0 and 1; and that ¢(2)#1 when #>1. Find the 
limit of ~ 
{pA +e)-e (He 


as «0 through positive values. 


Question 789 (viz, 40): 


e am (1) 
Shew that fie e-"(cota+coth x) sinngdt=}a =) 
q 


ener 


for all positive integral values of 7. 
[Solution by A. C. L. Wilkinson, vur, 218—219.] 


Question 740 (vir, 40): 
alae 
If d(a)= (aghy —2re, 4 
where [x] denotes the greatest integer in , shew that ¢ (¢) is a continuous function of # 
for all positive values of x, and oscillates from 4a to -}4a when « becomes infinite. Also 
differentiate  (<). 
[Solution by A. C. L. Wilkinson, vit, 220—221.] 
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Question '758 (v1, 80); 


if (wc) = 4 log 2a. + | 1) dt, 
Jd 
where [¢] denotes the greatest integer in ¢, shew that 
lim 2b @)=s,, lim ep e)= 4. 
Segre Pos 


[Solutions by (1) N. Duyairajan, (2) K. B. Madhava, x, 395-397 J 
Question ‘754 (vu, 80): 

Shew that Cn TP ta)y=Oritictiet es, 
where £# lies between =), and +5 for all positive values of 2. 

[Partial solution by K. B. Madhava, x11, 101. See also remarks hy E. H. Neville and 
C. Krishnamachari, xm, 151.] 

Question '755 (v111, 80): 

Let p be the perimeter and ¢ the eccentricity of an ellipse whose centre is C, and let 
Cd aud CB be a semi-major and a semi-minor axis. From Ca cut off CQ equal to CB, 
and also prodnce AC to P making CP equal to CB, From d draw .£.V perpendicular to 
C4 (in the direction of CB). From @ draw QV making with Yl an angle equal to 
(which is to be determined) and mecting 4.V at 4. Join PH and draw P.V making with 
PAM an angle equal to half of the angle 4 P.M, and meeting LV at ¥. With P as centre 
and Pd as radius describe a circle, cutting P.V at A, and meeting PL produced at LZ. 
Then, if 

arcd  p_ 

aro dK 44.¥’ a 
trace the changes in ¢ when e varies from 0 to 1. In particular, shew that ¢= 30° when 
e=0; d+20° when e>1; P=30° when e=0'99948 nearly; @ assumes the minimum 
value of about 29° 583’ when ¢ is about 0:999886 ; and ¢ assumes the maximum value of 
about 30° 44}’ when e is abont 0°9589. 
Question 768 (vii, 119): 

ff H(z) =(2+2)(e+e+h, 
shew that (i) Av (eB) 4d we) + ayy (Pr) +... = Clog £2) 4-2) 
for all positive values of «; and that 

@) Iv +he@) tv et)+..=d-a7! 
for all negative valucs of 2. 


e [Solution, with correction, by K. J. Sanjana and N. Durairajan, vit1, 227.] 
Question 769 (vit, 120): 
Shew that 


1 1 L 
leg? Gwiag Tioga + 3 log 3log 6 + agape) 
1 ed 1 yo 
RE Zlog2” 3log3* 4log4” Singh" lug 2° 
(Solution, with correction, by K. B. Madhava, M. K. Kewalramani, N. Durairajan, and 
8. V. Venkatachala Aiyar, 1x, 120—~121.] 
Question '7'70 (vitr, 120): 
If 8, denote the number of divisors of n (e.g., 5:=:1, 8g=2, d3=2, y=3, ...) shew that 
Y (i) 8 —$834+455—- 48; 4+ 5 8a-... 
is a convergent scrics; and that 
(i) 8,—-38,4+48;— 48; 4485~... 
is a divergent series in the strict sense (i.e. not oscillating). 
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Question 783 (vii, 159): 


if gaypay, 
Lior 
J,= logy de, 
o # 
shew that GQ) Habe, F=15* wm, Kaen, A=’; 
(ii) eae br. 


[Solution by N. Durai Rajan and “Zero,” x, 397-399. ] 


Question 784 (v1, 159): 
*~ If F(x) denotes the fractional part of » (e.g. P(w)=0'14159 ...), and if V is a positive 
integer, shew that 


1 
i) lim VF(N /2 =a lim VF WW /3)= 
@ pes ( ) a? ee, (WV f3)= + 
lim YEW 8)= 575) lim YF. $0)= 379 sé" 
Noes 
3 
im FW Jtj=a ej 
pO 5 a7i 
(ii) Him ‘¥ (og ¥)'-? F( Ve) =o, 
Ne 


. . tgs ¥ . ae 
where 2 is any integer and p is any positive number; shew further that in (ii) » cannot 
be zero, 


Question '785 (ris, 159—160): 
Shew that (3 {(a?+ BY'— a} (4B) — bi = (a4 by —(a? — ab + bY, 
This is analogous to 
(2 {(a2+ Bh a} far+ ye ay} =atb-(a2+ ay}, 
[Solution by K. K, Ranganatha Aiyar, R. D. Karve, G. A, Kamtekar, L. N. Datta 
and L. N. Subramauyam, vitt, 232.] 


Question 1049 (x1, 120): 


’ 0 sin ae dy / 
Srewthat { Sere oe, 
0 tap ataet” Leisure reer aa 
(i) » sindrarde 1 VL 2? 3 
| F Pe a+ at nent" é 
0 Bb Be oR 


Question 1070 (x1, 160): 
Shew that 
@) (aps aay? =(14+ 42+ 98) = YG + dist Vids —Vrbs 3 
Gi) (YR Say TI 
aa t 45 
ai) (STRAY = aa 
-2 45 N5-1 
[Solution by 8. D. Chowla, N. B. Mitra, and S. V. Venkataraya Sastri, x1, 122—123.] 


Question 1076 (x1, 199): © 
Shew that Gy (7920-198 = 4/3 - 93; 
(i) 44-5 YD = 


APPENDIX [: NOTES ON THE PAPERS 


1. 
>Page 1, (1). Ramanujan writes 2, where B, is usual. 
a n! 
P. 1, @). es ( D = OSB 


P, 4, 1.4. (12) is true if 2 is odd and greater than 1, and the last terins are given in the 
three cases »=1, —1, 3 (mod. 6). 

P. 8, ll. 7—9. The proof is iivalid as it stands, since the series in the integrand is 
divergent when «22. The same remark applies to p. 9, ll. 6é—8, 

P. 9, 1. 2 from below. The coefficients, if integral, are necessarily odd. 

P. 10, (82), Apply (31) to the well-known formula 

Peso e psigsia se 
m=1 3+ 
where y (z) is the derivative of log T(z), 

P, 11,1. 2 from below. Vand D are the numerator and denominator of By,;. 

The paper is interesting as a specimen of Ramanujan’s earlicst manner, but the 
principal results are well known and the proofs are incomplete. Thus (20) of § 8 is simply 
the theorem of von Staudt and Clausen, and (16), which is a contequence of (20), was 
known to Euler: see P. Bachmann, Niedere Zaklentheorie, vol. 11, pp. 43—5] and p. 54; 
or N. Nielsen, 7raitd élémentaire des nombres de Bernoulli, pp. 244—245 and 258. 

Ramanujan states eight theorems, viz. (14)—(21), embodying arithmetical properties 
of the B’s. Of these, proofs are indicated for three, viz. (16), (20), and (21); bnt the 
theorems on which these proofs would depend, viz. (28) and the corresponding propositions 
about the series (30) and (82), arc never proved. Tiwo other theorems, (17) and (18), are 
stated to be corollaries of (16) and (14); and (14), (15), and (19) are stated merely as 
conjectures. 


4, 


All the results of this note are naturally familiar in the elements of the analytic theory 
of numbers : see Landau’s Handbuch der Lehre von der Verteilung der Primzahlen, especially 
pp. 507 et seg., dealing with Mobius’ function p (2). 


6. 


This paper is of special interest because it embodies so much of Ramanujan’s early 
Indian work. It was rewritten in England, the references to Weber inserted, and many 
results given by Weber deleted, but all the work was done quite independently. 

Professor L. J, Mordell writes : 

“Tt would be extremely interesting to know if and bow much Ramanujan is indebted 
to other writers. Some results are easily accessible in English books. See, for example, 
Greenhill’s Eiliptic Functions, chap. x, in particular pp. 330—339, for results and references 
concerning complex multiplication ; and Cayley’s Elliptic Functions, chap. vii. It is of 
course possible that These books were known to Ramanujan. 

“ As Ramanujan says, his functions G@, and g, are practically Weber's f{V(—2)} and 
Aiil(- nm}. The properties of f (2) and f, (w) are given in Weber's Lehrbuch der Algebra, 
yol. 111 (1908), § 34, pp. 112-116. The modular equations, which are merely the algebraic 
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equations connecting f (aw) and f(z), etc., are developed in $§ 73—76, pp. 256—280, All 
the other roots uf the modular equation for f (ic) are expressible very siruply by means of 
‘ Py ek 
a finite number of the values 7 (ee). 
If we put f(xw)=/(w) in the equation it splits up into factors, the roots of each factor 


where a, b, ¢, dare integers such that ad—be=n. 


being of the form th (Q), where now D is a function of 2 and @ is a rout, with positive 
imaginary part, of one of the system of non-equivalent quadratic forms of determinant —W. 
Each of these factors in turn splits up into simpler factors, whose roots are now restricted 
to belong to a genus of quadratic forms of determinant —D. All this is developed in 
chapters XvH—xx of Weber's book. It appears from Ramauujan’s § 4 that he was not 
aware that the character of the swds for G, and gy, depends on the number of classes of 
quadratic forms. 
“Ramanujan’s method of approximating to r by means of equations 


where m is nearly an integer, is due to Hermite. See Ch. Hermite, ‘Sur la theorie des 
equations modulaires’ [Comptes Rendus, 16 May, 13 June, 20 June, 4 July, 18 July, and 
25 Jnly, 1859 (20 June), and @uvres, vol. 1, pp. 88—82 (pp, G0—61)]; L. Kronecker, 
Berliner: Monatsberichte, 1863, pp. 340—345 ; and H. J. 8. Smith, ‘Report on the theory 
of numbers’ [Report of the British Association, 1865, pp. 322—375, and Collected Papers, 
vol. 1, pp. 289—358 (p. 357)]. Hermite and Kronecker give some of Ramanujan’s approxi- 
mations, or results equivalent to them. On tbe other hand Ramanujan’s method of 
obtuining purely algebraical approximations appears to be new. 

“It is unfortunate that Ramanujan bas not developed in detail the corresponding 
theories referred to in § 14. His Ay is 
1.3.5.7 

wg Mts ty Praataand’ 

whicb is reducihle to an elliptic integral. The result in § 15, tbat X can be expressed 
in terms of f-functions when g is of the forms e~*”, e772, e~ "8 and n is rational, algo 
seems to be new. It may be deduced from the equation 


g? (1—g?) (1- gt) = (2k) sy (4) 


For the left-band side is Weber's 7(w) (Weber, lc, p. 85), and there is an algebraic 
equation connecting 7 (w) and y(2w) when 2 is an integer. There is also an algehraic 
equation connecting 4# and its transformed value, and so oue connecting A and its ®ans- 
formed valuo. Finally, X is known in terms of P-fanctions when g is e~7, e~™*2, or e778; 
for these classic results see Whittaker and Watson, Modern Analysis (ed. 3, 1920), pp. 524— 
526. 

“ Weher’s n (w) is practically the modular invariant A (2), we) of Klcin-Fricke, For tbe 
theory of the algebraic equations connecting A (w,, we) and A(nw,, w,), sce their HlZiptische 
Modulfunktionen, vol. 11, pp. 62—82, See also pp. 117-—159 for the theory of the modular 
equation and for further references.” 


1 tie B+ cs gees 


7. 
P. 40, (4). If R(2)> 0, we have 


2 dedtoys. X dn—tan—!z * 
= tan~l-— = 2 nie peat 
$(@) Ye pea Paes Vn t a 
=hrlog2t¢ 3)+ lim {$n log ¥~9(2)}. 
2, Xwa 
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If we write 4 for the last limit, then 
ob @)=hr log rz+¢g G) +4, 


and A may be determined by putting «= 1, 
P. 40, (6). This equation should read 


pet gen pica t gat a v26 W2—-D +75 log (1 +2). 


if 


P. 42, § 4 Since -1< (2) <1 in (15), the x of this section must iu the first instance 
lie (when real} between —} aud 4. The results must then he extended by analytic 
contiuuation, in which some care is necessary with the many-valued functions. 


P, 43, (26). The real parts of a and 8 must be positive. 


The transcendent considered in this note is closely connected with the integrals 


fuses 2) 2, flo (+ it) \Z, freotads, fiogeos 2c... 


whose properties have been ee by a number of writers. See, for example 
Bertrand’s Calcul intégral, §§ 270 et seg.; Lobatschewsky’s memoirs ‘ Imagiuiire 
Geometrie” and “Anwendung der imaginiren Geometrie auf einige Integrale” (German 
edition by H. Liebmann, Leipzig, 1904); and L. J. Rogers, “On fanction sum theorems 
connected with the series n-2a"”, Proc, London Math. Soe, (2), vol, rv (1908), pp. 169—189, 
It appears from Ramauujau’s notehooks that he had found the values of 


L(z)= I * log (1~2) 
0 t 
for the special values $, 2, $(./5—1),..., given by Bertrand, and Rogers’ result that 


Le) +L) -Z (ay) 2 foo) - L faz) 


is an elementary function, without knowledge of the work of these writers. 


8. 


This is merely a prelimiuary account of a small part of No, 15, 


9, 
P, 48, 1.17. The constant is of course the constant of the Euler-Maclaurin sum-formula, 
which is in this case ((1~—r). 
11. 


P, 57, bottom. The reference is to G. H. Hardy, “Proof of a formula of Mr Ramanujan 
Messenger of Math,, vol. LIV (1915), pp. 18—21, The proof given by Hardy depends on 
the application of Cauchy’s Theorem to the integral 


F (abz) ae 
° mal Fee 


where F(z) =(1+z) (1462) (146%)... 
P, 58, formulse after (24). See No. 6, text and comments in Appendix. The special 
cases are naturally more difficult thau the general formula. 
“ROP 22 
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12. 


P. 61, bottom, The theorem referred to is due to Lerch. See M. Lerch, “Sur un point 
de la théorie des fonctions génératrices d’Abel”, Acta Jfath., vol. xxvit (1903), pp. 339-—351 ; 
EB. W. Hobson, “The fundamental lemta of the calculus of vanations”, Proc. London 
Math, Soe. (2), vol. xt (1911), pp. 17—28. Lerch proves that if /(«) is continuous and 


fre 2-0 Flr) da =O 
a 
for c=a+ng (n=0, 1, 2,...), then f(7)=0. A substantially equivalent theorem is that 


i 2 f(ejde=0  (n==0, 1, 2,...) 
0 


implies f(z)=0. Hobson gives more general forms of this resnlt. Ramanujan requires 
only the special case of Lerch’s theorem in which the integral vanishes for all (sufficiently 
large) positive values of @; this indeed was one of his favourite weapons. 
P. 63, § 3. See A. L. Cauchy, Haxereices de mathématiques, vol. 11 (1827), pp. 141-156, 
A great deal of calculation is suppressed in this paper, and the verification of par- 
ticulir formule is sometimes laborious. More general results were found independently by 
L. J. Mordell, “The value of the definite integral ioe pate “ a 


Math., vol. Xuvii1 (1920), pp. 329-—342, 


dt”, Quarterly Journal of 


; 14, 


Ramanujan does not attenrpt to use his identities to obtain approximations to ¢(s), but 
the idea of splitting up ¢(s) into two parts 1s the same as that which underlies Hardy and 
Littlewood’s “approximate functional equation”. See G. H. Hardy and J. E. Littlewood, 
“ The zeros of Riemann’s Zeta-function on the critical line”, Math. Zetischrift, vol. x (1921), 
pp. 283—317; and “The approximate functional equation in the theory of the Zeta- 
function, with applications to the divisor problems of Dirichlet and Piltz”, Proc. London 
Math, Soe. (2), vol. xxi (1928), pp. 39—74. 

This paper was followed in the Quarterly Journal by a short note by Hardy which we 
do not reproduce, 

15. 


P. 79, 1 6 from below, The identity attributed to Hardy was first proved by Voronot: 
see G. H. Hardy, “On Dirichlet’s divisor prohlem”, Proc. London Math. Soe. (2), gol xv 
(1916), pp. 1—25 (p. 21). The result referred to immediately above, viz. that (in the 
notation of 17) A; (x) is of order not lower than n&, was proved independently and almost 
simultaneously by Hardy (2.c. supra, and “Sur le probléme des diviseurs de Dirichlet”, 
Compies Rendus, 10 May 1915] and Landau [‘Uher die Gitterpunkte in einem Kreise 
(Zweite Mitteilung)”, Gottinger Nachrichten, 1915, pp. 161—171: see also “Uber die 
eckesche Funktionalgleicbung”, ib¢d., 1917, pp. 102—111 (footnote 3 to p. 102)], For 
further developments, see the notes to 17. 

P. 80,1, 5. Seealso E. Landau, Handbuch der Lehre von der Verteitung der Primzaklen, 
§ 60, pp. 219-222. 

P. 85,1. 8 from below. The argument heginning “Now, if ¥ is a function of ¢,...” is 
correct in principle but expressed in a puzzling manner. Write =» 


At 
dW) s(i+ +08 a2) fag inet Tose, 


where A is constant, and allow ¢ to vary ina range (7, log VY), where 7’ is sufficiently large 
but fixed. It is then easily verified that the right-hand side is greatest when t=log WV. 


Notes on the Papers 339 


P. 88 The number 
293,318,625,600 = 29. 34, 5?, 72.11.18,17.19, 
with 5040=7. 5.3. 24 divisors, was omitted by Ramanujan. The omission was pointed 
out by T. Vijayaraghavan, Journal London Math. Soc., vol. 1 (1926), p. 102. 
P. 107, 1.5. 2 is of course chosen to be a divisor of VY. 


P. 119, $ 40. The p’s in series and products, when these are not absolutely converyent, 
are 91 ranged i in order of increasing moduli. For a full discussion of the convergence of the 
series 3 (#?/p) see E. Landau, “Uber die Nullstellen der Zetafunktion”, Werth, Annalee, 
vol. LXx1 (1912), pp. 548-—564, 

P. 121, (229). We have deleted a superfluous (log 7)? and (log 2)? in the @ terms, 

This paper, long as it is, is not complete. The Loudon Mathematical Society was 
in some financial difficulty at the time, and Ramanujan suppressed part of what he lad 
written in order to save expense, 


16, 


P. 129. The deduction of (5) from (4) depends upon the well-known forinula 


i -ae~ arm, /(G)oee, 
0 6 


where the real parts of a and 6 are positive. The saine remark applies to (11) and (16). 
Pp. 180--132, The equations (9), (14), and (19) should be 
sin (}a/a), 3sin (3m/2) 
cosh $x cosh$a  ° 7" ° . 


cosh}aa , 3coshfra Scoshfau 7 cosh fra i 
es {escheee voshemd coshamu cosh gra | ae 
1 cosh (2r/a) _ 2 cosh (r/a) _ 
dn sinh a sinh 2r 
sinhdea Ssinhfna Ssinhira  7smbina | F 
=ieNe (oabpe eosh$nra  cosh$na ~ cushgra "'”) oO) 
1 g n cos (2n? aja) « 608 (2r.x*/a) 
and in at 2 2 er =f, @ Fy de+ta Jas, 
a —jyprl n x 

where S= 3 (a1 ga. 3 een eye (19) 


nai e410? wer eP™@ 4 (—yyn-v 
according as @=1 or a3 (mod 4), 
a 
17. 

Proofs of the formule contained in this paper were given by B. M. Wilson, “ Proofs 
of some formule enunciated by Ramanujan”, Proc. London Math. Soe. (2, vol. XXx1 
(1922), pp. 235-253. In some cases the orders of Ramanujan’s error terns are im- 
proved upon. 

It has since been proved hy T. Estermann that if 


fax(oyns er 


then fi,r (8) is meromorphic in the half plane « > 0 and, except when 7=3 or r=2, k= 2, 
has the line o=0 as anatural boundary. 
E. C. Titchmarsh has proved the formula 


1 ash 3 
fra (clopmt Pins G2"), 


(k=9, 3,...5 851,205 o>], 


where Py_, is Legendre’s polynomial. 


i) 
in 
l 
w 
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P. 184, footnote +. See G. H. Hardy, “On Dirichlet’s divisor problem”, Proc. London 
Math. Soe, (2), vol. xv (1916), pp. 1—25. We take this opportunity of observing that (as 
was pointed out to us by Professor E. Landau) Hardy states there rather more than is 
justiiied. His argument proves that 4; (x) is sometimes greater than K (a log n}t log log n, 
and so justifies Ramanujan’s statement, but it fails to prove that A, (7) is sometimes less 
than - A (n log nj4 log log, For further results in this direction see G. Szegd und A. 
Walfisz, “ber das Piltzsche Teilerproblem in algebraischen Zahlkorpern”, Math. 
Zeitschrift, vol. XXV1 (1927), pp. 138—156 and 467—486, 


18, 


Many of the results conjectured by Ramanujan in the latter part of this paper were 
afterwards proved by Mordell: see L. J. Mordell, “ On Mr Ramanujan’s empirical 
expansions of modular functions”, Proc, Cumb. Phil. Soc., vol. XIX (1919), pp, 117—124, 
In particular Mordeli proves Ramanujan’s results (101), (103), (118), (123), (127), (128), 
and (159), and indicates how, 1 a simlar way, proofs of (145) and (162) may be obtained. 

A considerable number of problems remain open for future research. Thus Ramanujan’s 
conjecture that 

|r¢ (a) | <n? *d (n) 
(p. 153, equation (105)) is still unproved; it is not even known that r(n)=0 (ai? +e) for 
every positive ¢ though Hardy has proved that r(n)=0 (x8) and 
fr UP + fr QP +... + fr (2) P= 0 (a), 
Similar questions remain open concerning the functions ¢g, (7). 
Other interesting problems suggested by Ramanujan’s work are those of finding 
asymptotic formule for 
ad (1) d(n—1)+d (2)d (n—2) +... 4d (4-1) d (1) 
and z d(njd(n+h), 3 r(ajr (ath, 
nav 


wx 
where ? (n)=72(n). 
It has been proved by A. E, Ingham [Some asymptotic formule in the theory of 
numbers”, Journal London Math. Soc., vol, 11 (1927), pp. 202—208} that 


& d(n)d(n+k ~Sa(log2) 3 5 +0 (w log 2), 
REE 


l 
and Sean n-v= baz Mass) +0 nlognz 3); 
more generally, Ingham obtains asymptotic formule for ~ 
EB o,p(n)o,(u+4), 2 o,(v)o,(n—-v) ; 
ns =e von 


valid for all real positive values of r and s. 

Among other recent memoirs dealing with similar questions we may mention 

L. J. Mordell, “On the representations of numbers as a sum of 27 squares”, Quarterly 
Journal of Math., vol, xuvirt (1926), pp. 988—104; 

L, J, Mordell, “On the representations of a number as a sum of an odd number of 
squares”, Trans. Camb. Phil. Soe., vol. xxt1 (1923), pp. 361—372; 

G. H. Hardy, “On the expression of a number as the sum of any number of squares, 
and in particular of five or seven”, Proc. National Acad. of NSviences, vol. 1v (1918), 
pp. 189—193 ; 

G. BH. Hardy, “On the representation of a number as the sum of any number of 
squares, and in particular of five”, Zrans. American Math. Soc., vol, x1 (1920), pp. 255-284 ; 

*G. H. Hardy, “Note on Ramanujan’s arithmetical function r(n)”, Proc. Camb, Phil. 
Soe., vol, XX1IT (1927), pp. 675—680 ; 
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G. K. Stanley, ‘On the representation of a number as the sum of seven squares ®, 
Journal London Math. Soe., vol. 1 (1927), pp. 91~-96; 

E. Landau, “ Uber Gitterpankte in mehrdiimensionalen Ellipsoiden*, Math. Zeitschrift, 
vol. xxr (1924), pp. 126—132, and vol. xxtv (1926), pp. 299310; 

A, Walfisz, “Uber Gitterpunkte in mehrdimensionalen Eilipsoiden”, Wath. Zeitschrift. 
vol. XxX (1924), pp. 300—307, and vol. xxvr (1927), pp. 106-124; 

_H. Petersson, “Uber die Anzahl der Gitterpunkte in mehrdimensionalen Ellipsoiden”, 
Hamburg Muth. Abhundlungen, vol. ¥ (1926), pp. 116—150. 

These memoirs give further references to the literature of the subject. 


20. 


P.170. It has been pointed out by L. E. Dickson that Ramanujan overlooks the fact 
that (1, 2, 5, 5) will not represent 15: see his note in the Bulletin Amer. Muth. Sve. veferved 
to below, This reduces the 55 forms to 54. 

P.171,1 6. The forms 1, 1, 3, 3 and 1, 2, 3, 6 were considered also by H.J. 5. Smith, 
Collecteanu Mathematica in memoriam Dominici Cheliad (1881), pp. IL7—143 (Collected 
Math. Pupers, vol. 11, pp. 287—811, particularly pp. 309—211). 

Pp. 171—172. A number of the resnlts concerning ternary forms stated Ly Ramanujan 
seem to be new. In this connection Prof. Mordel! writes: ‘Suppose that 

Sey, sor pby +e. +2 fyzt 2gset thoy 
is a properly primitive positive ternary furm, so that a, b,¢, fg, 4 have no common factor 
and a, b,c are not all even. This form has two arithmetical invariants fur linear transfor- 
mations of determinant 1, namely the invariants Q, A defined by « 
ahg 
(1) A b f |=2%, 
gfe 
(2) @ is the highest common factor of the coefticients of the adjoint form 
F(a, y, 2)=(be —f?) e+... +2 (gh-af yet one 
There are only # finite number of classes of forms with given invariauts Q, a. 

Consider the simplest case, in which @ and A are both odd. If fis any form of a given 
class, @ is any prime factor of @, and 8 any prime factor of 3, the symbols of quadratic 
reciprocity P : 

(3) (7 (2; Y, 2), (Ais Sy) 

@ ny 
havegeonstant values for all z, y, 2 which make f prime to o and to 8. In fact, given .¥, 
we can fiud a ¢ eqnivalent to 7, with adjoint , such that 
psar?+ Boy? +yQa2, &=AyQAx?+ yaby" + az", 
where a, 8, y are odd and aBy=1, the congruences being to modulus NV: see P. Bachmann, 
Die Avithmetik der quadratischen Formen, vol. 1 (Leipzig, 1898), p. 54. Hence, if o is any 


prime faetor of 2, and V=a, 
o\ faa) fal 
(2)=(3)=(3» 
and is independent of #, y, z. 
Hence the classes may be subdivided into geuera corresponding to the values of the 
symbols (3). Given a genus, we can calculate 


> it ) (5 HO+a+D 
g=(Z aloe ‘ 


and it may be shewn that 
Ea=(-1)1GSDOFD, 


see Bachmann, lve. cit., pp. 68—69. 
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If L=—1 for a particular genus, we deduce from this that f(z, y, 2) can take odd 
values congruent to A, 3A, 5A (mod 8), but not those congruent to 7A. If eg. 


faatty? +24, 


then A=Qel1, so that there is only one form in the genus, and #=—1. Hence f takes 
odd values congruent to 1, 3, 5 (med 8), hut not those congruent to 7. Similarly #2+y?+52 
takes odd values congruent to 1, 5,7, but not those congruent to 3. When #=1, the forin 
ean take values congruent to 1, 3, 5, or 7. z 

Ibis thus a simple matter to write down the conditions that a given odd number m, 
which must of course give the symbols (=) their appropriate values, should be represent- 
able hy a given genus of forms; and when thore is ouly one form in the genus, the problem 
of representation of an odd number by that form is solved. The results for eren numbers 
are sometimes corollaries but sometimes require an independent discussion. Thus 
e@ty+2 and 22+4452? is divisible by 4 only if 2, y, 2 are all even, so that the 
forms caimot assume the values 4¢(8%+7) or 4¢(82+3) respectively; but the residues 
2 and 6 (mod 8) cannot be disposed of so simply. 

The foundations of the theory were laid by Eisenstein [Journal flr Math., 35 (1847), 
117—136; or dfath, Abhandlungen, 177-—206], and it is likely enough that he knew most 
of Ramanujan’s results. He mentions this case (A=Q-=1), and states that 2?+7°+327 
will represent all odd numbers, and that he will not delay to discuss even numbers also. I 
may add that some of Ramanujan’s results are casily deduced from the fundamental result 
about the form (3-1). Thus m=2? +7? +22? gives 

Qm=(etyPt(e—y P+ (Bera tat C, 
say, and & 7 haye the same parity. If both are even, m is even and 
dm=(SEP +042, 
which is possible unless m=2.4"(8u+'), If both are odd, m is odd. In this case 2m is 
representable by three sqnares, say 
Qn= X24 V+ Z, 
where we may suppose 1, F odd and 7 even; and 
m={h (X + P24 1b (XP) 42 SZ) aa? +92 +224, 

In a recent note in the Bulletin of the American Math. Soc, [vol, XXXII (1927), 
pp. 68—70} L. E. Dickson gives proofs of all Ramannjan’s results about ternary forms, 
and others. To show, for example, that any integer not of the form 254(25p+ 1) is 
representable by f(x, y, 2)=x?+2y?+52%, he uses the fact that the classes of forms with 
2°A=10 are given by this form and three others. He writes down a particular ternary 
form with 024=10 and first coefficient » and shews that it must be equivalent to f(2, y, 2) 
and so that is representable by f(a, y, 2). A continuation of this note will appear in 
the Annals of Mathematics. There are two other recent papers by Dickson relevant to 
Ramanujan’s work, viz. (1) ‘Quadratic forms which represent all integers’, Proe. Wat. 
Acad. of Sctvences, vol. x11 (1926), pp. 756—757, and (2) ‘Quaternary quadratic forms 
representing all integers’, American Journal of Math., vol. XLIx (1927), pp. 39—56.” 

See also H. D. Kloosterman : (1) * Over het splitsen van gehule positive getullen in een 
som van kwadraten”, Dissertation, Groniugen, 1924 ; (2) “On the representation of numbers 
in the form ux + by? +c2*4 dt?”, Proc. London Math. Soe, (2), vol. xx¥%1996), pp. 148—173; 
(3) “Uber Gitterpunkte in vierdimensionalen Hllipsoiden”, Ifats, Zeitschrift, vol. XX1V 
(1926), pp. 519-529 ; (4) “On the representation of numbers in the form ax?+ by?+ez¢+-d?”, 
Acta dfath., vol. XLIX (1927), pp. 407-464. 
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Kloosterman solves the problem “will a2?+by®+2?+d¢? represent all numbers frou 
a certain poiut onwards ?” for all but a finite number of forins, viz. the forms 
(1, 2, 11, 88), (1, 8, 19, 38), (1,2, 19, 22, (1, 2, 17, 34) 
and certain other forms derived from them. 


21, 


4 

In connection with this paper see G. H. Hardy, “ Note on Rataanujan’s trigono- 
metrical funetion ¢, (7), and certain series of arithmetical functions", Proc. Cus. 
Phil. Soc. vol. xx (1921), pp. 263-271. Hardy there proves, iu a different manner, 
Ramanujan’s formule (2°7), (61), and (9-6), and others of a simular character. There 1s 
a misprint in his statemeut of (1-3) (Ramanujan’s (6 1)). 

The formula (2:7) was giveu by Kluyver [J. C. Kluyver, “Eeniye formules aangaande 
de getallen kleiner dan en ondeelbaar met 2”, Veral. Koa. Akad. van Weteosehappen te 
Amsterdam, vol. 15 (1906), pp. 423—429}. See also Landau, Handbuch, p. S72, and 
J. LW. V. Jensen, “Et nyt Udtryk for den talteoretiske Funktwn Sy (x)= V tu)", 
Beretning om den 3 Standinaviske Matenatiker-Kongres, Kristiania, 1915. The deduction 
of the general formula (27) from the special case given by Landan is trivial, But 
Ramanujan’s main results are new and his point of view is quite individual. 

P.194, $15. Series such as (1111) are what Hardy aud Littlewood, in thew researches 
on Waring's Problem, call “singular series”, and are in fact the simplest of such scries. 

P. 196, (16-9). See alyo A. Waltisz, “Uber die summiatorischen Funktionen einiyer 
Dirichletscher Reihen", Dissertation, Gottingen (1922), A. Oppenlieim, “ some identities 
in the theory of numbers”, Proc. Leadon Math, Soe. (2), vol. xxiv (1926), Records for 
15 Jan, 1928, pp. xxiii—xxvi, and vol, xxv (1927), pp. 295—350. 

P, 198, (17°5), See also B. M, Wilson, “An asyniptotic relation between the arithmetic 
sums 2 op(a)and zt 2 o_,(n)”, Proc. Camb. Phil. Soe., vol. xx1 (1922), pp. 140—149; 


RSe USE 
and E. Landau, “Uber einige zahlentheoretische Funktionen”, Gittinger Nachrichten, 


1924, pp. 116—134. 
23. 


P. 203, (10). Some errors of sign have been corrected. 


24. 


P2 208, 1. 5, v (#) is what is usually denoted by 9 (2). 


25. 


Alternative proofs of (1) and (2), and a proof of (3), appear in No. 30, The results (5), 
(7), and (8) are corollaries. The manuscript from which No. 30 is extracted also contains 
alternative proofs of (4), (6), and a proof of (9), which we hope may ultimately be published. 

For other proofs of (1) and (2) see 

H. B. GC, Darling: (1) “On Mr Ramanujan’s eougruence properties of p(n)”, Proc. 
Camb. Phil, Sov., vol, x1x (1919), pp. 217-218; (2) “ Proofs of certain identities and con- 
gruences enunciated by S. Ramanujan”, Proce. London Math. Soe. (2), vol x1x (1921), 
pp. 850—372 ; ad 

L. J. Rogers, “On a type of modular relation”, Proc, London Muth. Soc. (2), vol. 1x 
(1921), pp. 387-397 ; 

L. J. Mordell, “Note on certain modular relations considered by Messrs Ramanujan, 
Darling, and Rogers”, Proc. London Math. Soe. (2), vol. xx (1922), pp. 408—416. 
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26. 


This paper appeared in the Proceedings of the Cambridge Philosophical Society 
accorapanied by an explanatory note by Hardy and a new proof of the identities by 
Rogers, to whom the identities are originally duc. Botb these notes are reprinted below. 


L By G. H. Hardy. ° 


The identities in question are those numbered (10) and (11) in each of the two following 
notes, viz., 
o 


gi 
q°G-p0-t a-90-Ha- vf)” 
1 


g 
+75 


=a pi-a-Wa-Ha-Ma-—yy 
and 
id g g? 
1 ae i 7B 
tig t d=90-8 * =n d- a) 
1 3 
«(25 


=F) 19) b= 7) OF) A 9) Lg) 

On tbe left-hand sides the indices of the powers of gin the numerators are n? and x (n+1), 
while in the products on the right-hand sides the indices of the powers of g forin two 
arithmetical progressions with difference 5. 

The formule (1) aud (2) were first discovered by Prof. Rogers, and are contained in 
@ paper published by him in 1994*, In this paper they appear as corollaries of a series of 
general theorems, and, possibly for this reason, they seem to have escaped notice, in spite 
of their obvious interest and beauty. They were rediscovered nearly 20 years later by 
Mr Ramanujan, who communicated them to me in a letter from India in Febrnary 1913. 
Mr Ramannjan had then no proof of the formule, which he had fonnd hy a process of 
induction, I comumnicated them in turn to Major MacMahon and to Prof. O. Perron 
of Tiibingen ; hnt none of us was able to suggest a proof; and they appear, unproved, in 
ch, 11, vol. 11, 1916, of Major MacMabon’s Cumbinutory Analysist. 

Since 1916 three further proofs have been pnblished, oue by Prof, Rogers { and two hy 
Prof. I. Scbur of Strassburg, who appears to have rediscovered the formulm once more§. 

The proofs which follow are very much simpler than any published hitherto, The first 
is extracted from a letter written by Prof. Rogers to Major MacMahon in October 191° ; 
the second from a letter written by Mr Ramanujan to me iu April of this year, They are 
in priuciple the same, thongb the details differ]. It seemed to me most desirable thes the 
simplest and most clegant proofs of such very heautiful formule shonld be made pnblic 
without delay, and I have therefore ohtained the consent of the authors to their insertion 
here. 


* L. J. Rogers, “Second memoir on the expansion of certain infinite products”, Proc 
London Math. Soc. (1), vol. xv (1894), pp. 318—348 (§ 5, pp. 328-329, formn lz (1) and (2)). 

+ Pp, 33, 36. ; 

+ L. J. Rogers, “On two theorems of Combinatory Analysis and some allied identities”, 
Proc. London Math, Soc, (2), vol. xvi (1917), pp. 315—336 (pp. 315—317). 

§ I. Scbur, “Ein Beitrag zur additiven Zahlentbeorie und znr Theorie der Ketten- 
hrtiche”, Berlener Siteungsberichte, 1917, No. 23, pp. 301-821. [Prgf Schur’s work was 
entirely independent ; bnt it was naturally impossihle to communicate with him at the 
time.] 

{| I have altered the notation of Mr Ramanujan’s letter so as to agree with that of 
Prof, Rogers. 
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It should be observed that the transformation of the infinite products on the right-hand 
sides of (1) and (2) into quotients of Theta-series, and the expression of the quotient of the 
series on tle left-hand sides as a coutinued fraction, exhibited explicitly in Prof. Rogers’ 
original paper and in Mr Ramanujan’s present note, offer no serious ditticulty. All the 
difficulty lies in the expression of these series as products, or as quotients of Theta- 
series. 


4 2. By L. J. Rogers. 
Suppose tbat |¢|< 1, and let V,, denote the convergent series 
(1 = 2) — gga thom (1 — gmg2m) C, pangint2—an a ee Cag hed) 


c.—(=2) 0 2g) 1-29"). (L- 
" (-g) (1-9) (1-9). ag 


(- 1a ge +tr(re mr (l-amg™) C. 


where 
the general term being 
Then 
Vian Vane =n (1-2) _ ae es sia {a = ger igen) a —29}5 G 
 g2h git 8-2 {1 — G2) pe mAygim—2(] yt Cabin (2) 
Suppose now that the symbol » is defined by the equation 


af Co)=f (eq). 
Then Q-¢)G=(l--jyyG.i1, (agi €)=1- we) 965. 
Hence, arranging (2) in terins of nC), nC, ..., we ubtain x 
Fin Fant a (ganmt agro mt l)— gutmal gn tm (] yam gin It Oy +. 
=yginnl {1 — gnc mtd gh mal} — ghgntin qd mgt a hh isle re) nC, + wash 
eg Lag Vi ace qveics cane soise ee ttinc eas dt ns Lipsnnr agente eee oor iat eee (3) 
If we write Oy Hd PAO ys cas Se seasseee dues Wa (4) 
r= 
then (3) becomes Vy Vg HPO Uy ge ceecneeencerenerecot connects eee(B) 


It should be observed that Vo and vy vanish identically. 
In particular take n=2, m=1, and x=2,m=2. We then obtain 
t= yly, ter BHI | 
and & DMA LOMe Wi RAN neain AN (6) 
Now let MyBB AMA. cecccccecsrsesttececceeceeteeenenns (7) 
Then from (5) 
Lhayet aya t... —(terg tare +..j=ag (La ug? age? gt +o); 


and so qQ= =a Ae 


l-@ 


But when «=@, C,=1; and so 
Vs (Lg) — Gh (1 99) 4g 1 gt) a eccecceeteceeeeneeeee (9) 
From (4), (6), 7) a and (8) it follows that 
_e 4 gb GF P+ ghd 9~ 
(ie 7 a-) El ee 


14 te 


cer erg ruler ere eae 
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Sunilarly we have nye telt i + apozet Ree 
and, when 2=4, melt e+ g Te 
: : 3 l-g (1-9) (1-4") 
and = 1-G-PU-A+P (1-g)-.... 
3 qy gt _0-2)-PU-MtQd-g)—. 
The yt aspda d=ya-F0-) : 


1 
“A —pU-Ga-Pi-a-Pyd-e. 


27. 


P, 224. An alternative proof of (5-4) may be found in Watson’s Bessel Functions, 


p. $49. 
28. 


For a proof that p(1la+6)=0 (mod 11) see No. 30. The manuscript from which 
No, 30 was extracted contains a proof that r(5n)=0 (mod 5); others were given by 
Darliug (2) and Mordell in the papers referred to under 25. 


29. 


Proofs of the two formule stated here were given later by Rogers and Mordell: see the 
papers referred to unger 25, 


(1) 


30. 


The footnote by Hardy explains the history of this paper. It is impossible to include 
more of it without very elaborate editorial work, but we hope that the manuscript may 
ultimately be published in full, In comection with the question of the parity of p (2), see 
P. A. MacMahon, “Note on the parity of the mumber which ennmerates the partitions of 
a number”, Proc. Camb. Pail. Soc, vol. xx, 1921, pp. 281—283, and “The parity of p(n), 
the number of partitions of 2, when 11000”, Journal London Auth. Sov., vol. 1, 1926, 
pp. 224—225, 


31. 


A number of misprints in the original have been corrected. 


34. 


In connection with this paper, and the more elementary parts of No, 36, the reader . 
should consult 

K. Knopp, * Asymptotische Formeln der additiven Zahlentheorie”, Schriften der 
Konigsberger Gelehrten Gesellschayt, Naturwiss. Klasse, vol. u, 1925, pp. 45-74; 

K. Knopp and I. Schur, “Elementarer Beweis einiger asymptotischer Formeln der 
additiven Zahlentheorie”, Math. Zeitschrift, vol, xxiv (1926), pp. 559—574. 

Knopp and Schur give simpler proofs of a number of results deduced here from the 
general Tauberian theorems. They base the results on the following general theorem: ¢/ 
P (x)=Zp,2" is a power-series with positive increasing coefficients, and 


P(a=esp{ |” a- s(parl, is 


where S(@)=2s,2°71, syerdan? = (a>d), . 
then log py 2 /(an). 


~ 
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Knopp (whose memoir is a developrent of the joint memoir, though published earlier, 
proves as his principal theurem : if ), is an integer and 
TSA SAQSAg< on, A ee, 


and L (2), the number of d,'s which do not exceed 2, satisfies 


Li@)~yz? — (y>0, p> 0); 
and if Y Y id a 
a 


P(e)=1 1 Tp EPs Q(2)=H(1te)=39,2" 


(80 that pq is the number of partitions of n into W’s, q,, the number of ‘partitions into unequal 
ns), then 


log (gi +42 + en) wate nite, 


where a=ypl(i+p)¢(1+p), B=ypl(i+p)(1~-27°, Ci1 +p) 
P. 246. The assertion that @{s) has the imaginary ati» as a hne of singularities 
requires justification. 


35, 


P. 263, (1-22). More than this is now known, van der Corput having proved that 
> 
d(1)+d(2)+...4+¢ (n)=2 log n+(2y—1) 2+ 0 (n®), 

where O< #5. See J. G van der Corput, “‘Verschiirfung der Abschitzung beim Teiler- 
problem”, Juth. Annalen, vol, LXXXVII (1922), pp. 39—65; and other recent memoirs of 
van der Corput, Landau, Littlewood, and Walfisz. Van der Corput’s method is extremely 
diffieult. Littlewood and Walfisz [‘ The lattice-points of a circle”, Proc. Royal Soc. (A), 
vol. evi, 1924, pp. 478-488] treat the corresponding problem for r(n), the number of 
representations of 2 as a sum of two squares, and prove, hy somewhat simpler methods, 
that the error term in this problem is 0 (x aye ©) for every positive e¢; while Landau, in 
a note added to this paper, obtains a slightly more precise result. It is to he observed that 
fh <Pa<}. Still more recently Landau [“Uher das Konvergenzgebiet einer mit der 
Riemannschen Zetafunktion zwsammenhingenden Reikhe”, Jfuth. Annalen, vol. XcvIt 
(1927), pp. 251—290] arrives at the same exponent {¥z in the divisor problem by methods 
also simpler than van der Corput’s. There is however no easy proof, in either problem, of 
any result which goes beyond the exponent}. See for all this theory vol. 11 of Landaw’s 
Vorlesungen tiber Zahlentheorie, Leipzig, 1927, 

P, 263, (1-23) and (1-24). The Dirtchlet’s series associated with f(m) and #'(z) are 


n 


g=C)2G= C3 Mog C6), 
and G@=603 ry 
Also .  FM4F@t..+7o= 3 «(CZ 


FO)4FQ)+..4PQ)= 3 (r(=)+= (/2)+ (0/2) +++} 


The results stated are readily deducible from these. 
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36, 


P. 287, § 3:1. Sec also the memoirs of Knopp and Schur referred to under 34, 
P, 288, § 3-2. Mr T. Vijayaraghavan has proved that, if, 20, f(7)=2Ze,.0%, and 


fo)~ANO-s) ewes, 


then C, =e) +... $6,=0 {uvbesp -/(F)} F 
: Bn a 
and C,> exp 4a a Bu 


fora constant B; and that these results are substantially the best of their kind. 


Questions and solutions. 


We have made no systematic attempt to verify the questions of which no solutions 
are given, but we add a note on Question 289, p. 323. Mr T. Vijayaraghavan has 
pointed ont that in order to justify Ramanujan’s formal processes one has only to observe 
that af 
4,20, T= [at aot Maat... +/an)}] 


then a necessary and sufficient condition for the existence of the imit lim T), ts that 
nes 


= log @. 
fm 88% 


a URED 


For, if the condition is satisfied, there is a constant H such that 


Ty SM B+ B+ HO. + SHON < LILES LENO +. YJ =P =H (14 V5); 
and the sufficiency of the condition follows, since 7, inereases steadily with » On the 
other hand, if 


<e 


ay = He", 
then 7,2 H,,, so that the condition is also necessary, For the evaluation of P, and a less 
precise form of the convergence criterion, sce G. Pélya and G. Szegi, dufgabe und Lekr- 
sdize aus der Analysis, vol. 1, pp. 29—80 and 184. 

In the first of Ramanujan’s examples, 
ae got gut? gy (n- ye nt, 
loga, log? log3 , log4 
so that the formula is convergent. The second example differs only trivially. 
a 


APPENDIX II. FURTHER EXTRACTS FROM 
RAMANUJAN'S LETTERS TO G. H. HARDY 


We give here the theorems stated by Ramanujan in his letters from India, apart from 
those already quoted in Hardy’s notice, and those given on one sheet of the first letter 
which has been lost. The gaps in the numeration currespond to the formulz printed in 
the notice. Thus the formule (20), (i) and (v}, missing on p. 353, will be found on p. xxix. 
and what is printed under (21) on p. 363 is a continuation of what appears under the same 
number on p. xxix. 

16 Jan. 1913, 


I. I have found a function which exactly represents the number of prime numbers less 
than 2, “exactly” in the sense that the difference between the function and the actual 
number of primes is generally 0 or some small finite value even when x hecomes infinite. 
T have got the function in the form of infinite series and have expressed it in two ways. 

(1) In terms of Bernoulhan uumbers*. From this we can easily calculate the number 
of prime numbers up to 100 millions, with generally no error and in some cases with an 
error of 1 or 2. 

(2) As a definite integral from which we can calculate for all values {see formule 1, 
p. xxvii, hottom]. 


II. I have also got expressions to find the actual nwaber of prime numbers of the 
form An+JB... ° 


Tl. I ave found out expressions for finding not only irregularly increasing functions 
bnt also irregular functions withont increase (eg, the number of divisors of natural 
numbers), not merely the order but the exact form. 


1h eer 
* 1 
(2) 


HG) hea) OG} cee 


< Path) T(b+3) Plats) 
“Bay PU F@PaTh 


waste oe cs 
i an aaa eal 
can he esactly found if 2x is any integer. 


Vokes j 
7 = ot : 
(7) (22+ 92) (sinh 3 —sinh w) ° (2?+3") (sinh da ~ sinh 3) 
1 1 1 v 5) 
— = +coth w—= tanh? =). 
+ IPH) (sinh 7s - sinh s) saute (5 OEE g 
1 3 5 
8) ———a7 +7 —# Lee Laren 
(25+ 05) (er-+1) (25-+355) (@" 41) (204-756) ( +1) 
- 5 4689 


= ee ee 
gor Ss ~ 11890 

* [See formula 2, p. xxvii, bottom; this formula was given by J. P, Gram, &. Danske 
Vidensk, Selsk. Skrifter (6), vol. 11 (1881-1886), pp. 185—-308.] 


‘ 
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1 1 ni 
_ 7 gaa =~ _- 
(9) Voosh $773 3? cosh Bax wate ms 


o EO ROn EOE 


can always be exactly found if a is any integer positive or negative. 


; a f2— 43 tan~l ae w 
ay 3p ebasd) adem | = de= 5, log (2-+4/3). . 
We aes 
é log] log3 , log5 ie Ait é 1 1 1 
(2) TT nace te Tee gy —4dlog Qn) (A-wta-) 


where y='3772..., the Eulerian constant. 


(4) If ['om wv) cos nedu=p (7, 2), 
then 5 f[omae ime arm {4 (gs 8) (ps m0) de 


2 ec! 
(6) IfaB=m then wef” sire du=, oe aah ae 


VIL. (1) 1 log 1-42? log 243? log 34... 40% loge 
lof], x 1 
aha (etl) et Nloge—tat4 os (F tpt) +55 —guagt 


[The missing page included the formule headed VIII.} 


IX. . 
(2) 
pal bet mre lil wem—ntli Pip womens 3y rg eo mont3)} 
TE (e-meng ly e—m—nt lily wem+atay lg e+ m—atay’ 
then 1-P m =n? 2m? 32-2? Pam 
T7Po owt G+ fh FF wt... 
a 1\? 1.87, < 
(3) Tf s-1+(5) #+(55) Pe ee 
1.3 
w 1+(5 3) (ie a(S zy (Ll -aPa. 
and yrs 
2 1.3 ? 
1+ 3) a(53 3) Pa, 


1 1 1 
(+a?) cosh y + (To cosh By * (14 25a) cosh Sy 
_i {ae (az)? (2az)? # (Baz)? eral 


then Bees 


o T+ I+ 14 14 14... 
uw being any quantity. Ps 
I have got theorems on divergent series, theorems to calculate the convergent values 
corresponding to the divergent series, viz. 
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1-248-44+... =}, 
1-1!42°-314.. 
14243444. 

V4 DEBE p., 


and theorems to caleulate such values for any given series (sags 1—1!+2%?-39+H- 0)... 

- Ihave also given ineanings to the fractional aud uegative number of termls in a series 
and can calculate such values exactly und approxnuately, Many remarkable results have 
been got from such theorems ; e.g. 


1,fVyi 1.3\? 1 fri fy, (ay? wc! 
+G) opt ($5) west treeat p+G) +(54) Pantene ee ie 


3. The number of prime numbers less than 2 is 


2 de fila de 1 fain de 1 filn de | 1 fein de 
ploge 2), loge 3f, loge Sf, loge| *@ log ¢ 


a1 lin dx | i ee dz Wa de, ‘ Wye de 
Ty logx| 10 log.¢ -af, log», ~ TB Pf loge 


gus 1 [Xin dx | a Ly dx -2f*" dv | Rn dr 

Ta}, Toge, "13 loge” 17x lege | 7 i lo ot 

where p= 145136380 nearly. The numbers 1, 2, 3, 3, 6, 7, 10, 11, 13, ... above are 
numbers containing dissimilar prime divisors ; hence 4, 8, 9, 12, ... are exeluded : plus 
sign for even number of prime divisors and minus sign for odd mimaber of prime divisors. 
Ag soon ad a term becomes less than unity in practical caleulation we should stop at the 
term before any vertical line marked above and not anywhere ; hence the first four terms 
are necessary even when 2 is very small, Prime numbers begin with 2 and not with 1. 


For practieal calculations 


ndz_of1 , 1! (k-1)! 
agen” (ion * Gaga tte 2) 
: aa-py-t {4.8 0-8) 
where 6=3 b+ teen {36 3 } 
“ peal 8, (1-8) a(1-3)(2- 3}, 
(log 2)? [2835 135 45 fi Tes 


and 6=h—log x. 
It is better to choose & to be the integer just greater thau log 2. 
The number of primes less than 50= 15 and by my formula 149, 
300= 62 i »  61°9, 
1000=168 A » 1682, 


”? ” 
” v 
and so on. 
I have also found expressions for the number of prime numbers of a given form (say of 
the form 247+ 17) less than any given number. 
Primes of the fam 4n+1=primes of the form 6x+1, 
he Sele ff | BORE, 
5 iy 8a2+1= 5s : 12n4+1. 


Those of the forms 8n-+3, 8n+5, 8847, 12n+5, 192+7 and 12n+411 are all equal. 
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Bi 
” (primes of the form 4x —1) —(those of the form 42+1)>x, 
( 4» » Ga-1)-( » Ontl)>ea, 
( n ” 87 +3)—( ” ” 8at+I1)> x, 
(  » »  lBat5)-( » ldutl)»x. 


Thave not merely shown that the difference tends to infinity, but found out expressions 
(like those for prime numbers) for the difference, within any given number... / 
The sum of the nunrber of divisors of 2 natural numbers=n (2y—-14+log2)+44,4+4, 
where ¢, is the number of divisors of 2 and Z 1s of lower order than logx. In practical 
calculatious you will find £ is very small*, 


The coefficient of 2 in (1 — 2a+ 2u!— ...)7) is 
1 siuh mw fa 7 3 
By (cost riln— ers ) +I (cos w /n)+f (sin m /n). 


I have not written ere the forms of F and 7 as they are very irregular and complicated, 
and their values ave very small, Hence the coefficient 1s an integer very near to 
sinh + ) 


os cosh @ ./a~ - 
An wln 


and not always the nearest iuteger, as I hastily wrote to you before.... At present we 
may be conteuted with the result, the ratio of the coefficient of 2” in the above function, 
divided by the approximation, is very nearly equal to 1 and very rapidly approaches 1 
when 2 becomes infinite... t. 


4) 4 feoth 2coth™\ +2 (coth 2nx-+2?coth -* 
(4) B coth ra +2" co = +5 co 1 2" CO = 


i 2 coth O% sca 5at+ 1) 
+3 (coth az a coth =) +. = d0g2 (8 + 522+ 1). 


15 1 25 1 123826979 = 25a 


= ps 25 
(8) Bert Boost ani Boost SgoGane ~~ COP” Ss 


© (1+ab? 2?) (1 +ab+ 2?) (1+0b%2?).., 
© | *- Fah (+6) (Fea... 


aoe = ab) (1 = 4) (1 = bP). 
“Seb +B 44 by...) G—ab) ab (lab) m 


(9) [O23 de=de 1008 (a—8), 
oO 


gs Pd 0 gene = gen? 
where r= tf. a log (+5) as}, tan 6 Uf were at) Cf. ape as). 


(11) When is not great 
ned{e BAT 4 p-RO+RY | g-EA4 8a} 


2M), TES BBE 3h 4 Bete ee af x8 20 
iy 1 T+ Te 1p 72+ at 380 * BOG * G08 * T710736 
* [Actually Z ig at least of the order 24] 


{ [See p. xxvii, formula VII (7), for Ramanujan’s first statement; and No. 36, p. 304, 
for the correct result, The error is roughly of order e}7¥2,] 


Be cas 6 
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112) If 4xa=logtan {} 


7(+;i, then 


wr 
ow 


Vea? G58 : (ete (G meet 703 
2g? 34h at bt 7? = 
(1B). which is a particular case of the contiumed fraction 


a _i. ope Toa 2 Cpe) 


peat pratiy prat3r+... 


Qhich is a particular case of a corollary to a theorem on transformation of integrals and 


continued fractions. 


(16) If Fa, 8)=tan 


e+ V+ Be. 


~1 {2 0 PHP ath 2h? P+ (3hry 
let J i 


then Fla, @+F(p, a)=2F 4 (a+ 8), katfsy. 


(18) 
then 
re (l-a)+— 
(9) lf Sele taal =. 
aera ager 


then  (a)#+44(1-4) (1 


T.3 
14+ p 8+... 


1.3 : 
1+ re (1-f)+... 


— B)}24 8 {a3 (1-4) (1-8) (a8)? +4012) ~@) Y= 1. 


(20)... (Hi) (a8)5= (0 ~ a) (1-38 =(8y) - (0-8) 1 -y)}, 


(ii) [14+@y)84+{1-8) 1-5] 


L4+@yr +t - 8) =v) _ 


[1 —(a8)> 1 ~a) (1 8933] 


=2 {1608 (1 a) (1-6) (1 — 9) (L—3)}. 


where LP={256e@y3(1—a)(1-8)(1~y)(1—-8¥5, Q= 


1 =(adj$— {(1—a) (1-88 


0+ = (P+ 5) v2 


(8y 1 —8) cant 
Vad (1—2)(1—8)f 


a8 (1—a) (1 ~8)} 28 
yd ~8) Say ; 


7(21)...... [each of the expressions printed on p. xAvii is also equal to] 


(3 114 (a8)34[(1 -a) (1 


(By + {1- 


(22) If 
or 
or 
or 
or 
or 
or 


a)a- yp 
Fla)= 3F(8)=29F (y= 87F (8) 
P(a)= 5F (@)=27F (y)=135F (8) 
F(a)= 7 (8)=25F (y)=175 F (8) 
F(a)= 9F (8)=23F(y)=207F (8) 
F(a)=11F (8)=21F (y) = 231F (8) 
F (a)=13F (8)=19F (y)=247 F (8) 
F(a) =15F (8) =17F (y)=253 F(8), 


~ayy)F- 1-9 (1-8 | ey eee 
Ll+gPat... L4G) 84+..f ° 


then (${1+(@y)#+[(1 - 8) (1-y) 8b) + @y)h + (1-8) 1-8 4 By (1-8) 


=(1+(adst + (1 -a)(1- ay (48 


(14 GPat... L4G) y+ =|" 
Pet. J 


FR+.. 146) 
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12 Jan. 1920. 


[This letter was written under difficulties and is in places very obscure. Ramanujan 
however makes it clear that what he means by a “mock J-function” is a function, defined 
by a g-series convergent for ;¢|<1, for which we can caloulate asymptotic formula, 
when g tends toa “rational point” e e's of the same degree of precision as ‘those furnished, : 
for the ordinary 3-functions, by the those of linear transformation. Thus he asserts, fy 
exaiuple, that if 

4 g 

gt 27 3+ 
(+g? 0 (+gh +9? 


and g=e~'-» 1 by positive values, then 


I@ +,/(§) exp (Fe - ni) > 4. 


His list of functions is] 


fait 


Mock $-funetions. 


gi 
i= psn rege 
a Via 
¥O=i-9* a=gd=et i70-Ha-w* 
q g 
=1+ Eee 7 5 i eee 
x(D= oe ee : 


24 (-) FOS O+4(-d=qaat oe, 


s ag 29? + 29? —...)? 
x (g) -F(9) aa =fH-Al-) ead 


{ f(g) being tbe function defined above]. 


Mock 3-functions (af 5th order). 


fom +h taglanget 


$ Q=1+e + g+9% (1 +9) (1+ 9%)4+ 9% (149) (1+) (1+95)+..., 


ee ee * 
4, ¢ 
x@gealty aera iS Pa=—* 
aj ti ¢ 
ne ~9@* i i = t0-H0-0-f)? 


See 
F@) are acat 


$ (-g)+x Q=2F (Q), 
I (-Q+2F (9?)-2=6(-2)+4(-2) 


# 1 ~ 2g + 2gt— 2g) +... 
“20-2 FO)“ alee 


Lig? 2 
V@)-F)+1=9 Ga 
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Mock 3-funetions (of 5th order). 
2 


Pere si g° g 
@=l+75 5+ CepaT  Gepd+ wart 
Magee l+g+9e +g) (l+¢g)+..., 
\ PM=I+g(l+g+F0+g) (14g) +9149) 149) + 9)+..., 


2 


ee ee ; ga 
xO 9* a= i-g* T=HG-H 0-H 


P ) 1 . ¢ gu 

ak peel 7 aoe 
O--9* 0-9 0-8) 0-9 0-A0-) 
satisfy similar relations. 


Afock 3-functions (of Tth order). 


g gt ee 
lt+ypta-pd-ftd-wd-pa-Hr 


QBoit erie nde va 

i-7* d-A0-8 * -e--w 
‘tot ¢ + £ BE Ces 
1l—g° (i-g) (1-9) © (1-98) (1-4) (1-9) 


These are not related to each other. 
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